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1.1 Systems of Linear Equations 1

Solutions to All Exercises

Systems of Linear Equations and
1 Matrices

Exercise Set 1.1

In Section 1.1 of the text, Gaussian Elimination is used to solve a linear system. This procedure utilizes
three operations that when applied to a linear system result in a new system that is equivalent to the original.
Equivalent means that the linear systems have the same solutions. The three operations are:

e Interchange two equations.
e Multiply any equation by a nonzero constant.
e Add a multiple of one equation to another.

When used judiciously these three operations allow us to reduce a linear system to a triangular linear system,
which can be solved. A linear system is consistent if there is at least one solution and is inconsistent if there
are no solutions. Every linear system has either a unique solution, infinitely many solutions or no solutions.
For example, the triangular linear systems

xr1 — To + X3 =2 xr1 — 2x9 + x3 =2 211 +x3 =1
I2—2I3 :—1, —$2+2I3 :—3, i) — I3 =2
vy =2 0 —4

have a unique solution, infinitely many solutions, and no solutions, respectively. In the second linear system,
the variable z3 is a free variable, and once assigned any real number the values of 1 and x5 are determined.
In this way the linear system has infinitely many solutions. If a linear system has the same form as the second
system, but also has the additional equation 0 = 0, then the linear system will still have free variables. The
third system is inconsistent since the last equation 0 = 4 is impossible. In some cases, the conditions on the
right hand side of a linear system are not specified. Consider for example, the linear system

—T1 — X9 =a —T1 — T2 =a
2x1 + 229 + 23 = b which is equivalent to r3 =b+2a
2r3 =¢ 0 =c—2b—4a

This linear system is consistent only for values a,b and ¢ such that ¢ — 20 — 4a = 0.

B Solutions to Exercises
1. Applying the given operations we obtain the equivalent triangular system
$1—1'2—2$C3 =3 $1—$2—2$3 =3

—r1+2x9+3x3 =1 FEi1+ Ey — FEo T9 + 3 =4 (—2)E1 + E3 — Ej3
2561 — 2562 — 2173 = -2 2171 — 2172 — 2563 = -2
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Xr1 — T2 — 2$3 =3
ro +x3 =4 . Using back substitution, the linear system has the unique solution
2{E3 =-8

X1 :3,112 :8,113 = —4.

2. Applying the given operations we obtain the equivalent triangular system

2171 - 2172 — X3 = -3 Ty — 3{E2 + T3 =-2
Ty, — 3$2 + x3 = -2 E1 g E2 2$1 — 2$2 — T3 = -3 (—2)E1 + E2 — E2
—_—

$1—2$2 =2 $1—2£L'2 =2
1 — 3T + X3 = -2 xr1 — 3T + x3 =2

dro —3z3 =1 (-1)Ey+ E5 — Ej3 dzg —3x3 =1 FEo « E3

-5
$1—2I2 =2 To — I3 =4
xr1 — 3T + x3 =-2 T, —3x9+x3 = —2
To — I3 =4 (—4)E2 + E3 — E3 To — I3 = 4
4$2 - 3{E3 =1 r3 = —15
Using back substitution, the linear system has the unique solution z; = —20,x9 = —11, 23 = —15.

3. Applying the given operations we obtain the equivalent triangular system

€1 + 314 =2 €1 + 314 =2
T+ T + 4z =3 T +x =1
! 2 4 (—1)E1 + Ey — Ey 2 4
211 +x3 +8r4 =3 211 +x3 +8xr4 =3
T+ +23 +614 =2 T+ 2o+ 23 +6x4 =2
€1 + 314 =2
To + x4 =1

(—Q)El + FE3 — Ej (—1)E1 +FE, — Ey

+I3 —|—2{E4 = —1
1+ T + X3 +6£Z?4 =2

T + 3{E4 =2 T + 3{E4 =2
=1 =1
To + x4 (—I)Ez B — B, T2 + 24
+xr3 +2x4 =-—1 T3 4+ 214 =-1
To+x3 +3x4 =0 r3 +2x, =-1
X +3{E4
T2 +x4 =1
-1)Es+FEy — E .
(=D Fs ! 3 T3 + 214 =—-1
0 =0

The final triangular linear system has more variables than equations, that is, there is a free variable. As a
result there are infinitely many solutions. Specifically, using back substitution, the solutions are given by
r1 =2—3x4,00 =1 —24,23 = —1 — 214, x4 € R.

4. Applying the given operations we obtain the equivalent triangular system

€1 + x3 = -2 € + x3 =-2
T1 + T9 + 4x3 =—-1(-1)E1 4+ Es — FE» T + 323 =1 (-2)E1+ E3 — E3
211 +2x3+x4 =-—1 2x1 +2x34+ x4 =-—1
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T + x3 = -2
xo +3x3 =1 . Using back substitution, the set of solutions is given by z; = -2 —z3,290 = 1 —
T4 =3

3x3, x4 = 3,23 € R.
5. The second equation gives immediately that x = 0. Substituting the value x = 0 into the first equation,
2

we have that y = —%. Hence, the linear system has the unique solution x = 0,y = —3.

6. From the second equation y = 1 and substituting this value in the first equation gives x = —4.

7. The first equation gives = 1 and substituting this value in the second equation, we have y = 0. Hence,
the linear system has the unique solution z = 1,y = 0.

8. The operation 3Fs 4+ Ey — Fq gives br = —1,s0 x = —%. Substitution in equation two, then gives y = —%.

9. Notice that the first equation is three times the second and hence, the equations have the same solutions.

Since each equation has infinitely many solutions the linear system has infinitely many solutions with solution
2t+4

set S = {(2,1)| teR}.

10. Since the first equation is —3 times the second, the equations describe the same line and hence, there are

infinitely many solutions, given by x = %y + %, y € R.

11. The operations Fy < F3, F1 + Fy — FEs, 3E1 + E3s — E3 and —%Eg + F3 — FEj3, reduce the linear system
to the equivalent triangular system

rT—2y+=z = -2
—by+2z =-5H.
%z =0
The unique solution is z =0,y =1,z = 0.
12. Reducing the linear system gives
r+3y +z =2 r+3y +z2 =2 r+3y +z =2
—2x + 2y — 4z = —1 reduces to 8y — 2z = 3 reduces to 8y—2z =3.
—y+3z =1 —y+3z =1 z 2%

So the unique solution is x = 0,y = %, z= %
13. The operations Fy <« Fo,2Fy + Fs — Fy, —3F1 + E3 — E3 and Ey + E3 — FEs3, reduce the linear system
to the equivalent triangular system

T +5z =-1
—2y+12z =-1.
0 =0

The linear system has infinitely many solutions with solution set S = { (—1 — 5t,6t + %, t)‘ te R} .
14. Reducing the linear system gives

—r +y+4z =-1 —r +y+4z =-1 —r +y+4z =-1
3r —y+2z =2 reduces to 2y + 14z = —1 reduces to 2+ 14z =-1.
20 —2y—8z =2 20 -2y —8z =2 0 =0

There are infinitely many solutions with solution set S = {(—3t + %, -7t — %, t) | te R} .
15. Adding the two equations yields 6z; + 6x3 = 4, so that x; = 2 — z3. Substituting this value

3
in the first equation gives zo = —%. The linear system has infinitely many solutions with solution set

S={(-t+%-31)| teR}.

16. Reducing the linear system gives
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—2$1 —+ X9 =2 —2$1 —+ X9 =2
reduces to .
3r1 —x9 +2x3 =1 Tro +4x3 =8

There are infinitely many solutions with solution set S = {(—2t + 3, —4t+ 8,t) | t € R}.
17. The operation 2F; 4+ Fs — FE5 gives the equation —3x2 —3x3—4x4 = —9. Hence, the linear system has two
free variables, x3 and x4. The two parameter set of solutions is S = { (3 — %t, —s — %t + 3, s, t)‘ s, t e R} .

18. The linear system is in reduced form. The solution set is a two parameter family given by
S={(35-3t+2,3t—2,s,t)| s,t eR}.

19. The operation —2F; + E5 — FE5 gives © = b — 2a. Then y = a + 2z = a + 2(b — 2a) = 2b — 3a, so that
the unique solution is * = —2a + b,y = —3a + 2b.

20. The linear system

20 +3y =a 204+3y =a
reduces to ,
r +y =b ’ y =a—2b

so the solution is © = —a + 3b,y = a — 2.
21. The linear system is equivalent to the triangular linear system

—x —z =b
Y =a+3b ,
z =c—"Tbh—2a

which has the unique solution x = 2a + 6b — ¢,y = a + 3b,2 = —2a — 7b + c.
22. The linear system

—3rx+2y +2z =a —y —2z =a+3b
x —y —z =b—-FEy+FE3— E3,E1+3Ey — Ejreducestoqz —y —z =b ,
T —y—2z =c -z =-b+c

so the solutionis * = —a —3b+c¢,y = —a — 5b+ 2¢,z =b — c.
23. Since the operation 2F; + E5 — FE» gives the equation 0 = 2a + 2, then the linear system is consistent
for a = —1.

24. Since
—r+3y =a —xr+3y =a
reduces to ,
20 —6y =3 ’ 0 =3+2a
the linear system is consistent if a = —%.

25. Since the operation 2F; + E5 — FEs gives the equation 0 = a + b, then the linear system is consistent for
b= —a.
26. Since

6r—3y =a 6x — 3y a
reduces to 1
2z +y =b— 0 =3a+b

the linear system is consistent if b = —%a.
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27. The linear system is equivalent to the triangular linear system

r—2y+4z =a
5y — 92z = —-2a+0b
0 =c—a—0»

and hence, is consistent for all a, b, and ¢ such that ¢ —a — b = 0.

28. Since
r —y +2z =a r —y +2z =a
2z +4y —3z = b reduces to 6y —7z =b—2a ,
dr +2y 42z =c 0 =c—2a-0

the linear system is consistent if ¢ — 2a — b = 0.
29. The operation —2F; + Fs — FE5 gives the equivalent linear system

r+y = -2
(a—2)y =7

Hence, if a = 2, the linear system is inconsistent.
30. Since

20 —y =4 2r —y —4
reduces to 1 ,
ar +3y =2 ’ 3+5a =2-2a

the linear system is inconsistent if 3 4 %a = 0, that is a = —6. Notice that if a = —6, then 2 — 2a # 0.
31. The operation —3FE; + Fs — FE5 gives the equivalent linear system

Hence, the linear system is inconsistent for all a # 6.
32. Since

2r—y  =a 20—y =a
reduces to
6xr—3y =a — 0 =-2a

the linear system is inconsistent for a # 0.

33. To find the parabola y = az? + bz + ¢ that passes through the specified points we solve the linear system

¢ =025
at+b+c =-1.75.
a—b+c =4.25

The unique solution is ¢ = 1,b = —3, and ¢ = %, so the parabola is y = 2% — 3z + % = (w — %)2 — 2. The
vertex of the parabola is the point (%, —2) .

34. To find the parabola y = az? + bz + ¢ that passes through the specified points we solve the linear system

c =2
9a— 3b+c¢ =-1
0.25a+0.5b4+c¢ =0.75
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The unique solution is a = —1,b = —2 and ¢ = 2, so the parabolais y = —2% — 22 + 2 = —(z + 1)? + 3. The
vertex of the parabola is (—1, 3).
35. To find the parabola y = ax? + bz + ¢ that passes through the specified points we solve the linear system

(—0.5)%2a — (0.5)b+c¢ = —3.25
a+ b+ec =2
(2.3)2(1 +(23)b+c =291

The unique solution is @ = —1,b = —4, and ¢ = —1, so the parabola is y = —2? + 42 — 1 = —(x — 2)? + 3.
The vertex of the parabola is the point (2, 3).

36. To find the parabola y = az? + bz + ¢ that passes through the specified points we solve the linear system

c = —2875
a+b+c = —5675 .
9a +3b+c = 5525

The unique solution is a = 2800,b = —5600, and ¢ = —2875, so the parabola is y = 280022 — 5600z — 2875.

The x coordinate of the vertex is given by = = —%, so x = 1. The y coordinate of the vertex is y = —5675.

37. a. The point of intersection of the three lines can be b.
found by solving the linear system

—x 4y =1
—6xr+5y =3
12z 4+5y =39

This linear system has the unique solution (2, 3).

38. a. The point of intersection of the three lines can be b.
found by solving the linear system

2v+y =0
r+y =-1
3r+y =1~
dor+y =2

This linear system has the unique solution (1, —2).

=2
39. a. The linear system{x Ty 0 has the unique solution z = 1 and y = 1. Notice that the two lines

rT—y =
have different slopes.

=1
T+y has infinitely many solutions given by the one parameter set S =
2042y =2

{(L —t,t) | t € R}. Notice that the second equation is twice the first and the equations represent the same
line.

b. The linear system

=2
c. The linear system Ty is inconsistent.
3r+3y =—6
40. Using the operations dEy — Eq,bEy — E», followed by (—1)F> + E1 — Ej gives (ad — be)x = dxq — bxs.
Since ad — bc is not zero, we have that x = %. In a similar way, we have that y = *22=7"1.

41. a. S={(3—-2s—t,2+s—2t,s,t) | s,t € R} b. S={(7—2s—5t,s,—2+s+2t,t)| s,t € R}
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42. a. Let x4 = s, and 25 = ¢, so that x3 =24+ 2s —3t,20 = —1+s+t, and 1 = -2+ 3t. b. Let x3 =5
and x5 = t, so that x4:—1+%s+%t,x2=—2+%s+%t, and z1 = —2 + 3t.

43. Applying kEy — E1,9E> — Es, and —FE; + Es — Fs gives the equivalent linear system

9kx + k?y =9k
9—kYy =-27-9k

Whether the linear system is consistent or inconsistent can now be determined by examining the second
equation.

a. If £ = 3, the second equation becomes 0 = —54, so the linear system is inconsistent. b. If £ = —3, then
the second equation becomes 0 = 0, so the linear system has infinitely many solutions. c. If k # 43, then the
linear system has a unique solution.

44. The linear system

kx+y+z =0 T+ ky + z =0
x+ky+ 2z = 0reduces to l1-ky+((k-1z =0.
r+y+kz =0 24+k)(1-Fk)z =0
a. The linear system has a unique solution if & # 1 and k # —2. b. If £ = —2, the solution set is a one

parameter family. c. If k£ = 1, the solution set is a two parameter family.

Exercise Set 1.2

Matrices are used to provide an alternative way to represent a linear system. Reducing a linear system to
triangular form is then equivalent to row reducing the augmented matrix corresponding to the linear system
to a triangular matrix. For example, the augmented matrix for the linear system

—x1—r2—x3—2x4 =1 -1 -1 -1 -2] 1
201 +2x90 +x3 — 224 =2 is 2 2 1 -2 2
xr1 — 2x9 + x3 + 214 =-2 1 —2 1 2 —2
The coeflicient matrix is the 3 x 4 matrix consisting of the coefficients of each variable, that is, the augmented
1
matrix with the augmented column 2 deleted. The first four columns of the augmented matrix cor-
-2

respond to the variables z1,xs, x4, and x4, respectively and the augmented column to the constants on the
right of each equation. Reducing the linear system using the three valid operations is equivalent to reducing
the augmented matrix to a triangular matrix using the row operations:

e Interchange two rows.
e Multiply any row by a nonzero constant.
e Add a multiple of one row to another.
In the above example, the augmented matrix can be reduced to either
1] -1 -1 2] 1 [1] 0o o -—4]s/3
0

0 [-3] o o]-1]| o | 0 [1] 0 |1/3
0 0 [1] —6] 4 0 0 [1] 6|4

The left matrix is in row echelon form and the right is in reduced row echelon form. The framed terms
are the pivots of the matrix. The pivot entries correspond to dependent variables and the non-pivot entries
correspond to free variables. In this example, the free variable is x4 and 1,22, and x3 depend on z4. So
the linear system has infinitely many solutions given by x; = % + 4y, x0 = %, r3 = —4 — 6x4, and x4 is an
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arbitrary real number. For a linear system with the same number of equations as variables, there will be a
unique solution if and only if the coefficient matrix can be row reduced to the matrix with each diagonal entry

1 and all others 0.

| Solutions to Exercises

9 3|5
1'_—11‘—3}
2 0 —14
3.0 1 4 12
41 11
9 0 14
5'_141‘2]
9 4 2 2 | -2
7.1 4 —2 —3 2| 2
1 3 3 —3|-4

9. The linear system has the unique solution x =
ly=1 ,—
-lLy=35,2=0.

11. The linear system is consistent with free vari-
able z. There are infinitely many solutions given
byrz=-3-2z,y=2+2z22€R.

13. The variable z = 2 and y is a free variable,
so the linear system has infinitely many solutions
given by x = -3+ 2y,z =2,y € R.

15. The last row of the matrix represents the
impossible equation 0 = 1, so the linear system is
inconsistent.

17. The linear system is consistent with free
variables z and w. The solutions are given by
r=3+2z—-bw,y=2+z2—-2w,z€ RiweR.
19. The linear system has infinitely many so-
lutions given by * = 1 + 3w,y = 7+ w,z =
-1 —2w,w € R.

21. The matrix is in reduced row echelon form.

23. Since the matrix contains nonzero entries
above the pivots in rows two and three, the ma-
trix is not in reduced row echelon form.

25. The matrix is in reduced row echelon form.

27. Since the first nonzero term in row three is
to the left of the first nonzero term in row two,
the matrix is not in reduced row echelon form.

29. To find the reduced row echelon form of the matrix we first reduce the matrix to triangular form using

2 3
-2 1 0 4

pivot in row two. This gives

Y mere )

0 4 0 1

2 —21]1
2[5

[ -3 1 1 ]2
4. 0 0 —41|0

-4 2 =31

(4 1 1] 1

6. 4 —4 2 ‘ -2 }

3 0 -3 4 |-3

8. -4 2 -2 —-4)| 4

0 4 -3 2 |-3

10. The linear system has the unique solution
x:2,y:0,z:—%.

12. The linear system is consistent with free vari-
able z. There are infinitely many solutions given
byx=4+%z,y:%—3z,z€R.

14. The variables y and z are free variables, so
the linear system has infinitely many solutions
given by = -1 -5y —5z,y e R,z € R.

16. The last row of the matrix represents the
impossible equation 0 = 1, so the linear system is
inconsistent.

18. The linear system is consistent with free
variables y and z. The solutions are given by
r=1-3y+3z,w=4,ye R, zeR.

20. The linear system has infinitely many solu-
tions given by x = —1—%2,3/ =14+3z,w= %,z €
R.

22. The matrix is in reduced row echelon form.

24. Since the pivot in row two is not a one, the
matrix is not in reduced row echelon form.

26. The matrix is in reduced row echelon form.

28. Since the matrix contains nonzero entries
above the pivots in rows two and three, the ma-
trix is not in reduced row echelon form.

] . The next step is to make the pivots 1, and eliminate the term above the

1 1
[2 3}_53@32[2 3}(—3)R2+R1~Rl[§ H—Rle[é H
[ 2

4

. -3 2 1 0
30. The matrix [ 3 3 } reduces to[ 01 } .
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31. To avoid the introduction of fractions we interchange rows one and three. The remaining operations are
used to change all pivots to ones and eliminate nonzero entries above and below them.

3 3 1 -1 -1 2 -1 -1 2
3 -1 0 Rl <—>R3 3 -1 1 3R1+R2—>R2 0 —4 6 3R1+R3—>R3
-1 -1 2 3 3 1 3 3 1
-1 -1 2 1 -1 -1 2 -1 -1 2
0 —4 6 ?Rg — R3 0 —4 6 (—6)R3 + Ry — Ry 0 -4 0 —2R3+ R1 — Ry
0 o 7| ——— 0 0 1 0 0 1
—1—10']L 1 -1 0] -1.0 0 1 00
0 —4 0 —ZR2—>R2 0 1 0| Ry+ R — Ry 0 1 0{(-1)Ri—R; {0 1 0
0 0 1 | 0 0 1 | 0 0 1 0 0 1
[0 2 1 1 0 0
32. The matrix | 1 -3 —3 |reducesto| 0 1 O
—_
|1 2 -3 |0 0 1
33. The matrix in reduced row echelon form is  34. The rzx))latrix in reduced row echelon form is
1 0 -1 1 0 =
8
01 0 |° |01 —3
35. The matrix in reduced row echelon form is  36. The matrix in reduced row echelon form is
1 0 0 -2 1 0 0 2
010 —1/. 010 §
L0 0 1 0 00 1 ¢

37. The augmented matrix for the linear system and the reduced row echelon form are

N

4 3|2 0 1|2 |°
The unique solution to the linear system is x = —1,y = 2.
38. The augmented matrix for the linear system

-3 1 edcetolo_%
The unique solution to the linear system is x = —%, Y= %
39. The augmented matrix for the linear system and the reduced row echelon form are

3 -3 0] 3 1 0 01
4 -1 =-3| 3 — | 0 1 010
-2 -2 0 | -2 00 13
The unique solution for the linear system is x =1,y =0,z = %
40. The augmented matrix
2 0 —4|1 10 o0]32
4 3 —210 {reducesto| 0 1 0| —1
o
2 0 2|2 00 1|4
The unique solution for the linear system is x = %,y: -1,z = %.

41. The augmented matrix for the linear system and the reduced row echelon form are

1 2 111 10 110
2 3 2|0f— (01 010
1 1 12 0 0 0]1
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The linear system is inconsistent.
42. The augmented matrix

3 0 —-2|-3 1 0 00

-2 0 1 | -2 |reducesto| O 1 010
B

0 0 —-11| 2 0 0 01

The linear system is inconsistent.
43. The augmented matrix for the linear system and the reduced row echelon form are

32 3|-3]__[10 2 —é
1 2 —1|-2 01 =3|-2]"
As a result, the variable x3 is free and there are infinitely many solutions to the linear system given by

xr1 = —% — 223,29 = —% + %wg,xg eR.
44. The augmented matrix

[0 -3 —1‘ 2

1 0 119 ] reduces to [

1 0 1 —2}
1 2 .
01 3|-3

As a result, the variable x3 is free and there are infinitely many solutions to the linear system given by

2 1
T = —2—x3,T0 = —3 — 373,713 e R.

45. The augmented matrix for the linear system and the reduced row echelon form are

-1 0 3 1 2 1 00 % 1
2 3 =3 1 2 — [0 1 0 P 1
2 -2 -2 —-1]|-=2 001 51

As a result, the variable x4 is free and there are infinitely many solutions to the linear system given by
r=1— %x4,:172 =1- %I4,$3 =1- %x4,x4 € R.
46. The augmented matrix

-3 -1 3 3|-3 100%4

1 -1 1 1] 3 reducesto| 0 1 0 1|6
- 8

-3 3 -1 2|1 001 2|5

As a result, the variable x4 is free and there are infinitely many solutions to the linear system given by
T =4 — %m,:zrg =6- %:1:4,3:3 =5- gx4,a:4 € R.
47. The augmented matrix for the linear system and the reduced row echelon form are

3 -3 1 3 1]-3 10 —é —é 1
4 -2 0 110 00 0 010

As a result, the variables x3 and x4 are free and there are infinitely many solutions to the linear system given
by 21 = =8 —x3 — 8x4, 20 = —11 — x5 — llzy, 3 € R,z4 € R.
48. The augmented matrix

-3 2 -1 =212 1 01 8 8

1 -1 0 —-3|3 |reducesto| O 1 1 11| —11
o

4 -3 1 -1]1 0 0 0 O 0

As a result, the variables z3 and x4 are free and there are infinitely many solutions to the linear system given
by 21 = =8 —x3 — 8x4, 20 = —11 — x5 — 1lzy, 3 € R,z4 € R.
49. The augmented matrix for the linear system and the row echelon form are
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1 2 —1|a 1 2 -1 a
2 3 2|b|— 10 -1 0 —2a+b
-1 -1 1 |e¢ 0 O 0 |—a+b+c

a. The linear system is consistent precisely when the last equation, from the row echelon form, is consistent.
That is, when ¢ — a + b = 0. b. Similarly, the linear system is inconsistent when ¢ — a + b # 0. c. For those
values of a, b, and ¢ for which the linear system is consistent, there is a free variable, so that there are infinitely
many solutions. d. The linear system is consistent if a = 1,b = 0,¢ = 1. If the variables are denoted by x,y
and z, then one solution is obtained by setting z = 1, that is, x = -2,y =2,z = 1.

50. Reducing the augmented matrix gives

a 1 |1 2 a—1|1 1 oet
— — 2
2 a—1]1 a 1 1 a 1
a. If a # —1, the linear system is consistent. b. If the linear system is consistent and a # 2, then the
solution is unique. If the linear system is consistent and a = 2 there are infinitely many solutions. c. Let
a = 1. The unique solution is = = %, Y= %
51. The augmented matrix for the linear system and the reduced row echelon form are

1 1 a—1 1
2 2
%}_)[0 —M—i—l‘l—la]
2 2

4 3
1 1 -1|b|— |0 1 -1 e
0 5 —-1|c¢ 0 0 0 |a+2b—c

a. The linear system is consistent precisely when the last equation, from the reduced row echelon form, is
consistent. That is, when a+2b—c = 0. b. Similarly, the linear system is inconsistent when a+2b—c¢ = 0 # 0.
c. For those values of a,b, and ¢ for which the linear system is consistent, there is a free variable, so that

there are infinitely many solutions. d. The linear system is consistent if a = 0,b = 0,c¢ = 0. If the variables
are denoted by x,y and z, then one solution is obtained by setting z = 1, that is, x = %, Y= %, z=1.

2o 8]0 [0 o]0 0 )

Exercise Set 1.3

Addition and scalar multiplication are defined componentwise allowing algebra to be performed on ex-
pressions involving matrices. Many of the properties enjoyed by the real numbers also hold for matrices. For
example, addition is commutative and associative, the matrix of all zeros plays the same role as 0 in the real
numbers since the zero matrix added to any matrix A is A. If each component of a matrix A is negated,
denoted by —A, then A 4+ (—A) is the zero matrix. Matrix multiplication is also defined. The matrix AB
that is the product of A with B, is obtained by taking the dot product of each row vector of A with each
column vector of B. The order of multiplication is important since it is not always the case that AB and BA
are the same matrix. When simplifying expressions with matrices, care is then needed and the multiplication
of matrices can be reversed only when it is assumed or known that the matrices commute. The distributive
property does hold for matrices, so that A(B + C') = AB + AC. In this case however, it is also necessary
to note that (B + C)A = BA 4+ C'A again since matrix multiplication is not commutative. The transpose
of a matrix A, denoted by A?, is obtained by interchanging the rows and columns of a matrix. There are
important properties of the transpose operation you should also be familiar with before solving the exercises.
Of particular importance is (AB)! = B!A!. Other properties are (4 + B)! = A! + Bt (cA)! = cA!, and
(AH)t = A. A class of matrices that is introduced in Section 1.3 and considered throughout the text are the
symmetric matrices. A matrix A is symmetric it is equal to its transpose, that is, A* = A. For example, in

the case of 2 x 2 matrices,
|la b| 4 |a c -
A_[C d}_A_[b d}@b—c.
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Here we used that two matrices are equal if and only if corresponding components are equal. Some of the
exercises involve showing some matrix or combination of matrices is symmetric. For example, to show that
the product of two matrices AB is symmetric, requires showing that (AB)! = AB.

] Solutions to Exercises

1. Since addition of matrices is defined componentwise, we have that

12 -3 -1 3] |[2-1 =343 |10
A+B_[4 1}+[—2 5}_[4—2 1+5]_[2 6]
Also, since addition of real numbers is commutative, A + B = B + A.

2 -3 -1 3 8§ —15
N I EH N

3. To evaluate the matrix expression (A + B) 4+ C requires we first add A+ B and then add C' to the result.
On the other hand to evaluate A + (B + C) we first evaluate B 4+ C' and then add A. Since addition of real

21 ] — A+ (B+O).

numbers is associative the two results are the same, that is (A+ B) + C = [ 74

4.3(A+B)—50—3<[i ‘ﬂ%ié 2])—5[§ _H
SIERIEEI I ey

5. Since a scalar times a matrix multiples each entry of the matrix by the real number, we have that

-7 =3 9 -7 3 9
(A-—B)+C = 0 5 6 and 2A+B=| -3 10 6
1 -2 10 2 2 11

-3 -3 3 -1 3 3 -5 3 9 0 00

6. A+2B—-C = 10 2|+2| -25 2|—-| -3 10 6 |=]000

0o -2 3 1 2 4 2 2 11 0 0 0

7T =2 6 2 . .
7. The products are AB = 0 -8 and BA = 7 7| Notice that, A and B are examples of matrices

that do not commute, that is, the order of multiplication can not be reversed.

wun-a[] 2[4 e[ 3 2][¢ 2]-[% ]

o 4 9 —7 -9

9. AB_{_B 7] 10. BA=| 10 -2 -6
| 6 -9 —9 |
5 —6 4 5 5 1 ]

11. AB=1{3 6 —18 12. AB=1| —-10 0 9
5 -7 6 | 6 0 -2

13. First, adding the matrices B and C gives
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14.(A+B)C_{O _3H 2 0]_[3

1 0| -1 -1
15. 2A(B - 3C) = [ _;g _13 }

17. To find the transpose of a matrix the rows
and columns are reversed. So A* and B* are 3 x 2

|

16. (A +2B)(3C) = { 219 }

-6 0

18. Since B! is 3x2 and 2A is 2x 3, the expression
B* — 24 is not defined.

matrices and the operation is defined. The result

75
is24t —Bt=| -1 3
-3 -2

19. Since A is 2 x 3 and B! is 3 x 2, then the
product AB? is defined with AB? = [ :g _;L }

-1 7
21. (A'+BYHYC=| 6 8 22. Since C'is 2 x 2 and A' + B' is 3 x 2, the
4 12 expression is not defined.
0 20 15
23. (A'C)B = 0 0 0 24. Since A is 3x2 and B! is 3x 2, the expression
—-18 —22 -15 is not defined.
-5 -1 0 2 11
. a3—s0-[ 2 1] M A P A
0 0
AB = [ 0o ]

27. The product
9 la b a bl [a* ab+bc|] [1 0
A_AA_[O c}{o c}_{o 17101
if and only if a®? = 1,¢? = 1, and ab + bc = b(a + ¢) = 0. That is, a = +1,¢ = £1, and b(a + ¢) = 0, so that A
has one of the fo L0 1 b —Lb o -1 0
S ot TS 1o 1|0 o 1t P 0 -1 |

. | 2a+c 2b+d | 2a+b a+b - . . -
28. Since AM = atc b_’_d}andMA— 9%+ d C+d},thenAM_MA1fandonly1f2a+c_

2a+b,2b+d=a+b,a+c=2c+d,bed =c+ d. That is, b = ¢ and d = a — b, so the matrices have the form
a b
et

1 1 -1 -1
29. Let A = 0 O]andB— 1 1
zero matrix. Notice that, this can not happen with real numbers. That is, if the product of two real numbers

is zero, then at least one of the numbers must be zero.

} . Then AB = 8 8 , and neither of the matrices are the

_|la b e f 11 0. .
30. Let A = d and B = g h , so that AB — BA = [ 0 1 } if and only if
bg—cf (af+bh—(be+fd) | |1 0O _ _ .
(ce+ dg) — (ag + ch) cf~bg | =0 1] So bg — c¢f and c¢f — bg must both be 1, which

is not possible.
31. The product

ol ]l w ]
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Willequal[_lg 1g}ifandon1yb+2_6,3a_12, and ab = 16. That is, a = b = 4.
32. Let A = a b and B= | © f . Since
c d g h
bg—cf (af+bh— (be+ fd)
AB — BA =
{(ceerg)—(angch) cf —bg |’

then the sum of the terms on the diagonal is (bg — ¢f) + (¢f — bg) = 0.

33. Several powers of the matrix A are given by

1 00 1 0 0 1 0 0 1 0 O
A2=10 10 |,A%=]0 -1 0[,A'=|0 1 0|,andA°=|0 -1 0
0 0 1 0 0 1 0 0 1 0 0 1
100
We can see that if n is even, then A™ is the identity matrix, so in particular A2 = | 0 1 0 | . Notice also
0 0 1
1 0 0
that, if n is odd, then A = | 0 —1 0
0 0 1

34. Since (A + B)(A — B) = A2 — AB + BA — B2, then (A + B)(A — B) = A% — B2 when AB = BA.

35. We can first rewrite the expression A2B as A°B = AAB. Since AB = BA, then A°B = AAB = ABA =
BAA = BA2.

36. a. Since AB = BA and AC = CA, then (BC)A = B(CA) = B(AC) = A(BC) and hence BC and A
10

commute. b. Let A = [ 01

, so that A commutes with every 2 x 2 matrix. Then select any two matrices

that do not commute. For example, let B = [ Lo } and C' = [ 01 ] .

1 0 0 1
1
0
37. Multiplication of A times the vector x = | | | gives the first column vector of the matrix A. Then
0
0
1
Ax = 0 forces the first column vector of A to be the zero vector. Then let x = . and so on, to show
0
that each column vector of A is the zero vector. Hence, A is the zero matrix.
1—n -n 1—-m -m
38.LetAn—[ n 1+n]andAm—[ m 1_'_m}.Then
AA = lI-n)(1-m)—nm (Q-n)(-m)—Q+m)n | | 1—(m+n) —(m+mn) 4
T p(l=m)+m(l+n)  —mn+Q+n)(1+m) | m+n 14+ (m+4n) | T
la b . | a ¢
39. Let A= { . d],sothatA = [ b d}Then

AAt— | @ b a c| [ a*+b* ac+bd] [0 0
e d b d| | ac+bd 2+d* | ] 0 0
if and only if a?4b% = 0, c?4d? = 0, and ac+bd = 0. The only solution to these equationsisa =b=c=d =0,
so the only matrix that satisfies AA* = 0 is the 2 x 2 zero matrix.
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40. Since A and B are symmetric, then A = A and B? = B. In addition, if AB = BA, then
(AB)' = B'A' — BA — AB

and hence, AB is symmetric.

41. If A is an m x n matrix, then A’ is an n x m matrix, so that AA* and A*A are both defined with AA*
being an m x m matrix and A’A an n x n matrix. Since (AA")" = (A")'A" = AA", then the matrix AA® is
symmetric. Similarly, (A*A)! = AY(AY)! = AtA, so that A'A is also symmetric.

42. Since A and B are idempotent, then A> = A and B? = B. In addition, if AB = BA, then
(AB)? = ABAB = AABB = A*B? = AB

and hence, AB is idempotent.

43. Let A = (a;j) be an n x n matrix. If A® = —A, then the diagonal entries satisfy a;; = —a;; and hence,
a;; = 0 for each 1.

44. Let A = (a;j) and B = (b;;) be n X n matrices.

a.
a1 +bi1 apa+bi2 ... @iy +bin
a21 + b1 aga +bao ... a2, 4 b2y
tr(A+ B) =tr : : : : = (a11 +b11) + (@22 + b22) + -+ - + (nn + bnn)
anl + bnl an2 + bn2 cee Ann + bnn
= (a11 + a9 + -+ + ann) =+ (bll +bog + -+ bnn) = tI‘(A) + tI‘(B).
b.
Ca11 Ca12 e CQ1n
CcCa21 Cag2 e Ca2n
tr(cA) = tr . . . . = cai1 + casy + -+ + cap, = ctr(A).
Cap1  CGp2 ... Clpn

Exercise Set 1.4

The inverse of a square matrix plays the same role as the reciprocal of a nonzero number for real numbers.
The n x n identity matrix I, with each diagonal entry a 1 and all other entries 0, satisfies Al = IA = A for
all n x n matrices. Then the inverse of an n X n matrix, when it exists, is unique and is the matrix, denoted
by A=, such that AA™! = A='A = I. In the case of 2 x 2 matrices

a
A_[c

1 —
2 } has an inverse if and only if ad — bc # 0 and A~ = gy [ _(i 2 } )

A procedure for finding the inverse of an n x n matrix involves forming the augmented matrix [A | I] and
then row reducing the n x 2n matrix. If in the reduction process A is transformed to the identity matrix,
then the resulting augmented part of the matrix is the inverse. For example, if

—2 -2 1 0 -2 -2
A= 1 -1 —2| and B=| -1 -1 0 [,
2 1 -2 2 —1 -1

then A is invertible and B is not since
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-2 -2 11 0 0 1 0 0|]—-4 3 -5
1 -1 =210 1 0|—={0 102 -2 3
2 1 —-2]0 0 1 00 1/-3 2 -4
A*l
but

0 -2 —-2(1 0 O 1 0 —-1|0 1 1

-1 -1 001 O0}|—=1]01 1]0 -2 -1
2 1 —-1]0 0 1 00 011 —4 -2

The inverse of the product of two invertible matrices A and B can be found from the inverses of the individual
matrices A~ and B~'. But as in the case of the transpose operation, the order of multiplication is reversed,
that is, (AB)~! = B~tA~%

| Solutions to Exercises

1. Since (1)(=1) — (=2)(3) = 5 and is nonzero, 2. Since (—3)(2) — (1)(1) = —7 and is nonzero,

the inverse exists and the inverse exists and
-1 2 2 -1
-1 _ 1 -1__1
4 _5{—31 ’ A _7{—1 -3 |
3. Since (—2)(—4) — (2)(4) = 0, then the matrix 4. Since (1)(2) — (1)(2) = 0, then the matrix is
is not invertible. not invertible.

5. To determine whether of not the matrix is invertible we row reduce the augmented matrix

01 =11 0 0 1 2 —-1]0 0 1
31 1|01 0|R<R3|!3 1 1|0 1 0|{(=3)R +Rs— Ro
12 —-1{0 0 1] 101 -1|1 0 0
1 2 =10 0 1 ] 1 2 —1]0 0 1
0 -5 4]0 1 -3 |R,<R3s; 0 1 —-1/1 0 0 (=2)Re + Ry — Ry
0 1 —-1{1 0 0 | |0 =5 4|0 1 -3
1 0 1 1-2 0 1 10 1|]-2 0 1
0 1 —-1{1 0 O (5)Re+Rs—R3| 0 1 -1 1 0 0 (—=1)R; — R3
0 -5 4 0o 1 -3 00 —-1]5 1 3
10 1|-2 0 1 1 0 0 3 1 -2
01 —-1|1 0 0| (-D)Rs+R1—R1| 0 1 —1]1 0 0 (1)R3 + R2 — Ry
00 1|-5 -1 3 0o o0 1|-5 -1 3
1 0 0] 3 1 =2
01 0l—-4 -1 3 Since the original matrix has been reduce to the identity matrix, the inverse
00 1|-5 -1 3
3 1 -2
existsand A~'=| -4 -1 3
-5 -1 3
6. Since
0 21 0 0 10 0] 0 -1 0
-1 0 O 1 0 |reducesto| 0 1 0| 1 -2 -1
2 11 0 1 00 1]-1 4 2

1 -2 -1
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7. Since the matrix A is row equivalent to the 8. Since the matrix A is not row equivalent to

1 -1 0 the identity matrix, then A is not invertible.
matrix | 0 0 1 |, the matrix A can not be
0 0 0
reduced to the identity and hence is not invertible.
/3 -1 -2 1/2 1 -3 3 0
0 1 2 -1 0o 1 -1 1/2
-1 _ -1 _
9. A7 = 0 0o -1 1/2 10. A7 = 0 0 1/2 1/2
0 0o 0 -1/2 0 O 0 1/2
30 0 0
-6 3 0 0
-1 _ 1
oAt =3 12.
1 1 1 1 1 0 0 0
1 1 0
AT =1 22 —i2 12 0
1 1 0 1/2
13. The matrix A is not invertible. 14. The matrix A is not invertible.
0 0 -1 0
1 1 -1 -2 1 . . . .
15. A= = 1 —9 1 1 16. The matrix A is not invertible.
0 -1 -1 1

3 8

17. Performing the operations, we have that AB+A = [ 10 —10

(A+1)B.

18. Since the distributive property holds for matrix multiplication and addition, we have that (A+1)(A+1) =
A2+ A+ A+T=A+2A+1.

} — A(B+I) and AB+B — { c ] _

- 1 2 . s | =3 4 | -2 —4 9 B
19. Let A = [ 9 1 ].a. Since A* = [ 4 _3 ] and —2A4 = { 1 _9 },thenA —2A+5I=0. b.
Since (1)(1) — (2)(—2) = 5, the inverse exists and A~! =1 [ ; _f ] =121 - A).
c. If A2—2A+51 = 0, then A?—2A = —5I,sothat A (1(2] — A)) = 2A-1A? = —L(A?24) = —L(-5]) =1
Hence A™! = 1(21 — A).
20. Applying the operations (—3)R1 + Ry — Ry and (—1)R; + R3 — R gives
1 X0 1 A 0
3 2 0 |{reducesto| 0 2—3X 0 |.Soif A= %, then the matrix can not be reduced to the identity
e S
1 2 1 1 2 1
and hence, will not be invertible.
1 A 0
21. The matrix is row equivalent to | 0 3—X 1 |.If A = —2, then the second and third rows are
0 1—-2x 1
identical, so the matrix can not be row reduced to the identity and hence, is not invertible.
1 2 1
22. Since the matrix is row equivalent to | 0 A—4 —1 [, if A = 2, then the matrix can not be row
0 4—-2Xx 0

reduced to the identity matrix and hence, is not invertible.
23. a. If A # 1, then the matrix A is invertible.

‘H

2
—1 A—

T —

>
—_
>
| >
_

‘)—‘
‘)—‘
‘)—‘

b. When A # 1 the inverse matrix is A=! = =

>
|
o>

>
Lol

-
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24. Iff A=0,\= V2or \= —\/5, then the matrix is not invertible.

25. The matrices A = [ (1) 8 ] and B = { 8 (1) ] are not invertible, but A+ B = { (1) (1) ] is invertible.
. 1 0 -1 0 . . 0 0. . .
26. The matrices A = 0 1 and B = 0 _1 | e invertible, but A+ B = 0 0|8 not invertible.

27. Using the distributive property of matrix multiplication, we have that

(A+ BYA"™Y(A—B) = (AA™' + BA™)(A—-B)=(I+BA (A - B)
=A-B+B-BA'B=A— BA'B.

Similarly, (A — B)A"*(A+ B) = A— BA™'B.
28. Since B = PAP~!, then

B? = (PAP Y)Y (PAP™') = PA(PT'P)AP™! = pA*P~!
B3 =B?B = (PA?P')(PAP™ ') = PA(P"'P)A?’P~! = pA3P~!

and so on, so that B¥ = PAkp—1,

29. a. If A is invertible and AB = 0, then A~'(AB) = A~10, so that B = 0.
b. If A is not invertible, then Ax = 0 has infinitely many solutions. Let x1,...,x, be nonzero solutions of
Ax = 0 and B the matrix with nth column vector x,. Then AB = Axy + Axo + -+ + Ax, = 0.

30. Since A is symmetric and invertible, then A® = A and A~! exists. First notice that A'(A~1)! =
(A7TA) =1,s0 (A1) = (A")~1 So (A7) = (AY)~! = A1 and hence, A~! is symmetric.

31. By the multiplicative property of transpose (AB)" = BYA’. Since A and B are symmetric, then A® = A
and B! = B. Hence, (AB)! = BtA* = BA. Finally, since AB = BA, we have that (AB)! = BA* = BA = AB,
so that AB is symmetric.

32. Consider (A7!B)! = BY(A™!)! = B(A")™! = BA~!. Next notice that since AB = BA, then B =
A7'AB = A7'BA, so BA~! = A!'B. Using this last observation, we have (A™'B)! = A=!B and hence,
A~1B is symmetric.

33. If AB = BA, then B~'AB = A, so that B~'A = AB~!. Then (AB~1)! = (B71)!A’. Since (B~!)!B! =
(BB~1)! = I, we have that (B~!)! = (B*)~!. Finally, (AB~!)! = (B")"'A* = B~1A = AB~! and hence,
AB~! is symmetric.

34. (A-1B1)! = (BA))! = (BA))! = (AB))~) = (B'A)~) = (BA)™! = A-1B)

35. Assuming A = A~! and B! = B!, we need to show that (AB)! = (AB)™!. But (AB)! = B'A! =
B71A7! = (AB)~! and hence, AB is orthogonal.

36. Since A = c9s9 —sind and Al = C(.)89 sin 6 , then
sin cos —sinf cosf
2 .2
¢ | cos®f+sin” 6 o |10
AA_[ 0 cos?@+sin?0 | |0 1|’

so that A=t = A! and hence, A is an orthogonal matrix.

37. a. Using the associative property of matrix multiplication, we have that

(ABC)(CT'B'A Y)Y = (AB)CC Y (B'A™" )= ABB'A ' = AA ' =1T.

b. The proof is by induction on the number of matrices k.

Base Case: When k = 2, since (A;42)~' = A; ' A7, the statement holds.

Inductive Hypothesis: Suppose that (A;As--- Ap) "t = A,:lA,:l . ~A1_1. Then for k& 4+ 1 matrices, we
have that (A1 As -+ ApApi1) "t = ([A1 A2 - Ag]Agy1) 7t Since [A1Ag - -+ Ay] and Ay can be considered as
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two matrices, by the base case, we have that ([A; Ay -+ Ap]Apy1) "t = A,;ll[Al Ag -+ Ag]~L. Finally, by the
inductive hypothesis

([A1As - Ag]Ap) T = AL [ArAy - A = AL ATAE AT
38. Since ag # 0 for each k, then

ar 0 ... ... 0 o 0 0 10 . 0
0 ax 0 0 0 = 0 0 01 0 ... 0
0 0 0 ann 0 0 0o L 00 0 1

and hence, A is invertible.

39. If A is invertible, then the augmented matrix [A|I] can be row reduced to [I|A~]. If A is upper triangular,
then only terms on or above the main diagonal can be affected by the reduction process and hence, the inverse
is upper triangular. Similarly, the inverse for an invertible lower triangle matrix is also lower triangular.

40. Since A is invertible, then A is row equivalent to the identity matrix. If B is row equivalent to A, then
B is also row equivalent to the identity matrix and hence, B is invertible.

0 1 cr1 +drs cro + dry

41. a. Expanding the matrix equation [ Z 2 } [ ;Cl ;@ ] = [ L0 } , gives [ axy + by awy +bry
3 T4

[ (1) (1) } . b. From part (a), we have the two linear systems

ary +bry =1 arg +bry =0
and .
cry +drs = cro +dry =1

In the first linear system, multiplying the first equation by d and the second by b and then adding the results
gives the equation (ad — be)x; = d. Since the assumption is that ad — bc = 0, then d = 0. Similarly, from
the second linear system we conclude that b = 0. c. From part (b), both b = 0 and d = 0. Notice that
if in addition either @ = 0 or ¢ = 0, then the matrix is not invertible. Also from part (b), we have that
ax1 = 1,axe = 0,cx; =0, and cxo = 1. If @ and ¢ are not zero, then these equations are inconsistent and the
matrix is not invertible.

Exercise Set 1.5

A linear system can be written as a matrix equation Ax = b, where A is the coefficient matrix of the linear
system, x is the vector of variables and b is the vector of constants on the right hand side of each equation.
For example, the matrix equation corresponding to the linear system

—T1 — T2 — T3 =2 -1 -1 -1 1 2
—x1 + 229 +223 = —3 is -1 2 2 To = -3
—x1 + 210 + 3 =1 -1 2 1 T3 1

If the coefficient matrix A, as in the previous example, has an inverse, then the linear system always has a
unique solution. That is, both sides of the equation Ax = b can be multiplied on the left by A~! to obtain
the solution x = A~'b. In the above example, since the coefficient matrix is invertible the linear system has
a unique solution. That is,

T 2 -2 -1 oo 2 L[t -1/3
Xx=| a2 |=A71] =3 =31 23 B l=3] T |= 7/3
T3 1 0 3 -3 1 —12 —4

Every homogeneous linear system Ax = 0 has at least one solution, namely the trivial solution, where each
component of the vector x is 0. If in addition, the linear system is an n X n (square) linear system and A
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is invertible, then the only solution is the trivial one. That is, the unique solution is x = A='0 = 0. The
equivalent statement is that if Ax = 0 has two distinct solutions, then the matrix A is not invertible. One
additional fact established in the section and that is useful in solving the exercises is that when the linear
system Ax = b has two distinct solutions, then it has infinitely many solutions. That is, every linear linear

system has either a unique solution, infinitely many solutions, or is inconsistent.

| Solutions to Exercises

2 3 T -4 -1 T
1. LetA—[_1 2],X—{y},andb— 2.A—{_2 _5},X—{y},andb
-1
4
2 -3 1 T 0 3 -2 T
3. Let A=| -1 -1 2 1,x=|y {,and 4. A= -1 0 4 1, x=1y
3 -2 =2 z -1 0 -3 z
-1 2
b= —1 -3
3 4
4 3 -2 =3 0 3 1 =2
5. Let A=| -3 -3 1 0|, 6. A= 0 4 -2 —4 |,
2 -3 4 -4 13 =2 0
T -1 L1 —4
x=| " | andb=| 4 x=| " |, andb=| 0
X3 T3
3 3
T4 T4
7 20 —by =3 8. —2x—4y =-1
24+ y =2 Jy =1
—2y —4x — 5y + 5z -3
9. ¢2z —y—2z =1 10. dr —y +2z =2
3z —y+2z =-1 —4dx +3y+5z =1
-2 dxsz — 2 =4
221 +5xp —bx3+ 314 =2 T2+ ATy — 224
11. 12, { 224 +23 +24 =-3
3561 + Xro — 2563 - 4564 = O
T +x3—2x4 =1
[ 1] [ 6
13. The solutionisx =A"'b=| 4 14. The solutionis x = A"'b= | 8
| =3 ] | —2
[ 9 [ -1
15. The solution is x = A~'b = :g 16. The solution is x = A~ 'b = ?
L 7] |1
17. The coefficient matrix of the linear system is A = [ ; ;l ] , so that
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18. Since the inverse of the coefficient matrix [ _g _g ] is A7 = —% { g ;l ] , the solution is x =

4 -12
-1 _
)=
19. If the coefficient matrix is denoted by A, then the unique solution is

-1 7 -3 -1 -1 -11
A1 |=1 -3 1 o0 1 | = 4
1 -8 3 1 1 12

20. If the coeflicient matrix is denoted by A, then the unique solution is

0 -2 -5 1 0 7
A -1 | =| =2 4 -1 -1 1= -6
2 -1 2 0 2 -2

21. If the coeflicient matrix is denoted by A, then the unique solution is

~1 1 1 0 0 -1 0
1 -2 1 10 o

— s -
0 0 5 -F 1 0 3| 1
0 o -+ -1 90 0 -1

22. If the coefficient matrix is denoted by A, then the unique solution is

-3 -1 2 -3 —-1]7[ -3 -3
-2 1 -2 2 0 -2

5
0 3 7
5
~1 ~1 3

1 3 1 2 1 7
23.a.x-5{_2 1 1155 23

24. a. x=A"1 1 = -3 1 0 1 =

0 -8 3 1 0 —11
1 4
3 12 — | 0 0
0 0

—4t

. } } te R} . A particular

hence, the linear system has infinitely many solutions with solution set S = { [

nontrivial solution is v = —4 and y = 1.

26. Since the matrix

1 -2 4 1 -2 4

2 —4 8 |reducesto| O 0 O |,

o
3 —6 12 0 0 O
25 — 4t
the solution set is S = S s,t € R 3 with a particular nontrivial solution of x = —2, y = 1, and
t

z=1.
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1 2 1 11 -1
27. A=11 2 1 280 A=]1 1 -1
1 2 1 11 -1

29. Since Au = Av with u # v, then A(u— v) = 0 and hence, the homogeneous linear system Ax = 0 has a
nontrivial solution. Therefore, A is not invertible.

30. Since u is a solution to A(x) = b and v is a solution to A(x) = 0, then Au =Db and Av = b. Hence,
A(lu+v)=Au+Av=b+0=h.

2 1 1

3l.a. LetA=| -1 -1 |,x= [ . ] ,andb = | —2 | . Thereduced row echelon form of the augmented
3 2 4 -1
matrix is
2 1|1 1 0] 1
-1 1|-2{— |0 1|-11{,
1 2]-1 0 0|0
. . . 1 11 -1 0
so that the solution to the linear system is x = NRE b. C =3 1 2 0
1 -1 07| ! 1
c. The solution to the linear system is also given by C'b = % { 1 2 0 -2 | = [ 1 } .
41 -1
32. a. Since the augmented matrix
2 1|3 2 1]3]
-1 —1|—-2 |reducesto | 0 1|1
S
3 2 5 0 0]0 |
1 1 10 1 0 3 1
theunlquesolutlonlsXZ[l] bC:{_1 _9 O}c. Cbz[_1 _9 O] —52 :[1}

Exercise Set 1.6

The determinant of a square matrix is a number that provides information about the matrix. If the matrix

is the coeflicient matrix of a linear system, then the determinant gives information about the solutions of the

. . b
linear system. For a 2x2 matrix A = [ CCL d
the determinant requires a simple computation are the triangular matrices. In this case the determinant is
the product of the entries on the diagonal. So if A = (a;;) is an n X n matrix, then det(A4) = ai1a22 - - - Ann.-
The standard row operations on a matrix can be used to reduce a square matrix to an upper triangular matrix
and the affect of a row operation on the determinant can be used to find the determinant of the matrix from
the triangular form.

] , then det(A) = ad—bc. Another class of matrices where finding

e If two rows are interchanged, then the new determinant is the negative of the original determinant.
e If a row is multiplied by a scalar ¢, then the new determinant is ¢ times the original determinant.
e If a multiple of one row is added to another, then the new determinant is unchanged.

Some immediate consequences of the third property are, if a matrix has a row of zeros, or two equal rows, or one
row a multiple of another, then the determinant is 0. The same properties hold if row is replaced with column.
It A is an n x n matrix, since in the matrix ¢A each row of A is multiplied by ¢, then det(cA) = ¢" det(A).
Two other useful properties are det(A?) = det(A) and if A is invertible, then det(A~!) = #(AU'

The most important observation made in Section 1.6 is that a square matrix is invertible if and only if its
determinant is not zero. Then
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A is invertible < det(A) # 0 < Ax = b has a unique solution
< Ax = 0 has only the trivial solution

< A is row equivalent to 1.

One useful observation that follows is that if the determinant of the coefficient matrix is 0, then the linear

system is inconsistent or has infinitely many solutions.

] Solutions to Exercises

1. Since the matrix is triangular, the determinant
is the product of the diagonal entries. Hence the
determinant is 24.

3. Since the matrix is triangular, the determinant
is the product of the diagonal entries. Hence the
determinant is —10.

5. Since the determinant is 2, the matrix is in-
vertible.

7. Since the matrix is triangular the determinant
is —6 and hence, the matrix is invertible.

9. a. Expanding along row one

-1 4

2. Since the matrix has two identical rows, the
determinant is 0.

4. Since the second row is twice the first, the
determinant 0.

6. Since the determinant is -17, the matrix is
invertible.

8. Since there are two identical rows the determi-
nant is 0, and hence the matrix is not invertible.

det(A):2‘ 1 9 —(O)‘_4 _2‘4—(1)‘_4 1 =-5
b. Expanding along row two
0 1 2 1 20
det(A)——?)’ 1 —o +(—1)’ 4 —9 ’+(4)‘ 41 |=
c. Expanding along column two
3 4 2 1 2 1
det(A)_—(O)‘ 4 9 ‘+(—1)‘ 4 9 ‘+(1)‘ 3 4 ‘_—5.
-4 1 =2
d. det 3 -1 4 =5 e. Let B denote the matrix in part (d) and B’ denote the new matrix.
2 0 1

Then det(B’) = —2det(B) = —10. Hence, det(A)
operation does not change the determinant, so det(B

A does have an inverse.
0. a. Expanding along row four

11 2 11
det(A)=-3| =2 0 —1[+3| 3 0
1 0 1 0 0

b. Expanding along row three the signs alternate in the pattern +, —, +,
c. Expanding along column two the signs alternate in the pattern —, 4+, —, + and the determinant is
e. Since the determinant is

—15.

again —15. d Since row two contains two zeros this is the preferred expansion.

nonzero, the matrix is invertible.
11. Determinant: 13; Invertible

13. Determinant: —16; Invertible

1
2
7

det(B').
)

12. Determinant: —19; Invertible

14. Determinant: 5; Invertible

f. Let B"” denote the new matrix. The row
=det(B’) = —10. g. Since det(A) # 0, the matrix

—, and the determinant is again
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15. Determinant: 0; Not invertible 16. Determinant: 0; Not invertible

17. Determinant: 30; Invertible 18. Determinant: -76; Invertible

19. Determinant: —90; Invertible 20. Determinant: 8; Invertible

21. Determinant: 0; Not invertible 22. Determinant: 0; Not invertible

23. Determinant: —32; Invertible 24. Determinant: 59; Invertible

25. Determinant: 0; Not invertible 26. Determinant: 5; Invertible

27. Since multiplying a matrix by a scalar mul-  28. det(2471) = 23det(A™!) = dcf(A) =1

tiplies each row by the scalar, we have that
det(34) = 33 det(4) = 270.
29. 30. Since the matrix is the transpose of the orig-

1 1 1 inal matrix but with two columns interchanged,

- N =30 the determinant is —10.
det(2A4) 23 det(A) 30 e determinant 1s

det((24)71)

31. Expanding along row 3

= —(5)(2* — 22) = —52* + 10x.

$2LL"

Then the determinant of the matrix is 0 when —522 + 10z = —5z(z — 2) = 0, that is z = 0 or z = 2.
32. Since

1 11 11 1 1 1 11

01 1 11 01 1 1 1

1 01 1 1 |reducesto| O 0 1 1 1
o

1 1 0 1 1 0 0 0 1 1

1 1 1 0 1 0 0 0 0 1

using only the operation of adding a multiple of one row to another, the determinants of the two matrices are
equal. Since the reduced matrix is triangular and the product of the diagonal entries is 1, then the determinant
of the original matrix is also 1.

33. Since the determinant is a1bs — byas — xbs + xas + yby — yaq, then the determinant will be zero precisely

when y = gf:gf:v + bl‘gf:gibz. This equation describes a straight line in the plane.

34. a. A_[l 1},3_{1 1],0_{1 1} b. det(A) = 0,det(B) = 0,det(C) = —4 c.

2 2 2 2 2 =2
Only the matrix C' has an inverse. d. Since Ll ‘ 3 reduces to[ L1 ‘ 3 } the linear system is
2 211 |——| 0 0|5 |’
inconsistent. e. Since [ Lol ‘ 3 } reduces to [ L1 ‘ 3 ] there are infinitely many solutions given by
2 2|6 |—— |0 0]0 |’
r=3—y,y € R. f. Since [ bl ‘ 3 ]reduces to{ L1 ‘ 3 ] the linear system has the unique
’ 2 2|1 |—————=|0 —4|-5]|’
solution = = %,y = g.
1 -1 -2
35.a. A=| -1 2 3 b. det(A) =2 c. Since the determinant of the coefficient matrix is not zero
|: 2 -2 =2
3
it is invertible and hence, the linear system has a unique solution. d. The unique solution is x = 8

—4
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1 3 -2
36. a. A= |2 5 1 b. det(A) = 0 c. The system will have infinitely many solutions or is
2 6 —4
1 3 -2]-1 1 3 -2|-1
inconsistent. d. Since | 2 5 1 2 reducesto | 0 —1 5 4 , the linear system has infinitely
st
2 6 —4|-2 0 0 010
many solutions given by = 11 — 13z,y = —4 + 52,z € R.
-1 0 -1
37. a. A= 2 0 2 b. Expanding along column three, then
1 -3 -3
det(A4) = _; _; = 0. c. Since the determinant of the coefficient matrix is 0, A is not invertible.

Therefore, the linear system has either no solutions or infinitely many solutions.

d. Since the augmented matrix reduces to

-1 0 -1]-1 10 1]0
2 0 2|1 |— |01 3|0
1 -3 =3|1 00 01

the linear system is inconsistent.

38. a. Since b.
22 oz oy 1
0 0 3 1] o
11 1 1 = 3z* — 27z — 12y + 36,
16 4 -2 1

the equation of the parabola is

32 — 272 — 12y + 36.

39. a. Since b.
y2 T y 1
4 -2 -2 1] 9
i 3 9 1|7 —29y~ + 202 — 25y + 106,
9 4 =3 1

the equation of the parabola is

—2992 + 20z — 25y + 106 = 0.

40. a. Since b.
2+ y 1
18 -3 -3 1] 9 2
5 1 9 1|7 —242°—24y°—6x—60y+234,
9 3 0 1

the equation of the circle is

—242? — 24y* — 62 — 60y + 234 = 0.




26 Chapter 1 Systems of Linear Equations and Matrices

41. a. Since b.
22 Y2 oz oy 1
0 16 0 —4 1
0 16 0 4 1 |=1362%—16y* — 328z + 256,
1 4 1 -2 1
4 9 2 3 1

the equation of the hyperbola is

13622 — 16y — 3282 + 256 = 0.

42. a. Since b.
22 y? oz y 1
9 4 -3 2 1
1 9 —1 3 1 |=-—8422-294y*+84z+630y+924,
1 1 1 -1 1
16 4 4 2 1

the equation of the ellipse is

—84x2 — 29412 + 84z + 630y + 924 = 0.
43. a. Since b.

iZ?2

8
o

Yy y L

= —12+122%—362y+42y>—30y,

O = O =

Wk O OO

=k O = O

W N = O

— N O = O
e

the equation of the ellipse is

—12 4 122% — 36xy + 42y* — 30y = 0.

44. 45.
43 7 -5
4 2 6 —3 9
Tr = :2, €r = = —=,
2 3 5 —5 5
2 2 2 -3
2 4 5 7
NERIE 26| 16
YT T Y715 51 5
2 2 2 -3
46. 47.
15 3 4
3 1] 11 ~10 5| 95
€r = :—, €r = :—,
2 5 8 9 -4 73
41 -7 5
2 4 9 3
BRI | -7 10 111
YS9 5 9 4 —9 4 73
41 -7 5
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48. 49.
—12 -7 4 -3
5 11 97 3 4 25
rT= = — €r = = J—
—10 -7 | 26 -1 -3 28’
12 11 -8 4
—~10 —12 1 4
12 5 47 -8 3 29
yzi-:—— y: = ——
—-10 -7 23 -1 -3 28
12 11 -8 4
-8 1 -4 -2 -8 —4 -2 1 -8
3 -4 1 0 3 1 0 -4 3
-8 0 1] g 4 -8 1| 4 |4 0 8| 4
R = I S i Al e p i R
0 —4 1 0 -4 1 0 —4 1
4 0 -1 4 0 -1 4 0 -1
-2 3 2 2 -2 2 2 3 -2
-2 -3 -8 -1 —2 -8 -1 -3 -2
2 2 -7 160 -3 2 -7 0 -3 2 2 4
-1 -3 -8 -1 -3 -8 -1 -3 -8
-3 2 -7 -3 2 -7 -3 2 -7

52. Suppose A' = —A. Then det(A) = det(A?) = det(—A) = (—=1)"det(A). If n is odd, then det(A) =
—det(A) and hence det(A) = 0. Therefore, A is not invertible.

53. Expansion of the determinant of A across row one equals the expansion down column one of A?, so
det(A) = det(A?).

54. If A = (a;;) is upper triangular, then det(A) = ai1a22 - - - anyn. But A® is lower triangular with the same
diagonal entries, so det(A?) = aj1ags - - - an, = det(A).

Exercise Set 1.7

A factorization of a matrix, like factoring a quadratic polynomial, refers to writing a matrix as the product
of other matrices. Just like the resulting linear factors of a quadratic are useful and provide information about
the original quadratic polynomial, the lower triangular and upper triangular factors in an LU factorization
are easier to work with and can be used to provide information about the matrix. An elementary matrix is
obtained by applying one row operation to the identity matrix. For example,

100 1 00
01 0|(-)Ri+Rs—Rz| 0 1 0
00 1 -1 0 1

—_———

Elementary Matrix

If a matrix A is multiplied by an elementary matrix F, the result is the same as applying to the matrix A the
corresponding row operation that defined E. For example, using the elementary matrix above
1 0 0 1 3 1 1 3 1
FA= 0 1 0 21 0}1={2 1 0
-1 0 1 1 2 1 0 -1 0
Also since each elementary row operation can be reversed, elementary matrices are invertible. To find an LU
factorization of A :
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e Row reduce the matrix A to an upper triangular matrix U.
e Use the corresponding elementary matrices to write U in the form U = Ey, - - - F7 A.

e If row interchanges are not required, then each of the elementary matrices is lower triangular, so that
A=FE] 1. ‘B 'U is an LU factorization of A. If row interchanges are required, then a permutation
matrix is also required.

When A = LU is an LU factorization of A, and A is invertible, then A = (LU)™! = U-'L~L. If the
determinant of A is required, then since L and U are triangular, their determinants are simply the product of
their diagonal entries and det(A) = det(LU) = det(L) det(U). An LU factorization can also be used to solve
a linear system. To solve the linear system

T — To + 212 =2
2$1+2I2+I3 :O
—T1 + X2 =1

the first step is to find an LU factorization of the coefficient matrix of the linear system. That is,

1 00 1 -1 2
A=LU = 2 10 0 4 -3
-1 0 1 0o 0 2
2
Next solve the linear system Ly = b = | 0 | using forward substitution, so that y1 = 2,y0 = —2y; =
1
2
—4,y3 =1+ y; = 3. As the final step solve Ux =y = | —4 | using back substitution, so that x3 = %, To =
3

i(—4+3$3) = %,Jil =2+ 29 — 223 = —%.

| Solutions to Exercises

1 00 01 0
l.a. E=|2 1 0 2.a.E=|1 0 0
0 0 1 0 0 1
1 2 1 3 1 2
b. EA=|5 5 4 b. FA=]1 2 1
11 -4 11 -4
1 0 0 1 0 0
J,ba. E={0 1 O 4. a. £ = 0 1 0
0 -3 1 -1 0 1
1 2 1 1 2 1
b. FA= 3 1 2 b. FA=|3 1 2
-8 -2 -10 0 -1 -5

5. a. The required row operations are 2R + Ry — Ro, %RQ — Ry, and —3R2+ Ry — R;. The corresponding
elementary matrices that transform A to the identity are given in

1 -3 1 0 1 0
e[} 2[4 (2 1]

b. Since elementary matrices are invertible, we have that

ol 1 o][1 0][1 3
A:E11E21E31:[—2 1“0 10“0 1]'
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6. a. The required row operations are Ry + Ry — Ro, %RQ — Ro, —bRs+ Ry — Ry, and —%Rl — Ry. The

corresponding elementary matrices that transform A to the identity are given in

-1 1 -5 1 0 10
_ — 2
I_E4E3E2E1A_[ 01“0 1“0%“11]‘4'

b. Since elementary matrices are invertible, we have that

A:E11E21E31E41:|:_1 1:||:O 10:||:O 1:||: 0 1:|

7. a. The identity matrix can be written as [ = E5E4FE3F>F1 A, where the elementary matrices are

1 00 1 00 1 -2 0 10 11
Eir=|-210]|,Be=| 0 1 0|,EB3=[0 1 0|,E4=|0 1 0 |, and
0 0 1 -1 0 1 0 0 1 00 1
10 0
Es=|0 1 -5 |. b. A=E'E;'E;'E;'E;!
00 1

8. a. Row operations to reduce the matrix to the identity matrix are

3R1 + Ry — Ry —2R{+ R3 — R3 Ry < R3
4R2 + R3 — R3 —Rl — Rl —R2 — R2
—R3 — R3 Ro+ R1 — Ry —Rs 4+ Rs — Ry

with corresponding elementary matrices

100 1 00 100 100
Er=|310|,Eb=|0 10/|,B3=|00 1|,E,=|010],
00 1 -2 0 1 010 0 4 1
-1 .0 0 1 0 0 10 0 110
Es=| 0 1 0|,Es={0 -1 0|,EB;=101 0 |,Es=|0 1 0|, and
0 0 1 0 0 1 00 -1 00 1
10 0
Eo=|0 1 —-1|. b.A=E'E;'E;'E'E; ' By 'E- B Ey !
00 1

9. a. The identity matrix can be written as [ = Fg --- Fh A, where the elementary matrices are

01 0 1 -2 0 1 0 0 1 0 0
Eyr=({1 0 0|,Eb=]0 1 O0|,E5={0 1 0|,EB4=|011]1,
| 0 0 1 0 0 1 0 -1 1 0 0 1
1 0 1] 1 0 0
Es=10 1 01}, and Es=]0 1 0 b. A=E'E;' - Eg!
0 0 1| 0 0 —1
10. a. There are only two row interchanges needed, R; < R4 and Ry « Rj3. So
0 0 0 1 1 0 0 O
01 0 0 0 01 0
I=EEA=1, 041 ¢ 010 0|%
1 0 0 O 0 0 0 1
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b. A=E'E; "

11. The matrix A can be row reduced to an upper triangular matrix U = [ (1) _i } , by means of the one

operation 3R; + Ry — Rs. The corresponding elementary matrix is £ = ; (1) } , so that FA = U. Then
. . 1 1 0 1 -2
the LU factorization of Ais A =LU = E~ U = 3 1 0 e
10 3 9
12. L= [ 1/6 1]’U_{0 —1/2]
1 2 1
13. The matrix A can be row reduced to an upper triangular matrix U = | 0 1 3 |, by means of
0 0 1

the operations (—2)R; + Ry — Rs and 3R; + R3 — Rs. The corresponding elementary matrices are F; =
1 0 0 1 0 0

-2 1 0| andEy=1| 0 1 0 |,sothat E5FE1A = U. Then the LU factorization of Ais A = LU =
0 0 1 3 0 1
1 00 1 2 1
Ef'BEyt=1 2 1 0 01 3
-3 0 1 00 1
1 00
14. L=| -1 1 0], 15. A= LU
2 0 1
11 1 1 0 0 1 3 -3
U—1o0 1 -3 =11 1 0 01 4
00 1 -1 -3 1 0 0 3
1 000 1 -2 1 3
-2 1.0 0 0 1 -1 -1
6. A=LU=\ 1 o1 g0 0o 1 5
3 00 1 0 0 0 1

17. The first step is to determine an LU factorization for the coefficient matrix of the linear system A =

-2 1 10 -2 1 -1 .
[ 4 _1].WehavethatA—LU—[_2 1][ 0 1]NextwesolveLy—[ 5 }toobtaln

y1 = —1 and yo = 3. The last step is to solve Ux =y, which has the unique solution z; = 2 and x, = 3.

18. An LU factorization of the matrix A is given by A = [ _; (1) } [ g _i ] . Then the solution to

Ly = { _?/2 } isy; =2,y2 = %, so the solution to Ux =y is 1 = 1,22 = %

1 0 0 1 4 -3
19. An LU factorization of the coefficient matrix Ais A=LU =] —1 1 0 01 2 . To solve
2 0 1 0 0 1
0
Ly = | —3 |, we have that
1
1 0 0] 0 1 0 0[O0 1 0 0[O0
-1 1 0|-3|—|01O0|-3|—|010]-=-3
2 0 1|1 2 0 1] 1 0 0 1] 1

and hence, the solution is y; = 0,y2 = —3, and y3 = 1. Finally, the solution to Ux = y, which is the solution
to the linear system, is 1 = 23,29 = —5, and z3 = 1.
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1 0 0 1 -2 1
20. An LU factorization of the matrix A is given by A = 2 10 0 1 4 |.Then the solution
-2 0 1 0 0 1
-1
to Ly = 8 is y1 = —1,y2 = 10,y3 = 2, so the solution to Ux =y is x1 = 1,20 = 2,23 = 2.
4
21. LU Factorization of the coefficient matrix:
1 0 0 0 1 -2 3 1
1 1 0 0 0 1 2 2
A=LU = 2 0 1 0 0 0 1 1
-1 -1 0 1 0 0 0 1
5
. 6
Solution to Ly = 14 Y1 =512 =1Lys =4, ys = -2
-8
Solution to Ux =y : 1 = =25, 20 = —7, 23 = 6,14 = —2
1 0 0 0 1 2 2 -1
. . . 0 1 0 0 01 1 -1
22. An LU factorization of the matrix A is given by A = 1 0 10 00 1 3 . Then the
2 -2 0 1 0 0 0 2
5
solution to Ly = _12 isy; =5,y2 = —2,ys = 6,y4 = —13, so the solution to Ux =y is x1 = %,xg =
1
—34,&[:3 = %,u = —1—23.

23. In order to row reduce the matrix A to an upper triangular matrix requires the operation of switching
rows. This is reflected in the matrix P in the factorization

-3 2

0
0 1 -

(S

1 0
2 5
0 1

S O =
—_

1
5

24. In order to row reduce the matrix A to an upper triangular matrix requires the operation of switching
rows. This is reflected in the matrix P in the factorization

0 0 1 1 0 0 2 1 1
A=PLU=|1 0 0 110 0o -1 -1
0 10 0 0 1 0 0 1
. S 10 1 4
25. Using the LU factorization A = LU = [ 31 } [ 01 ] , we have that

0 i, [1 =471 0] [ -11 —4
AT =UTL _{0 1“31}_[ 3 1]

26.

>
-
I
—~
~
-
N~—
L
Il
7N
| —
[N
= O
—_
| —
O =
[o2BEN
| I
N~
L
Il
d
L
~
L
Il
L —
O =
|
[ =2 BN
—_
| —
|
[N}

— O
—_
Il
L —

|
col=|5
|
[N N
—_
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100 2 1 -1
27. Using the LU factorization A=LU=| 1 1 0 0 1 -1 |, we have that
111 00 3
1 1
i 10 1 0 0 1 -1 0
At=Uu"'L' =10 1 % -1 1 0|=|-1 2 %
0 0 3 0 -1 1 0 -3 3
28.
1 0 0][-32 1]\ [-L2 1710 0
At =(LU) = -1 1 0 0 1 2 = 0 1 -2 110
1 -1 1 0 01 0 0 1 01 1
1 1
3 —3 1
=1 -1 -2
0 1 1
29. Suppose

2125012 4)

This gives the system of equations ad = 0,ae = 1,bd = 1,be + cf = 0. The first two equations are satisfied
only when a # 0 and d = 0. But this incompatible with the third equation.

30. Since A is row equivalent to B there are elementary matrices such that B = FE,, ... F1 A and since B
is row equivalent to C' there are elementary matrices such that C' = D,,...D1B. Then C = D,,...D:B =
D, ...D\E,, ... E1A and hence, A is row equivalent to C.

31. If A is invertible, there are elementary matrices E1,..., Fx such that [ = Ej--- EjA. Similarly, there
are elementary matrices D1, ..., Dy such that I = Dy--- D1 B. Then A = Ek_1 . El_ng ---D1B, so A is row
equivalent to B.

32. a. Since L is invertible, the diagonal entries are all nonzero. b. The determinant of A is the product
of the diagonal entries of L and U, that is det(A) = f11 - Lppu11 - Upyn. c. Since L is lower triangular
and invertible it is row equivalent to the identity matrix and can be reduced to I using only replacement
operations.

Exercise Set 1.8

1. We need to find positive whole numbers x1, 2, z3, and x4 such that x1Al3 + £2CuO — x3A1,03 + 24Cu
is balanced. That is, we need to solve the linear system

35[:1 = 2$3 1
rs = 3wz, which has infinitely many solutions given by z; = 5172, T3 = §$2, T4 = x2,x2 € R.
Z2 = T4

A particular solution that balances the equation is given by x1 = 2,25 = 9,23 = 3,24 = 9.
2. To balance the equation z1ls + x9NasS203 — xz3Nal + £4NasS,0g, we solve the linear system
25[:1 = I3

200 = x3+2x . .

2 3 4 , so that 1 = x4,x0 = 224,23 = 224,24 € R. For a particular solution that balances
209 = 4dxy
3{E2 = 6:174

the equation, let x4 =1, so 1 = 1,22 = 2, and x3 = 2.
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3. We need to find positive whole numbers x1, x2, r3, z4 and x5 such that
r1NaHCO3 + 22CsHgO7 — x3Na3CsH507 4+ x4H20 + £5CO5.

The augmented matrix for the resulting homogeneous linear system and the reduced row echelon form are

10 -3 0 010 1 000 —=1]0
18—5—200_)0100—%0
1 6 -6 0 —110 0010 —3/0
3 7 -7 -1 =210 0001 —110

1

375,74 = T5,75 € R. A

Hence the solution set for the linear system is given by 1 = x5,x9 = %x5, T3 =

particular solution that balances the equation is 1 = 24 = x5 = 3,29 = 23 = 1.
4. To balance the equation

21MnS + £9As5Cri19035 + x3HSO04 — 24HMnOy4 + x5AsHs + 24CrS3012 + 27H20,

we solve the linear system

1 =14
xr1 + 23 = 3x¢

2x9 = x5

1022 = x4

351 +4xs = 4dxy 4+ 1226 + 27
213 = x4 + 325 + 227

The augmented matrix for the equivalent homogeneous linear system

1 0 0 0 0 0 o010 100—100—3—2370
1 01 0 0 =3 010 0 1 0 00 —2210
002 0 0 =1 0 00| . 001000—%0
0100 0 0 —1 o0 |0 |®duestOly 59 1 00 -4 |9
0 3. 4 =4 0 =12 —-110 000 0 10 —2£10
0 0 2 -1 =3 0 =20 000001%—§§0

A particular solution that balances the equation is x7; = 327,21 = 16,29 = 13,23 = 374,24 = 16,25 = 26,
and xg = 130.

5. Let x1,x9,...,27 be defined as in the figure. The total flows in and out of the entire network and in and
out each intersection are given in the table.

300

Flow In Flow Out
500 2 500 7004+3004+5004+300 21 + 800 4+ x4 + 7
T2 + X3 xr1 + 800
3 T x5 + 700 xr3 + T4
s zg + 300 x5 + x7
o w 5004300 Ty + T

X
700 7

Equating the total flows in and out gives a linear system with solution 1 = 1000 — x4 —x7, x2 = 800 — ¢, x3 =
1000 — x4 + g — x7, x5 = 300 + x5 — x7, With x4, x4, and z7 free variables. Since the network consists of one
way streets, the individual flows are nonnegative. As a sample solution let, x4, = 200, z¢ = 300, z7 = 100,
then z; = 700, 9 = 500, x3 = 1000, x5 = 500.
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6. Let x1,z9,...,x5 be defined as in the figure. 100 zy

T5
400 500

300 T2
500 300
T4 )
400 T3

zg 200

x7

76 500

Balancing all in and out flows generates the linear system

x1 + 500 + x¢ + 200 + 500 = 100 + 400 + x5 + 500 + 300
x1 + 500 = X2 + I5

x5 + 300 =100 + 400

x7 + 500 = x4 + 300

xg + 400 = x7 + I3

3 + 200 =400+ 500

To + T4 = x3 + 300.

The set of solutions is given by z1 = 500 — x7,x2 = 800 — z7,z3 = 700,24 = 200 4+ z7,z5 = 200,24 =
—400 4+ x7 4+ xs, x7,x8 € R. In order to have all positive flows, for example, let z7 = 300 and zg = 200, so
r1 = 200, x2 = 500, z3 = 700, x4 = 500, x5 = 200, z¢ = 100.

7. Equating total flows in and out gives the linear system

1 + x4 =150
Xr1 — T2 — X5 =100
T + 23 =100
—r3 +ax4+2x5 = —50

with solution ; = 150 — x4, x5 = 50 — x4 — x5, and x3 = 50 + x4 + x5. Letting, for example, x4 = z5 = 20
gives the particular solution z; = 130, z2 = 10, z3 = 90.

8. The set of solutions is given by z; = 200 4+ g, x2 = —100+ zg, x5 = 100+ x5, x4 = w8, 5 = 150+ x5, x6 =
—150 + zg, z7 = 100 + g, xs € R. If zg > 150, then all the flows will remain positive.

9. If x1,x9,z3, and x4 denote the number of grams required from each of the four food groups, then the
specifications yield the linear system

20x1 + 30z 4+ 4023 + 1024 = 250
40x1 + 2022 + 3523 + 2024 = 300
5021 4 40z + 10z5 + 3024 =400
521 + dxa + 1023 + dxy =70

The solution is 1 = 1.4,25 = 3.2, 23 = 1.6, 24 = 6.2.

10. If z1,2z9, and z3 denote the number of grams required from each of the three food groups, then the
specifications yield the linear system

200z + 40022 + 300z3 = 2400
30021 + 500x2 + 400z3 = 3500
40x1 + 5022 + 2023 =200
5x1 + 3z + 223 =25

)

which is inconsistent, and hence it is not possible to prepare the required diet.
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0.02 0.04 0.05 300 22
11. a. A= | 0.03 0.02 0.04 b. The internal demand vector is A | 150 | = | 20 | . The total
0.03 0.3 0.1 200 74

external demand for the three sectors is 300 — 22 = 278,150 — 20 = 130, and 200 — 74 = 126, respectively.

1.02 0.06 0.06
c. I—A)~t~| 0.03 1.04 0.05 d. The levels of production that balance the economy are given by
0.05 0.35 1.13
1.02 0.06 0.06 350 418.2
X=({I-A)"1D=| 003 1.04 0.05 400 | = | 454.9
0.05 0.35 1.13 600 832.3
12. The level of production for each sector of the economy is given by X = (I — A)~!D and hence

[ 56.4 ]
17.5
23.8
26.1
57.1
41.5
53.2
30.6
40.0

| 55.0 |

13. a. The health care data are shown in the scatter b. If the parabola is y = ax? + bx + ¢, then

plot. assuming the points (1970, 80), (1980, 250) and
(1990, 690) are on the parabola gives the linear
o . 3880900a + 19700+ ¢ = 80
1000 system ¢ 3920400a + 1980b+ ¢ = 250 .
800 3960100a 4 1990b + ¢ = 690
600 °
400 °
200 . °
ot

c. The solution to the linear system given in part d.
(b) is a = 27 b = —1963L v — 5232400, so that

20° 2
the parabola that approximates the data is y = :;‘ZZ .
2T g% — 100315 4 5232400.
e. The model gives an estimate, in billions of 800
dollars, for health care costs in 2010 at 600 Y,
400
27 10631
2—0(2010)2 — —5—(2010) + 5232400 = 2380. -
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14. Using the data for 1985, 1990, and 2000, a parabola y = ax? + bx + ¢ will fit the three points provided
there is a solution to the linear system

a(1985)2 + b(1985) +c= =1

a(1990)2 + b(1990) + ¢ =11

a(2000)2 4+ b(2000) + ¢ =741
The unique solution is a = Ik, b = —18813,c = w, so the parabola is

Yy = %xz — 18813z + @. The estimated number of subscribers predicted by the model in 2010 is

71(2010)? — 18813(2010) + 20930223 ~ 2418 million. Notice that, if the years 2000, 2001, and 2002 are used
to generate the parabola we obtain y = —7x2 4+ 28221z — 28441259, which is concave down. This reflects the
fact that the rate of growth during this period is slowing down. Using this model the expected use in 2010 is
2251 million.

15. a. A= [ 0.1 0.92 600000 702000 600000 785640

1500000
600000

0.9 0.08 } b A[ 1500000 ] _ [ 1398000 ] . A?[ 1500000 ] _ [ 1314360 ] q
A"[

0.8 0.8
0.2 0.2

1604 | o0 |

] b. Since A [ 900
800 } _ [ 800

[ 800

900 } , after the first week there are 800 healthy mice and

200 infected mice. c. Since A2 , after the second week there are 800 healthy mice and

200 | ~ | 200
800 ] N { 800

. . . 6
200 infected mice. d. Since A { 9200 9200

] , after six weeks the number of healthy and infected mice

still has not changed. In Section 5.4, we will see that { 388 ] is the steady state solution to this problem.
0.9 0.2 0.1
17. The transition matrixis A= | 0.1 0.5 0.3 |, so the number of the population in each category after
0 0.3 0.6
20000 | 23000 20000 24900
one month are given by A | 20000 | = | 15000 | , after two months by A2 | 20000 | = | 13400 |, and
10000 | 12000 10000 11700
20000 [ 30530
after one year by A2 | 20000 | ~ | 11120
10000 | 8350

18. Let ¢ denote the number of consumers. The number of months n required for the new company to acquire
20% of the market is the value such that

0.98 0.05|"[ec] _[ 08¢
0.02 0.95 0]~ |02 |

0.797c

If n = 17, then he matrix product is approximately { 0.203¢

} , so it takes approximately 17 months.

AT + 31 ~8 hi=b ol =0

19.a. [ +I3=1, b. ! 2 - c. {4l + 3@, =8
3, +5I; =10

3, + 5I; =10

The solution to the linear system is I; ~ 0.72, [, ~ 1.7, Is ~ 0.98

L1 +1I; =1

e ? AT + 61, =14
ILi+1Is =13

20. a. b. 61> + 413 + 215 +3lg =18
Ii+1Is =13

415+ 614 =16

L+Is =1
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c. The augmented matrix for the linear system

so an approximate solution is I} = 1.2, I = 1.5,I3 = 1.8, 14 = 1.5,15 = 0.3, and Is = 0.3.

1 -1 0 01 0]0
00 -1 11 1[0
00 -1 10 1[0
1 -1 0 00 1]{0 |,
4 6 0 00 0|14
0 6 4 0 2 3|18

(0 0 4 6 0 016 |

21. Denote the average temperatures of the four points by a, b, ¢, and d, clockwise starting with the upper
left point. The resulting linear system is

For example, at the first point a = W. The solution is a &~ 24.4,b ~ 25.6,c~ 23.1,d ~ 21.9.

da—b—d =50
—a+4b—c =55
—b+4c—d =45
—a—c+4d =40.

22. The augmented matrix for the resulting linear system is

4 -1 0 0 0 0 0 0 0 —1/|50
-1 4 -1 0 0 0 0 0 -1 0 |30
0 -1 4 -1 0 0 0 -1 0 0 |30
0 O -1 4 -1 0 -1 0 0 0 |30
0 0 0o -1 4 -1 0 0 0 0 | 55
0 0 0 0 -1 4 -1 0 0 0 |45
0 0 o -1 0 -1 4 -1 0 0 |20
0 0 -1 0 0 0 -1 4 -1 0120
0 -1 0 0 0 0 0o -1 4 —-1]20
L -1 0 0 0 0 0 0 0 -1 4 |40
which reduces to ~ _
10 0000 0 0 0 0244
01 00 0 00 OO0 01259
001 00 0O 0O OO0 0264
00 0 1 0 0 0 0 0 0]26.5
00001 O0O0UO0O0 0]26.3
000 OO0 T1O0UO0O0 01236
0000 O0OO0OT1TUO0O0 0233
00 0 0 0 0 0 1 0 0]23.1
00 0 0 0 0 0 0 1 0227
L0 00 0 0000 0 1|21.8 |
Review Exercises Chapter 1
1 1 2 1
-1 0 1 2 . . . -
1. a. A= 9 92 0 1 b. det(A) = —8 c. Since the determinant of the coefficient matrix is not
1 1 2 3

0, the matrix is invertible and the linear system is consistent and has a unique solution.
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d. Since the linear system Ax = b has a unique solution for every b, the only solution to the homogeneous
system is the trivial solution.  e. From part (b), since the determinant is not zero the inverse exists and

-3 -8 -2 7
., 1] 5 8 6 -9
1—_
A_850—2—1

-4 0 0 4

f. The solution can be found by using the inverse matrix and is given by

3 11
SRR N B B AT
x=A 2|71 7
5 4

2. a. Since the fourth row is twice the second row, the determinant of the coefficient matrix is 0. b. Since
the determinant is 0, the matrix is not invertible and hence, the linear system does not have a unique solution.
c. Since the augmented matrix

1 -1 2 1 a 1 -1 2 1 a
103 1.1 b 0 2 32  a+b

3 5 5 1 ¢ |fdueestol o5 9 0 ogtbte |0
2 2 4 2 d 0 0 00 —2+d

then the linear system is consistent if —2a 4+ d = 0. d. The linear system is inconsistent for all ¢ and d such
that —2a 4+ d # 0. e. When consistent there is a free variable and hence, there are infinitely many solutions.
f. The corresponding augmented matrix further reduces to

1 0 0 2 %
0101 3
0o 010 -2}’
00 0 0 O
so the set of solutions is given by x; = % — 24,9 = % — 24,03 = —2,x4 € R.

g IC) } . The matrix A is idempotent provided A% = A, that is,

a> ab+bc] [a b
0 Al 710 ¢

2

3. LetA:{

The two matrices are equal if and only if the system of equations a® = a,ab + bc = b, ¢> = ¢ has a solution.
From the first and third equations, we have that a = 0 or « = 1 and ¢ = 0 or ¢ = 1. From the second
equation, we see that b(a+c¢—1) =0, so b = 0 or a + ¢ = 1. Given these constraints, the possible solutions
area=0,c=0,b=0;a=0,c=1,beR;a=1,c=0,beR;a=1,b=0,c=1

a b

0
4. LetA—[C d

0 O}and

} . If A is to commute with every 2 x 2 matrix, then it must commute with [

[ 8 (1) } . So it must be the case that
a b 1 0
c d 0 0

Hence, b = ¢ = 0 and the matrix must have the form [

Il

| —
O =
o O
| I
| —|
(SIS
QU o
| I
| —

S

0] | a
c 0| |00

] . In addition,

=
| I

a 0
0 d

ol =l vl ale o s]=o o)
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so that a = d. Then A will commute with every 2 x 2 matrix if and only if it has the form

A—[g 2}@6}1%.

5. a. IfAz{a1 by },B:[QQ bQ],then
C1 dl Co d2

AB — BA— | @a2+bica aby+bidy | [ araz+bacr azby +bad
agc1 + cady  bacy + dido aics +cidy  bice + dids

- bico —bacy  ajba + bidy — agby — bady

| agcy +codi —ajen — cida bacy — bico

so that the sum of the diagonal entries is byca — bacy + bacy — bica = 0.

b. If M is a 2 x 2 matrix and the sum of the diagonal entries is 0, then M has the form M = { CCL

then )
a b a b| | a®+bc 0] 5
{c —a}{c —a}_[ 0 a2+bc]_(a +be)l.

c. Let M = AB — BA. By part (a), M? = kI, for some k. Then

(AB — BA)’C = M*C = (kI)\C = C(kI) = CM?* = C(AB — BA)~.
6. To balance the traffic flow pattern the total in flow 190
to the network must equal the total flow out and
the flow into each intersection must equal the flow 300 500
out of that intersection. Using the labels shown i 0

in the figure the resulting linear system is 20 400

T3

Ty

1 =300
To — X3 = 100

T3 — X4 = —200
T — x5 + 6 = 300
T2 + x5 — X7 =200
7 +xg = 900

T4+ 5 +xg = 1200.

The augmented matrix for the linear system

1 0 0 0 0O 0 0 0 300 10 0 000 0 0 300

01 -1 0 0 0 0 0 100 01 00 0 0 0O 0

o0 1 -1 0 0 0 0 -200 0 01 00 0 0 0 —-100

1 0 0 0O -1 1 0 0 300 reducesto| 0 0 0 1 0O O O O 100

o

01 O 0 0 1 -1 0 200 000 01 0 0 1 1100

01 O 0 0O 0 1 1 900 0 000 0 1 0 1 1100
|10 0 O 1 10 0 1 1200 | L0 0 0 0 0 0 1 1 900

Since x3 is negative, the flow can not be balanced.

7. a. Since the matrix A is triangular, the determinant is the product of the diagonal entries and hence,

det(A) = 1. Since the determinant is not 0, then A is invertible.

b. Six ones can be added making 21 the maximum number of entries that can be one and the matrix is

invertible.
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8. If A is invertible, then det(A) # 0. Since det(A’) = det(A), then A’ is also invertible. Now since A™1A = I,
then (A=1A)! = I* = I and hence, A*(A~!)! = I. Therefore, (A~1)! = (A")~1.

9. a. To show that B = A + A’ is symmetric we need to show that B = B. Using the properties of the
transpose operation, we have that Bt = (A + A)! = A? + (AY)! = A* + A = B. Similarly, C = A — A’ is
skew-symmetric since C* = (4 — A" = A" — (A = A' — A= -C.

b. A=1(A+ A"+ L(A- A"

10. Let o and 8 be scalars such that « + 5 = 1. If u and v are solutions to Ax = b, then Au = b and
Av = b. So

A(au + fv) = A(au) + A(Bv) = aA(u) + BA(v) = ab + b = («+ )b = b.

Chapter Test Chapter 1

1. T 2. F. All linear systems have ei- 3. F.Let A= [ 1 1 } and B =

ther one solution, infinitely many 1 1

solutions, or no solutions. [ _1 _1 ] .
4. T 5. F. The linear system Ax = 0 6. T

has a nontrivial solution if and

only if the matrix A is not in-

vertible.
7. F. 8. T 9. T

(ABC) ' =Cc'BtA™!
10. T 11. T 12. T
13. T 14. T 15. F. The determinant is un-
changed.
10
16. T 17. F. Let A = 0o 1| and 18. T
-1 0

5|70 ]
19. F. The linear system may be 20. T 21. F. The inverse is
inconsistent, but it also may have
. . . 1 1 1
infinitely many solutions. - .

51 =3 2
22. T 23. T 24. T
25. T 26. T 27. F. The determinant of the
coefficient matrix is —4.

28. T 29. F. The only solution is 30. T
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31.

34.
37.

40.

43.

T

32.

35.
38.

41.

44.

O = =

— N O
O = =

-8 1
-7 16

w

33. F. The determinant is given

by

36.
39.

42. F. The product BA is de-

-

T
T

fined but AB is not defined.

45.

T
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Linear Combinations and Linear In-
2 dependence

Exercise Set 2.1

A vector in standard position in the Euclidean spaces R? and R? is a directed line segment that begins at
the origin and ends at some point in either 2 or 3 space. The components of such a vector are the coordinates
of the terminal point. In R™ if vectors are viewed as matrices with n rows and one column, then addition
and scalar multiplication of vectors agree with the componentwise operations defined for matrices. In R? and
R3 addition and scalar multiplication have the usual geometric meaning as well. For example, cv changes
the length of the vector v and possibly the direction. If ¢ > 1, the length of the vector is increased and the
direction is unchanged. If 0 < ¢ < 1, the length of the vector is decreased and the direction is unchanged. If
¢ < 0 the length is changed and the vector is reflected through the origin, so the direction is the opposite of
v. Using addition and scalar multiplication of vectors one vector can be obtained from combinations of other
vectors. For example, we can ask whether or not the vector

—6 -1 -1 0
v = 3 , can be written in terms of 2 , 2 ,and | 1
5 0 -1 1

That is, are there scalars ¢, co and c3 such that

—6 -1 -1 0 —C1 — C2
3 =1 2 + o 2 +c3 1 = 2¢1 +2c0 +c3 |7
5 O —1 1 —C2 + C3
Since two vectors are equal if and only if corresponding components are equal, this leads to the linear system
—C1 — C2 =—6
2¢1 +2co +c¢3 =3 . The augmented matrix corresponding to the linear system and the reduced row
—C2+cCc3 = 5
echelon form are _
-1 -1 0] 3 1 0 0|-6
2 2 1|-1|— 101 0| 3 ,
0 -1 1| 2 10 0 1]5
so that the linear system has the unique solution ¢; = —6,c2 = 3 and ¢3 = 5. As a result the vector can be
written as _ -
—6 -1 -1 0
3 =—6 2 + 2 + |1
5 0 | -1 |1

Notice that in this example the coefficient matrix of the resulting linear system is always the same regardless
of the vector v. As a consequence, every vector v in R? can be written in terms of the three given vectors. If
the linear system that is generated turns out to be inconsistent for some vector v, then the vector can not be
written as a combination of the others. The linear system can also have infinitely many solutions for a given
v, which says the vector can be written in terms of the other vectors in many ways.
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B Solutions to Exercises
1. Adding corresponding components of the vec- 2. Adding the vectors inside the parentheses first
tors u and v, we have that gives
-1 —1 2 1
u+v=| 2 | =v+u (u+v)+tw=| 2 |[4+| 1 |=]3 | =u+(v+w).
3 3] -1 2
11 [ —6
J.u—-2v+3w=| -7 4. —u—l—%v—2w: 2
0 | -1
1 [ 20
5. =3(u+v)—-w=| -7 6. 2u—3(u—2w)=| —10
-8 | -3
-3 ]
. . . -10
7. A scalar multiple of a vector is obtained by 8. 3u—2v = 1
multiplying each component of the vector by the _9
scalar and addition is componentwise, so that the -
—-17
. L —14
vector expression simplifies to 9
—6
9. To show that (z1 + x2)u = z1u + zou, we will expand the left hand side to obtain the right hand side.
That is,
1 T1+ 22 1 T2
. —2 o —2261 — 2172 . —2171 —2172 .
(w1t mu=(mtm) | o= g e | = g 3z, | T1UT V.
0 0 0 0
10.
4 €1 r1 + 321 1 3
- 01 0 . —2x1 + 222 | —2 2 .
zi(u+v) =2 o | = | 2z | = 321 — 0y =1 3 + 29 1 =ziu+ 29V
1 T 0 + X2 0 1

11. Simply multiply each of the vectors e, ez
and eg by the corresponding component of the
vector. That is, v = 2e; + 4e3 + e3

12. v = —e] —|—382+

14. v = —eq1 + %eg

13. v= 382 — 283
a
15. Let w= | b |.Then —u+ 3v — 2w = 0 if and only if
c
-1 —6
—4 |+ 6
-2 0

2a 0
— 120 | =10
2c 0

293

Simplifying and equating components gives the equations —2a — 7 = 0, —-2b+ 2 = 0, —2¢ — 2 = 0 and hence,
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16. Let w= | b | . Then —u+ 3v — 2w = 0 if and only if
c

2 6 2a 0
0 + | -9 -2 |=1]0
-1 12 2¢ 0
Simplifying and equating components gives the equations —2a +8 = 0,—2b—9 = 0, —2¢ — 11 = 0 and hence,
4
9
w=| -2
_A
2
3 —
17. The linear system is 612 + 262 , with solution ¢; = %,02 = —%. Thus, the vector [ ? } can
—4Cp — 262 = — B

be written as the combination % [ _12 ] — % [ 3 } .

. . Ja—c = S . 3 .
19. The linear system is ! 2 , which is inconsistent. Hence, the vector [ 1 } can not be written

CcC1 — 262 =

as a combination of { ; } and [ :;

| I—

—c1+2c0 =-1
20. The linear system is L2 , which is inconsistent. Hence, the vector [

-1 } can not be
301 — 602 =1

1

written as a combination of { _31 ] and { —26 ] .

—461 — 563 =-3
21. The linear system is ¢ 4c; + 3¢a + 3 = —3 . The augmented matrix for the linear system and the
361 — Cg — 563 =4
reduced row echelon form are
-4 0 -5]|-3 1 0 0] &
1338
4 3 11-3| — 1010 |
3 -1 —-5| 4 0 0 1| 57
-3
so that the unique solution to the linear system is ¢; = %, cy = —%, c3 = 1—:2"1 The vector —43 is a
combination of the three vectors.
co+c3 =-—1
22. The linear system is ¢ —c; + ¢ +c3 =0 , which has the unique solution ¢; = —1,¢co = —1,¢3 = 0
C1 — C3 = -1
-1
and hence, the vector 0 can be written as a combination of the other vectors.

-1
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—c1—co+c3 =-—1 —1 7

23. The linear system is ¢o —c3 =0 , which is inconsistent and hence, the vector 0 cannot

c1+cy—c3 =2 2]

be written as a combination of the other vectors.
—C1 +2c3 =6 6 ]

24. The linear system is < 2¢; + 2¢o +¢3 = 7, which is inconsistent and hence, the vector | 7 | cannot
4e1 +4ca +2¢3 =3 3 i

be written as a combination of the other vectors.

25. All 2x2 vectors. Moreover, ¢ = %a—%b, co =  26. All 2x2 vectors. Moreover, ¢; = %a—i—%b, Cco =

ta+ b —3a+ 3b.

27. Row reduction of the matrix [ ! 2 |a ] gives [ 12 ¢ ] which is consistent when b = —a.

-1 =215 0 O0la+0b |’

2

28. The augmented matrix [ 3.0 ‘ “

] reduces to { 1
b - 5

‘ 1 b ] , which is consistent when b = %a. So
30+

So the vector equation can be solved for all vectors of the form [ ® | such that a € R.
a
1 2 a
a

the vector equation can be solved for all vectors of the form [ 1, ] such that a € R.
3

a
29. All 3 x 3 vectors. Moreover, ¢; = %a — %b +  30. All vectors of the form | b | such thata,b €
%c,@z—%a—i—%b—i—%c,c;;:%a—i—%b—%c. a
R.
a
31. All vectors of the form 32. All vectors of the form b such
a —2a — bb
b such that a,b € R. that a,b € R.
2a — 3b
Ul U1 w1
U V2 wa
33. Let u= . ,V = . ,and w = . . Since addition of real numbers is associative, we
Unp Un Wn
have that
uy + v w1 1 (’Ul +u1)+w1 u1+(U1 +w1)
U2 + Vo wWa (’1}2 + UQ) =+ wo U + (’Ug + ’wg)
(u+V)+W= . + . = . = ) u+(v+w).
Uy, + Uy Wy | (U + up) + Wy Up + (U + W)
i ul i (31 I O O uy i U1
Uu U2 0 0 U U2
34. Let u = . . Then u = . + . = . + . = . . Hence, the zero vector is
| Un | Uy, | 0 0 Up | Uy,
the additive identity.
i Ul i Uq —U1 0 i
u9 u9 —Uu2 0
35. Letu=| . |.Thenu+(-u)=| . |+ ) = = (—u) + u. Hence, the vector —u is
Up Up, —Up, 0 |

the additive inverse of u.
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Uy U1
u9 (%)
36. Let u = . ,V = . , and ¢ a scalar. Then
Unp, Un
U1 + vy cul + cvy cuy CcU1
U2 + Vo Cug + Ccvg CU2 CU9
clut+v)=c . = . = . + . =cu+ cv.
Uy + Uy Cly, + CUp Cly, CUp,
uy
U2
37. Let u = . and ¢ and d scalars. Then
Unp
(¢ + d)uy cuy + duy cuy duq
¢+ d)us cuy + dusg Cly dug
(c+du= . = ) = ) + . = cu+ du.
(c+ d)uy, cuy, + du, cly, duy,
[ ug ] duy cduy
Uo dus cdus
38. Letu=| . and ¢ and d scalars. Then ¢(du) = ¢ ) = ) = (cd)u.
| Un | du,, cduy,
i uy 1 (1)U1
uo (1)UQ
39. Letu= .| . Then (1)u = i =u.
| Un | (Duy,

40. Suppose u+z; = u and u+ z2 = u. Then u + z; = u + z5 and hence, z; = z».

Exercise Set 2.2

The vectors in R? and R3, called the coordinate vectors, are the unit vectors that define the standard axes.
These vectors are

. 0 1 0 0
el_[o},ez—[l]inRQandel_ 0 |,ea=1]1],eg=|01| inR3
0 0 1

with the obvious extension to R™. Every vector in the Euclidean spaces is a combination of the coordinate
vectors. For example,

U1 1 0 0

(%) =1 0 —+ Vo 1 + v3 0

U3 0 0 1
The coordinate vectors are special vectors but not in the sense of generating all the vectors in the space.
Many sets of vectors can generate all other vectors. The vector v is a linear combination of v1,va, ..., vy if
there are scalars ¢y, ¢, ..., ¢, such that

V =C1Vy] +C2Ve + -4+ CnVn.
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For specific vectors we have already seen that an equation of this form generates a linear system. If the linear
system has at least one solution, then v is a linear combination of the others. Notice that the set of all linear
combinations of the vectors e; and ez in R? is the xy plane and hence, not all of R?. Similarly, all linear
combinations of one nonzero vector in R? is a line. In the exercises when asked to determine whether or not
a vector is a linear combination of other vectors, first set up the equation above and then solve the resulting

1 0
linear system. For example, to determine all vectors in R? that are a linear combination of | 1 |, 1 ,
1 -1
2 a
and 5 let v={ b |, be an arbitrary vector. Then form the augmented matrix
-1
1 0 2 |a 1 0 2 a
1 1 5 | b | that rowreducesto| 0 1 3 —a+0b
1 -1 —11|¢ 0 0 0] —2a+b-—c

Hence, the components of any vector v that is a linear combination of the three vectors must satisfy —2a +
b — ¢ = 0. This is not all the vectors in R3. In this case notice that

2 1 0
) =211 |+3 1
1 1 -1

] Solutions to Exercises

1. To determine whether or not a vector is a linear combination of other vectors we always set up a vector
equation of the form v = ¢y + vy + - -+ ¢, vy and then determine if the resulting linear system can be solved.
In matrix form the linear system is

[ 1 _32 If } that row reduces to { (1) (1) g } , which has the unique solution ¢; = 2 and ¢z = 3. Hence,
the vector v is a linear combination of vy and va.
. . . -1 31|13 1 0|1 . .

2. Since the resulting linear system 9 0] _2 |V reduces to 0 1] 4 |’ which has the unique
solution ¢; = —1, ¢5 = 4, then the vector v is a linear combination of vy and va.
3. Since the resulting linear system [ _42 —36 1 } row reduces to { (1) _%/ 2 ‘ (1) ] it is inconsistent, then
v is not a linear combination of vi and va.
4. Since the resulting linear system [ _12 1_/12 ‘ g } row reduces to [ 0 1(/)2 ‘ (1) ] it is inconsistent, then v
is not a linear combination of vy and vs.
5. Since the resulting linear system

-2 1| -3 1 0|2

3 4] 10 |rowreducesto| 0 1|1

4 2110 0 0|0

it is consistent with the unique solution ¢; = 2 and ¢ = 1, then v is a linear combination of v; and va.
6. Since the resulting linear system

3 2|-2 1 0| -2
4 71| 6 row reducesto | 0 1| 2
-1 3| 8 0 0| O
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it is consistent, then v is a linear combination of v; and va.

7. Since the resulting linear system

2 3 2|2 1 0 0] 4
-2 0 0|8 — |0 1 0[2/3],
0 -3 —-1]2 00 1| -4

is consistent and has a unique solution, then v can
be written in only one way as a linear combination
of vi1,vs, and vs.

9. Since
1 -1 0]-1 1 0 00
2 -1 1] 1 — |0 1 1|0 |,
-1 3 2|5 0 0 01

the linear system is inconsistent, so v can not be
written as a linear combination of v1, va, and vg.

8. Since

1 -2 3 5 1 0 0f1

-1 -1 -1|-4|— |0 1 01 {,
0o -1 —-3|-7 0 0 1|2

is consistent and has a unique solution, then v can
be written in only one way as a linear combination
of vi,va, and vg.

10. Since
-3 1 —-1|-3 1 0 110
2 4 10| 5 — | 0 1 2|0 |,
1 1 3 5 0 0 01

the linear system is inconsistent, so v can not be
written as a linear combination of vy, va, and vg.

11. Since 12. Since
9 1 -—1] 3 2 1 3|6 10 0]0
3 6 —1]|-17 3 -1 1 (3] . .o 100
4 -1 2| 17 4 2 —3|3 |G 0 1]0 |
1 2 3| 7 5 3 1|7 00 01

the linear system is inconsistent, so v can not be
written as a linear combination of vy, va, and vg.

row reduces to

1 0 0] 3
01 0|-1

0 0 1|2 ’
0 0 0|0

the linear system has a unique solution, so v can
be written as a linear combination of vq,va, and
V3.

3 0 -1 1 0 —-1/3|1

1 -1 2 0 1 -7/3]1
can be selected so v is a linear combination of vi,vsa, and vs. Specifically, any set of scalars given by
Cc1 =1+%03,02=1+§03,03 e R.

-2 3] -1 10 11]1/3

-1 0]-1 0 1 —-1/2/3

scalars can be selected so v is a linear combination of vy, va, and vs. Specifically, any set of scalars given by
_1 _2

€1 =3 —C3,C2 = §+Cg,63 € R.

13. Since ‘ 3 } reduces to [
0 —_

} , there are infinitely many ways in which scalars

14. Since [_11

]reduces to { ] , there are infinitely many ways in which
o

[0 —2 -2 2|0 100 —6|3
15. Since | 1 -1 -3 —1| -1 jreducesto|{ 0 1 0 1 | —2 |, there are infinitely many ways in
S
|1 2 -1 =23 0 01 -2 2
which scalars can be selected so v is a linear combination of v1,va, vy, and v4. Specifically, any set of scalars

given by ¢ =3+ 6¢q,c0 = —2 —¢4,c3 = 24 2¢4,c4 € R.

[ -1 0 0 —-3|-3 1 0 0 3 3
16. Since | -1 -1 -1 —-1|-3 01 0 —-12| -5
2 -1 -2 =2]1 0 0 1 10 5
in which scalars can be selected so v is a linear combination of vi,vg, vs, and v4. Specifically, any set of
scalars given by ¢; =3 — 3¢q,c0 = =5+ 12¢4,¢c3 =5 — 10¢y,c4 € R.

reduces to , there are infinitely many ways
o
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17. The matrix equation

12 -2 3 -13 -2 4
01M1+02M2+03M3:cl[1 —1]+02[ 1 4]+C3[ 2 1}:[ 4 O}

leads to the augmented matrix

1 -2 —-1]-=2 1 0 0]-1
2 3 3 4 . 01 0|-1
1 1 9 4 , which reduces to 00 1|3 ,
-1 4 1 0 0 0 0|O
and hence, the linear system has the unique solution ¢; = —1,¢5 = —1, and ¢3 = 3. Consequently, the matrix
M is a linear combination of the three matrices.
18. Since the augmented matrix
2 —1 1|2 1 0 0f 2
2 1 2|3 educes to 0 1 0|1
12 3|1 |"FEEER10 0 1)1 |
1 1 112 0 0 0O

the linear system has a unique solution. Consequently, the matrix M is a linear combination of the three
matrices.

19. The matrix M is not a linear combination of the three matrices since

2 3 3 2 10 010
2 -1 -1 d ¢ 0 1 00
-1 2 2 -1 |[Z=EER10 0 10|
3 -2 2 2 0 0 0]1
so that the linear system is inconsistent.
1 0 012 10 010
. . 0 1 0]1 0 1 0|0 . .
20. Since the augmented matrix 0 o0 ol3 reduces to 00 1lol" the linear system is incon-
-1 0 114 0 0 0]1

sistent. This is also immediately evident from row three of the original matrix. Consequently, the matrix M
can not be written as a linear combination of My, M, and Ms.

1 3 1 2 —1
21.Ax—2[_2}—[1] 22. Ax = — 2 -1 3 |+3] 4
-3 2 1
23. The matrix product is AB = _515 _i [ g ? } = _1; _52 ] , and the column vectors are also
givenby(AB)lz?)[ -1 } +2[ 2 } and (AB)2=2[ -1 } +5[ 2 }
3 4 |’ 3 4
4 5 1
24. The matrix product is AB = 13 =3 5 |, and the column vectors are also given by (AB); =
-16 —6 -3
2 0 —1 ] 2 0 -1
31 1 -2 -1 |42 4 |,(AB);=2] 1 + | -1 |- 4 |, and
—4 3 I —4 3 1
2 0 [ -1
(AB); = 1 +0| -1 [+ | 4
—4 3 |1
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25. The linear combination ¢;(1 4+ x) + 02(:102) =222 — 32 — 1 if and only if ¢; + 1@ + cox? = 222 — 32 — 1.
These two polynomials will agree for all z if and only if the coefficients of like terms agree. That is, if and
only if ¢; = —1,¢; = =3, and ¢ = 2, which is not possible. Therefore, the polynomial p(z) can not be written
as a linear combination of 1 + z and z2.

26. Since c1(1 + ) + ca(2?) = —23 + 3z + 3 has the solution ¢; = 3,co = —1, then p(z) can be written as a
linear combination of 1 + x and 2.

27. Consider the equation c;(1+z) + c2(—x) + c3(@? + 1) + c4(22® —x + 1) = 23 — 22 + 1, which is equivalent
to

(c1 +c34ca)+ (c1 — ca — ca)x + c3a® + 2¢42% = 2% — 22 + 1.
c1+c3 +ceg =1

Cl —C2 — (4 = -

2
After equating the coefficients of like terms, we have the linear system , which has

C3 =
264 =1
the unique solution ¢; = 4,¢ =2,¢5 =0, and ¢4 = 1. Hence, 2* — 22+ 1= (1 +2) +2(—2) + 0(z* + 1) +
1223 —z +1).
28. Equating the coefficients of like terms in the equation ¢1(1+z)+ca(—x)+c3(z? +1) +ca(22° —2+1) = 2°
gives the linear system c¢; +c3 +c4 = 0,¢4 —ca — ¢4 = 0,¢c3 = 0,2¢4 = 1, which has the unique solution

c=-%4,c0=-1,c3=0,c4 = 5. Hence 2° = =3 (1 + 2) + o + 3(22° -z + 1).
29. Since
1 3 1a 1 3 1 a
2 7 2|b [reducesto| 0 1 1| —2a+0b ,
-1 -2 0]c 0 0 0|3a—b+c
a

all vectors | b | such that 3a — b+ ¢ = 0 can be written as a linear combination of the three given vectors.

30. Since
1 0 0]a 1 0 0 a
0 1 0|b d ¢ 01 0 b
01 0fc |[BEEERN g 0 1| ¢ |
0 0 1]|d 0 0 O|lec—0

all matrices [ Z d } such that ¢ = b can be written as a linear combination of the three given matrices.

31. 32.

V=Vi1+Vy+Vyg+vVvy V=V]+Vy+Vyg+vVvy
:V1+V2+V3+(V1—2V2+3V3) :V1+(2V1—4V3)+V3+V4
:2V1—V2+4V3 :3V1—3V3+V4

33. Since ¢; # 0, then 34.
Vl:_C_QVZ_..._C_"Vn. V=CVy+- " +CVn
C1 C1

=civi+ - +cepvan + 0wy + - 4+ 0wy

35. In order to show that S; = S5, we will show that each is a subset of the other. Let v € Sy, so that there
are scalars ci, ..., cg such that v = c;vy + - 4 cxvi. Since ¢ # 0, then v = ¢;vy + -+ + % (evy), so v € S,
If v € Sy, then v =¢;vy + - - + (cci) vk, so v € S1. Therefore S; = Ss.
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36. Let ve S1. Then v=c1vi+- 4 cpvk = c1vi + -+ v + 0(vy + va), so v € S5 and hence, S; C Ss.
Now let v € S5, so

v=c1vi+ - F Vi + 1 (Vi +ve) = (1 + 1) ve + (e2 + Crp1) Ve + -+ cr Vi

and hence, v € S;. Therefore, So C Sy. Since both containments hold, S| = Ss.

37. If A5 = cAq, then det(A) = 0. Since the linear system is assumed to be consistent, then it must have
infinitely many solutions.

38. If A3 = A; + Ay, then det(A) = 0. Since the linear system is assumed to be consistent, then it must
have infinitely many solutions.

39. If f(z) = ¢* and g(x) = e2®, then f'(z) = e® = f'(x), ¢'(z) = , and ¢"(z) = ie%x. Then
2f"=3f'+f=2e"—-3e*+e* =0 and 29" —3¢'+g= %e%x — %e%z +e2? =0, and hence f(x) and g(x)
are solutions to the differential equation. In a similar manner, for arbitrary constants ¢; and cs, the function
c1f(xz) 4 cag(x) is also a solution to the differential equation.

1
5T

8 O

Exercise Set 2.3

In Section 2.3, the fundamental concept of linear independence is introduced. In R? and R?, two nonzero
vectors are linearly independent if and only if they are not scalar multiples of each other, so they do not lie
on the same line. To determine whether or not a set of vectors S = {vy,va,..., vk} is linearly independent
set up the vector equation

c1Vv1 +cove + -+ v = 0.

If the only solution to the resulting system of equations is ¢; = ¢o = -+ = ¢ = 0, then the vectors are
linearly independent. If there is one or more nontrivial solutions, then the vectors are linearly dependent.
For example, the coordinate vectors in Euclidean space are linearly independent. An alternative method, for
determining linear independence is to form a matrix A with column vectors the vectors to test. The matrix
must be a square matrix, so for example, if the vectors are in R*, then there must be four vectors.

e If det(A) # 0, then the vectors are linearly independent.

e If det(A) = 0, then the vectors are linearly dependent.

-1 2 3
For example, to determine whether or not the vectors 1 ,| 1 {,and 5 are linearly independent
3 -1
start with the equation
1 2 3 0
&1 1 + o 1 + c3 5 = 0
3 2 -1 0
This yields the linear system
—Cl+262+363 :0 —1 2 3 O —1 2 3 0
c1 + c2 + 5cs =0 with augmented matrix 1 1 5 |0 | which reduces to 0 1 110
3¢y + 29 — 3 -0 3 2 —-11]0 0 0 510

So the only solution is ¢; = c2 = ¢3 = 0, and the vectors are linearly independent. Now notice that the
coefficient matrix

-1 2 3 1 00
A= 1 1 3 reduces furtherto | 0 1 0 |,
3 2 -1 0 0 1

so that A is row equivalent to the identity matrix. This implies the inverse A~! exists and that det(A) # 0.
So we could have computed det(A) to conclude the vectors are linearly independent. In addition, since A~!
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C1
exists the linear system A | ¢ | = b has a unique solution for every vector b in R3. So ever vector in R?
C3
can be written uniquely as a linear combination of the three vectors. The uniqueness is a key result of the
linear independence. Other results that aid in making a determination of linear independence or dependence
of a set .S are:

e If the zero vector is in S, then S is linearly dependent.

e If S consists of m vectors in R™ and m > n, then S is linearly dependent.

e At least one vector in S is a linear combination of other vectors in S if and only if S is linearly dependent.
e Any subset of a set of linearly independent vectors is linearly independent.

e If S a linearly dependent set and is contained by another set T, then T is also linearly dependent.

] Solutions to Exercises

1. Since _1 _?5 = 1, the vectors are linearly 2. Since % _;L ‘ = 8, the vectors are linearly
independent. independent.
3. Since _; _:31 ‘ = 0, the vectors are linearly 4. Since vz = vj + vg, the vectors are linearly
dependent. independent.
-1 2 0
5. To solve the linear system c; 2 +c| 2 | =1 0|, wehave that
1 3 0
-1 2 -1 2
2 2 Jreducesto| 0O 6 |, so the only solution is the trivial solution and hence, the vectors are
o
1 3 0 0
linearly independent.
4 =2 4 =2 -4 -5 3
6. Since 2 —1 |reducesto| 0 O , 7. Since | 4 3 =5 | = 0, the vectors are
S
-6 3 0 0 -1 3 5
the vectors are linearly dependent. Also, linearly dependent.
Vo = —%Vl.
3 -1 -1
8. Since | =3 2 3 | = 16, the vectors are linearly independent.
-1 -2 1
3 1 3 3 1 3
9. Since | 0 -1 reduces to 0 1/3 0 the linear system c1vy + cave + c3vs = 0 has only the
. -1 2 0 o avee Y 0 0 1 ) Y 1Vl 2V2 3V3 — y
2 1 1 0 0 O
trivial solution and hence, the vectors are linearly independent.
-2 3 -1 -2 3 -1
. -4 -4 -12 0 1 1 .
10. Since 1 0 9 reduces to 0o 0 o |’ the linear system cyvi + cava + c3vs = 0 has
1 4 6 0 0 O

infinitely many solutions and hence, the vectors are linearly dependent.
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3 3 0 1 1 -1 0 0
11. From the linear system 01 9 1 +c 0 0 } + c3 { 1 9 } = [ 0 0 ], we have that
3 0 1
31 -1 — . Since the homogeneous linear system has only the trivial solution,
2 0 -1 0 0 —5/3 & Y Y v
1 0 -2
then the matrices are hnearly mdependent
-1 1 2 -1 1 2
12. Since 4 educes to 0 L1 the matrices are linearly dependent
. Sin 1 o _j |teduces 0o 0 ol matrices are linearly dependent.
1 1 0 0 0 O
1 0o -1 1 1 0 -1 1
. -2 -1 1 1 0 -1 -1 3 .
13. Since | 9 9 _9 _1 reduces to 0 0 -6 . , the homogeneous linear system c¢; M; +
0

-2 2 2 =2

coMo~+csMs+cy My = [ 8 0 } has only the trivial solution and hence, the matrices are linearly independent.
0o -2 2 =2 -1 -1 0 2
. -1 =1 0 2 0o -2 2 -2 .
14. Since 1 1 -1 9 reduces to 0 0 1 -2 | the homogeneous linear system ¢y M7 +
1 -1 2 -1 0 0 0 1

coMo~+csMs+cy My = [ 8 0 } has only the trivial solution and hence, the matrices are linearly independent.
15. Since vg = —%vl, the vectors are linearly 16. Any set of three or more vectors in R? is
dependent. linearly dependent.

17. Any set of vectors containing the zero vector  18. Since vz = vy + va, the vectors are linearly

is linearly dependent. dependent.

19. a. Since Ay = —2A 1, the column vectors of A are linearly dependent.  b. Since

A3 = A; + Ay, the column vectors of A are linearly dependent.

20. a. Any set of four or more vectors in R? is linearly dependent.  b. Since
A3 =—A; + A, the column vectors of A are linearly dependent.

1 -1 2
21. Form the matrix with column vectors the three given vectors, that is, let A = | 2 0 a | . Since
1 1 4
det(A) = —2a + 12, then the vectors are linearly independent if and only if —2a + 12 # 0, that is a # 6.
11 1 1 1 1
22. Since the matrix 2.0 —4 reduces to 0 -2 - if a # 3, then the matrices are linearly
01 a |— {0 0 a—-3 1}’ ’
1 0 -2 0 0 0
independent.
1 1 1
23. a. Since | 1 2 1 | =1, the vectors are linearly independent. b. Since
1 3 2
1 1 112 10 0] 0
1 2 111 ] — [ 0 1 0| —1 | the corresponding linear system has the unique solution (0,—1,3).
1 3 213 0 0 1| 3
Hence v = —vg + 3vs.
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1 1 010 1 0 00
24. a. Since _01 1 1 8 reduces to 8 (1) (1) 8 , the matrices are linearly independent.
0 0 10 0 0 0|0
1 1 013 1 0 01
b. Since _01 1 1 Z reduces to 8 (1) (1) g , the matrix M = My + 2M5 + 3Mj3. c. Since
0 0 1|3 0 0 0]0
1 1 010 1 0 010
_01 1 1 g — 8 (1) (1) 8 the linear system is inconsistent and hence, M can not be written
0 0 1|1 0 0 01
as a linear combination of M7, My and Ms3.
1 20
25. Since | —1 0 3 | = 13, the matrix A is invertible, so that Ax = b has a unique solution for every
2 1 2
vector b.
3 2 4
26. Since | 1 —1 4 | = 4, the matrix A is invertible, so that Ax = b has a unique solution for every
0 2 —4
vector b.

27. Since the equation c1(1) + c2(—2 + 42?) + c3(22) + ca(—12x + 823) = 0, for all z, gives that ¢; = ¢ =
c3 = ¢4 = 0, the polynomials are linear independent.

28. Since the equation c1(1) + ca(z) + c3(5 + 22 — 2?) = 0, for all z, gives that ¢; = ca = c¢3 = 0, the
polynomials are linear independent.

29. Since the equation ¢1(2) 4 c2(z) + c3(2?) + ca(3z — 1) = 0, for all z, gives that ¢; = Scq,c0 = —3cy, c3 =
0,c4 € R, the polynomials are linearly dependent.

30. Since the equation ci(2® — 222 + 1) + co(52) + c3(2? — 4) + ca(2® + 22) = 0, for all x, gives that
c1 = cg = c3 = ¢4 = 0, the polynomials are linear independent.

31. In the equation c¢j cosmz + cosinmx = 0, if x = 0, then ¢; = 0, and if z = %, then ¢ = 0. Hence, the
functions are linearly independent.

32. Consider the equation cie® + cpe™® + c3e?* = 0 for all z. Let z = 0,7 = In2, and z = 1ng to obtain

c1 4+ c2 +c3 =0
the linear system < 2¢; + %CQ + 4ecs =0 . Since the only solution is the trivial solution the functions are
%Cl + %CQ + 24—563 = O

linearly independent.

33. In the equation ¢,z + cox? 4 c3e® = 0, if = 0, then c¢3 = 0. Now let z = 1, and & = —1, which gives the

: c1+c =0 . . . .

linear system ! +2 0 This system has solution ¢; = 0 and ¢2 = 0. Hence the functions are linearly
—C1 Cy =

independent.

34. Consider the equation ciz+ coe® +cgsinmr = 0 forall z. Let z = 1,2 =0, and = = % to obtain the linear

c1 + ecs =0
system co =0 . Since the only solution is the trivial solution the functions are linearly
%Cl + 61/262 +c3 = 0.

independent.

35. Suppose u and v are linearly dependent. Then there are scalars ¢; and ¢z, not both zero, such that
au+bv = 0. If a # 0, then u = —gv. Conversely, suppose there is a scalar ¢ such that u = c¢v. Then
u — cv = 0 and hence, the vectors are linearly dependent.
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36. Consider the equation c;wy + cowsg + c3wg = 0. Since w1 = vi + Vo + vz, Wa = va + vz, and wg = vg,
then

C1 (Vl + vo + V3) + 02(V2 + V3) +c3wz3 =0 vy + (Cl + Cg)Vz + (Cl + co + C3)V3 =0.
Since S is linearly independent, then ¢; = 0,¢1 + ¢o = 0,¢1 + ¢2 + ¢3 = 0 and hence, the only solution is the
trivial solution. Therefore, the set T is linearly independent.

37. Setting a linear combination of wy,ws, w3 to 0, we have
0= C1W1 + CoWgo —+ C3W3 = C1V1 —+ (Cl + C2 + 03)V2 —+ (—CQ —+ Cg)Vg.

Since the vectors vy, va, v3 are linear independent, then ¢; = 0,¢1 + ¢2 +¢3 = 0, and —co + ¢3 = 0. The only
solution to this linear system is the trivial solution ¢; = ¢o = ¢3 = 0, and hence, the vectors wy, wo, wg are
linearly independent.

38. Consider the equation c;wy + cowsg + c3wg = 0. Since wy = Vo, Wo = vy + vz, and w3z = v1 + Vo + V3,
then

Cl(Vz) + CQ(Vl =+ Vg) =+ Cg(Vl + Vo =+ Vg) = 0 = (02 + Cg)Vl + (Cl + 03)V2 + (02 + 03)V3 = 0

Since S is linearly independent, then co + ¢3 = 0,¢1 + ¢3 = 0,¢2 + ¢3 = 0, which implies ¢; = ¢; = —cs.
Therefore, the set T is linearly dependent.

39. Consider ¢1vy + cava + c3vg = 0, which is true if and only if csvg = —c1vy — cava. If ¢35 # 0, then vg
would be a linear combination of vy and va contradicting the hypothesis that it is not the case. Therefore,
c3 = 0. Now since vy and vg are linearly independent ¢; = ¢co = 0.

40. a. v{ = V3 — Vg, V1 = 2vg — 2vy — vy, V1 = 3vg — 3va — 2vy;  b. Consider the equation
Vi =C1Vy1 + Cova + 3V & (1 — Cl)Vl — CoVa — C3(V1 + V2) =0« (1 —C1 — 03)V1 + (—02 — Cg)Vz =0.

Then all solutions are given by ¢y =1 — ¢3,¢c0 = —c3,c3 € R.

41. Since A1, Ao, ..., A, are linearly independent, if
Ax =11A1+- - +2,AL, =0,

then x1 = o = --- = x,, = 0. Hence, the only solution to Ax =0 is x = 0.
42. Consider

0=rc1Avy + coAva + -+ Avk = A(c1vi) + A(cava) + - - + A(cxvi) = A(e1ve + cava + -+ - + ¢ vi).

Since A is invertible, then the only solution to the last equation is the trivial solution, so ¢;vy 4+ cove + -+ - +
cx vk = 0. Since the vectors vi,va, ..., vy are linearly independent, then ¢; = ¢o = -+ = ¢, = 0 and hence
Avy, Ava, ..., Avy are linearly independent.

1

ERE Since det(A) = 0, then A is not invertible. Let

To show that A invertible is necessary, let A =

1]andAV2={1

1 1 } , which

vy = [ (1) } ,and vg = [ (1) ] , which are linearly independent. Then Avy = [

are linearly dependent.

Review Exercises Chapter 2

1. Since Z 2 = ad — bc # 0, the column vectors are linearly independent. If ad — bc = 0, then the column

vectors are linearly dependent.
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2. Consider the equation
C1Vy + CovVa + Cg(Vl + vo + V3) =0« (Cl + Cg)Vl + (02 + Cg)Vz + C3Vg = 0.

C1 —|—03 :0

Since S is linearly independent, then ¢o +c3 =0, which has the unique solution ¢; = ¢co = ¢35 = 0.
C3 =0
Therefore, T is linearly independent.
a> 0 1
3. The determinant | 0 a 0 | =a®—a=a(a®—1)#0, if and only if a # £1, and a # 0. So the vectors
1 2 1

are linearly independent if and only if a # +1, and a # 0.

4. a. Every vector in S can be written in the form

2s —t 2 -1
s 1 0
¢ 75 o | T 1
s 1 0

and hence, is a linear combination of the two vectors on the right hand side of the last equation. Since the
vectors are not scalar multiples of each other they are linearly independent.

5. a. Since the vectors are not scalar multiples of each other, S is linearly independent.
b. Since

1 1]a 11 a
0 1/b|—1]01 b ,
2 1]c | 0 0| —2a+b+c
the linear system is inconsistent for any values of a,b and ¢ such that —2a+b+c#0.lf a =1,b=1,c = 3,
1
then the system is inconsistent and v = | 1 | is not a linear combination of the vectors.
3
a ' 111
c. All vectors | b | such that —2a +b+c¢ = 0. d. Since | 0 1 0 | = —2, the vectors are linearly
c 2 1 0

independent. e. The augmented matrix of the equation

1 1 1 a 11 1)a 1 0 0] —3b+ 3¢
c1 ] 0 +ecl 1 | +e31 01 =10 is 01 0|b|—1{0 10 b
2 1 0 2 1 0fc 0 0 1|a—34b—3c

Hence the system has a unique solution for any values of a,b and c. That is, all vectors in R? can be written

as a linear combination of the three given vectors.
6. a. The vectors are linearly dependent since four or more vectors in R? are linearly dependent.

1 20
b. Since det(4) = | =1 1 2 | = 5, then the column vectors of A are linearly independent. c. Since
1 11
1 2 0] -2 1 0 0] 2/5
-1 1 2| 2 |reducesto| 0 1 0| —6/5 |, then vq4=2vy — Svy+ 2vs.
1 1 1|1 0 0 1| 9/5

d. They are the same.
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11 2 1 x 3
=101 2 |y | B .
7. a. Let A = 9 9.0 11X 1|2 ,and b = o |- b. det(A) = —8 c. Since the
1 1 2 3 w )

determinant of A is nonzero, the column vectors of A are linearly independent. d. Since the determinant of
the coefficient matrix is nonzero, the matrix A is invertible, so Ax = b has a unique solution for every vector

b. e. x:%,y:—%,z:g,wzl
8. a. Since
1 1 0 1 0 0
0 1 1 0 1 0
1 9 1 reduces to 00 1|
1 10 0 0 O
then the matrix equation ¢y My +coMo+c3Ms = [ 8 0 } has only the trivial solution. Therefore, the matrices

My, M5, and M3 are linearly independent. b. The augmented matrix for the linear system [ ; _1 } =

ci My + coMs + c3Ms,

1 1 0] 1 1 0 0]-1
0o 1 1]|-— q ; 01 0] 2
102 1|2 |B=EEERIg o 1|3 |
1 1 0] 1 00 0|0
. . . 1 -1
so the unique solution is ¢; = —1,¢c3 = 2, and ¢3 = —3. c¢. The equation [ 1 9 ] =c1 My + coMs + c3 M3
c1+ co =1
. . . co2 +c3 =-1 . .
holds if and only if the linear system has a solution. However, equations one and
—c1+2c04+c3 =1
c1+ co =2
four are inconsistent and hence, the linear system is inconsistent. d. Since the matrix
1 1 0la 1 0 0 a
0 1 1]0b educes to 0 1 1 b
102 1|e |EER g 0 —2|a—3b+c |’
1 1 01d 0 0 O d—a

. . . . b
the set of matrices that can be written as a linear combination of M7, M5, and M5 all have the form { Z a } .

1 3 2 b1
9. a. 21| 2 | +a9| =1 | +a3 3 = | by b. Since det(A) = 19, the linear system Ax = b has
1 1 1 by

a unique solution for every b equal to x = A~ 'b. c. Since the determinant of A4 is nonzero, the column
vectors of A are linearly independent. d. Since the determinant of A is nonzero, we can conclude that the
linear system Ax = b has a unique solution from the fact that A~! exists or from the fact that the column
vectors of A are linearly independent.

U1

V2
10. a. If v=| . |,thenv-v=2v?+..-40v2>0. b. If v#0, then v; # 0 for some i = 1,...,n, so

Un,
v-v>0. c.
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({251 VU1 w1 (251 v1 + wi
(%) V2 Wo u9 (%) + w2
u-(viw)=1| . |- S = . |- : = (wrvr Hurwy) + -+ (Unvn + upwn)
Un Un, Wn, Un Up + Wy,
and
Uy U1 U1 wq
U2 V2 U2 w2
u-vtu-w=| |- |+ .|| .| = (o Fww) + A (U F Ugwy).
Un, Un Up, Wnp,

d. Consider the equation
c1viFcava 4+ epvn =0, sovi - (e1ve +cava+ -+ cpvn) = v - 0=10.
Using part (b), we have
c1Vi*vVi+covi-vi+ -4 evi-vi+-o-+cepvicovn =0.

Since v; - v; = 0 for ¢ # j, then ¢;v; - vi = 0. But v;-v; # 0, so ¢; = 0. Since this holds for each i =1,2,...,n
the vectors are linearly independent.

Chapter Test Chapter 2

1. T 2. F. For example, { (1) (1) ] can 3. T

not be written as a linear combi-
nation of the three matrices.

4. T 5. F. Since 6. F. Since
1 2| 4 1 2|4 1 4 ]2 1 412
0 1| 3 -0 1|3 0 3|1 —=1{0 1|0
1 0]-1 0 01 1 -11]0 0 0|1
7. F. Since 8. T 9. F. Since p(z) is not a scalar

multiple of ¢ (z) and any linear

2 411 2 4 11 combination of ¢i(x) and ¢2(z)
1310 —101 _15 with nonzero scalars will contain
0 —-1|1 0 0] 5 an 22,

10. F. Since there are four vec- 11. T 12. T

tors in R3.

13. F. The set of all linear com- 14. T 15. F. Since

binations of matrices in T is not

all 2 x 2 matrices, but the set of s 1.0 9

all linear combinations of matri- 8 ‘; i =s(s"—1)

ces from S is all 2 x 2 matrices.

the vectors are linearly indepen-
dent if and only if s # 0 and
s # +1.
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99

16. T

19. T

22. F. At least one is a linear
combination of the others.

25. T

28. F. For example, the column
vectors of any 3 X 4 matrix are
linearly dependent.

31. T

17. T

20. T

23. F. The determinant of the
matrix will be zero since the col-
umn vectors are linearly depen-
dent.

26. F. An n x n matrix is in-
vertible if and only if the column
vectors are linearly independent.

29. T

32. F. The set of coordi-
nate vectors {e1,ez, ez} is lin-
early independent, but the set
{e1,ez2,e3,e1 + €2 + ez} is lin-
early dependent.

18. F. Since the column vec-
tors are linearly independent,
det(A) #0

21. F. If the vector vg is a lin-
ear combination of vy and va,
then the vectors will be linearly
dependent.

24. F. The third vector is a
combination of the other two and
hence, the three together are lin-
early dependent.

27. T

30. F. The vector can be a linear
combination of the linearly inde-
pendent vectors vy, va and vs.

33. T
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3 Vector Spaces

Exercise Set 3.1

A vector space V is a set with an addition and scalar multiplication defined on the vectors in the set
that satisfy the ten axioms. Examples of vector spaces are the Euclidean spaces R™ with the standard
componentwise operations, the set of m x n matrices M,,x, with the standard componentwise operations,
and the set P, of polynomials of degree less than or equal to n (including the 0 polynomial) with the standard
operations on like terms. To show a set V' with an addition and scalar multiplication defined is a vector space
requires showing all ten properties hold. To show V' is not a vector space it is sufficient to show one of the
properties does not hold. The operations defined on a set, even a familiar set, are free to our choosing. For
example, on the set M, «,, we can define addition & as matrix multiplication, that is, A ® B = AB. Then
M, « is not a vector space since AB may not equal BA, so that A& B is not B @& A for all matrices in M, «,.
As another example, let V = R? and define addition by

€1 T2 1+ a9+ 1
yi | S| Y2 | =] y1ty2+2
Z1 z9 Zl+22—1

The additive identity (Axiom (4)) is the unique vector, lets call it vy, such that v @ vy = v for all vectors
v € R2. To determine the additive identity for an arbitrary vector v we solve the equation v @ v; = v, that
is,

T xr 1 +ar+1 €1 -1
vevi=|y | D |y |=| ntyr+2 | = n | Svi=| =2
21 21 z1+2zr—1 21 1

So the additive identity in this case is not the zero vector, which is the additive identity for the vector space
R? with the standard operations. Now to find the additive inverse of a vector requires using the additive
identity that we just found v;. So w is the additive inverse of v provided v & w = vy, that is,

€ To x1 +x9+1 -1 —xr1—2
i [ D Y2 | = nityet2 | =| 2 | ew=| -y —4
Z1 z9 Zl—|—22—1 1 —Zl—|—2

Depending on how a set V' and addition and scalar multiplication are defined many of the vector space proper-
x
ties may follow from knowing a vector space that contains V. For example, let V' = Y r—y+2=0
z
and define addition and scalar multiplication as the standard operations on R3. It isn’t necessary to verify,
for example, that if u and v are in V, then u® v = v @ u, since the vectors are also in R? where the property
already holds. This applies to most, but not all of the vector space properties. Notice that the vectors in V'
describe a plane that passes through the origin and hence, is not all of R?. So to show V is a vector space we

Z1
would need to show the sum of two vectors from V' is another vector in V. In this example, if u = | 1
21
Z2
and v=| y2 |,thenxy —yi1 4+ 21 =0 and x5 — ys + 20 = 0. Then
z2
1 ) 1+ T2
udbv=| yr |+ | y2 =\ nt+ty2 |,

Z1 Z2 z21 + 22
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and since (21 +x2) — (Y1 + y2) + (21 + 22) = (x1 —y1 + 21) + (X2 — Y2 + 22) = 0+ 0 = 0, the sum is also in V.
Similarly, cu is in V for all scalars ¢. These are the only properties that need to be verified to show that V' is
a vector space.

] Solutions to Exercises

1. In order to show that a set V with an addition and scalar multiplication defined is a vector space all ten
properties in Definition 1 must be satisfied. To show that V is not a vector space it is sufficient to show any
one of the properties does not hold. Since

x x2 T — X2
Yi (D Y2 | = Y1— Y2
21 Z2 21 — 22
and ~ _ ~ _ _ _
€2 Z1 T2 —T1
Y2 [ D vy | = | Y2— U1
) Z1 22— 2

do not agree for all pairs of vectors, the operation & is not commutative, so V' is not a vector space.
2. Notice that since scalar multiplication is defined in the standard way the necessary properties hold for this

operation. Since the addition of two vectors is another vector, V' is closed under addition. Consider

T Y1 r1 4y —1 cx1+cyp —c
cO T2 | D Y2 =cO® T2 +y2—1 = cratcy2 —c
T3 Y3 r3+ys—1 crs+cys —c
but
T Y1 cxy cy1 cx1+cy; —1
cO| v | DcO | y2 | = | cxa |D| cy2 | = | cratcy2—1 |,
3 Y3 cr3 cYs cxz+cys — 1

so the expressions ¢ ® (u® v) and ¢ @ u® ¢ ® v do not agree for all pairs of vectors and scalars ¢. Therefore,

V is not a vector space.

3. The operation @ is not associative so V' is not a vector space. That is,

X i) T3 4$1 + 4$2 + 2{E3
yi | D e @ | ys | = | 4y +4dy2 + 2y3
21 29 z3 4z + 420 + 223
and
€1 T2 X3 2x1 + 4xo + 4as
y1 | @ Y2 | D | vs = | 2y +4y2+4ys |,
Z1 z9 z3 221 + 422 + 423
which do not agree for all vectors.
4. Since
1 P 1+ 1+ +c
c® yi | D | ye =c® T2 + Y2 = T2 + Y2
21 22 T3+ Y3 T3+ Y3
but
T U1 r1+y1 + 2c¢
cO| x2 [ PcO | y2 | = To + Y2 )
x3 Y3 T3+ Y3

soc®(u+v)and cOud®c® v do not always agree.
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5.

1. [Il}—i—{xz]:{xl_'—m]isinRQ.
Y1 Y2 Y1+ Y2

s L]+ [0]

= and
Y1+ Y2+ ys3

T T2 3 T+ To + 23
+ + =
D=

5. Letu_[z and—u—{:Z].Thenu—k

(—u)=—-u+u=0.

(M
vl e

r1+a2 | _ c(xy + x2)

Y1+ Y2 | c(y1 +y2)

_ cr1 + cxo — T L T2
cy1 + cy2 Y1 y2 |

o e(u[2])=e[ ][]

=(cd) | *

|
6.

a b e f| _ |a+e b+f|. .
1.[Cd]+{ h}_{c—l—g d+h:|lSln
Msyo.

3. Since the associative property of addition holds
for real numbers for any three 2 x 2 matrices

My + (M3 + Ms) = (My + M) + Ms.

a —a —b
5. Let u = cd}and—u—{_c —d]
Then u+ (—u) = —u+u=0.

a b e f

(RIS
_p|ate b+f | | ka+ke Ekb+kf
o c+g d+h | | kc+kg kd+kh

zkc[i 2]+/€[; {L}

9. Since the real numbers have the associative
property,

([ al)=mlea]

xr1 + o _ To + 1 _ X9 + X
Y1+ Y2 Y2 + 1 Y2 (1

} Then 0 +u =
|-l =15t -
Y

a b fl _|a+te b+f
2'[cd}+[ h]_[wg d+h}

O+u=u+0=nu.

NOECY

¢ d ke kd ] is a matrix in Moyo.

8. Since real numbers have the distributive prop-

erty,(kﬂ)[‘c‘ H:k[‘é Z]H[i Z]

o]z 8]-[2]
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7. Since (¢+d) ® { x } = [ rhetd

S PR 1 R R R R B R |

for all vectors [ gyc } , then V is not a vector space.

] does not equal

a c a—+c
8. a. Since | b | + | d | = | b+d |, the sum of two vectors in V is not another vector in V, then
1 1 2

V' is not a vector space. b. If the third component always remains 1, then to show V is a vector space is
equivalent to showing R? is a vector space with the standard componentwise operations.

10. The set V with the standard operations is a
vector space.

9. Since the operation @ is not commutative,
then V' is not a vector space.

11. The zero vector is given by 0 = 8 ] .Since  12. The set V with the standard operations is a
this vector is not in V, then V is not a vector vector space.

space.

13. a. Since V is not closed under vector addition, then V is not a vector space. That is, if two matrices
from V are added, then the row two, column two entry of the sum has the value 2 and hence, the sum is
not in V. b. Each of the ten vector space axioms are satisfied with vector addition and scalar multiplication
defined in this way.

14. Suppose A and B are skew symmetric. Since
(A+B)l=A"+B'=—-A—-B=—(A+ B) and
(cA)t = cA' = —(cA), so the set of skew symmet-

15. The set of upper triangular matrices with
the standard componentwise operations is a vec-
tor space.

ric matrices is closed under addition and scalar
multiplication. The other vector space properties
also hold and V is a vector space.

17. The set of invertible matrices is not a vector
space. Let A =1 and B = —I. Then A+ B is
not invertible, and hence not in V.

16. Suppose A and B are symmetric. Since
(A+B)t = At + Bt = A+ B and (cA)! = cAl =
cA, so the set of symmetric matrices is closed un-
der addition and scalar multiplication. The other
vector space properties also hold and V' is a vector
space.

18. Suppose A and B are idempotent matrices. Since (AB)? = ABAB = A?2B? = AB if and only if A and
B commute, the set of idempotent matrices is not a vector space.

19. If A and C are in V and k is a scalar, then (A + C)B = AB + BC =0, and (kA)B = k(AB) = 0, so
V' is closed under addition and scalar multiplication. All the other required properties also hold since V is a
subset of the vector space of all matrices with the same operations. Hence, V' is a vector space.

20. The set V is closed under addition and scalar multiplication. Since V is a subset of the vector space of
all 2 x 2 matrices with the standard operations, the other vector space properties also hold for V. So V' is a
vector space.

21. a. The additive identity is 0 = { (1) (1) ] . Since A® A~! = AA~! = I, then the additive inverse of A is

A7l b. If c =0, then cA is not in V. Notice also that addition is not commutative, since AB is not always
equal to BA.



64 Chapter 3 Vector Spaces

22. a. Since

A t+s PR
1+t |~ | 141 T+s | | 1+(t+s) =
} . b. Since the other nine vector space properties also hold, V is a vector space.

the additive identity is {

= O

c. Since 0 ® [ t ] = [ 0 } = [ 0 ] , and [ (1) } is the additive identity, then 0 ® v = 0.

1+¢ 140t 1
14+a
23. a. The additive identity is 0 = | 2 |. Let u = 2—a |. Then the additive inverse is —u =
3 34 2a
1—a 1+t 1+0¢ 1
2+4a | . b. Each of the ten vector space axioms is satisfied. c. 00| 2—t | = 2—-0t =12
3—2a 3+ 2t 3+ 2(0)¢ 3

24. Since S is a subset of R? with the same stan-  25. Each of the ten vector space axioms is satis-
dard operations only vector space axioms (1) and  fied.

(6) need to be verified since the others are inher-

ited from the vector space R3. If wy and wo are in

S, then let wq = au+bv and wo = cu+dv. Then

w1+ w2 = (a+c)u+ (b+d)v and k(au+bv) =

(ka)u + (kb)v are also in S.

26. The set S is a plane through the origin in ~ 27. Each of the ten vector space axioms is satis-
R3, so the sum of vectors in S remains in S and a  fied.

scalar times a vector in S remains in S. Since the

other vector space properties are inherited form

the vector space R?, then S is a vector space.

28. a. Since cos(0) = 1 and sin(0) = 0, the additive identity is [ (1) } . The additive inverse of [
. [cos(—tl) } - [ costy

sin(—tl) - sintl

cos tq
sin t1

} . b. The ten required properties hold making V' a vector space. c¢. The
0
0
not in V| so V is not a vector space.
29. Since (f 4+ ¢)(0) = f(0)+g(0) =1+ 1 =2, then V is not closed under addition and hence is not a vector

space.

30. Since cO (d© f)(z) =cO (f(xr+d)) = f(x +c+d) and (cd) @ f(x) = f(x + cd), do not agree for all
scalars, V' is not a vector space.

31. a. The zero vector is given by f(x +0) = 2% and —f(z +t) = f(z —t). b. Each of the ten vector space
axioms is satisfied.

additive identity in this case is . Since cost and sint are not both 0 for any value of ¢, then [ 8 } is

Exercise Set 3.2

A subset W of a vector space V' is a subspace of the vector space if vectors in W, using the same addition
and scalar multiplication of V| satisfy the ten vector space properties. That is, W is a vector space. Many of
the vector space properties are inherited by W from V. For example, if u and v are vectors in W, then they
are also vectors in V, so that u® v = v & u. On the other hand, the additive identity may not be a vector
in W, which is a requirement for being a vector space. To show that a subset is a subspace it is sufficient to
verify that

if u and v are in W and c is a scalar, then u + c¢v is another vector in W.



3.2 Subspaces 65

For example, let

s—2t
W = t s,teR B,
s+t
0
which is a subset of R?. Notice that if s = ¢ = 0, then the additive identity | 0 | for the vector space R? is
0
s—2t a—2b
also in W. Let u = t ,and v = b denote two arbitrary vectors in W. Notice that we have
s+t a+b

to use different parameters for the two vectors since the vectors may be different. Next we form the linear
combination

s—2t a—2b
u-+cv= t +c b
s+t a+b
and simplify the sum to one vector. So
s —2t a—2b (s —2t) + (a — 2b)
u-+cv= t +c b = t+b
s+t a+b (s+1t)+(a+0)

but this is not sufficient to show the vector is in W since the vector must be written in terms of just two
parameters in the locations described in the definition of W. Continuing the simplification, we have that

(s+a)—2(t+b)
u+cv= t+0b
(s+a)+ (t+10)

and now the vector u+ c¢v is in the required form with two parameters s+ a and ¢+ b. Hence, W is a subspace
of R?. An arbitrary vector in W can also be written as

s —2t 1 —2
t =s| 0|+t 1
s+t 1 1
1 -2
and in this case | 0 | and 1 are linearly independent, so W is a plane in R3. The set W consists of
1 1
1 -2
all linear combinations of the two vectors | 0 | and 1 , called the span of the vectors and written
1 1
1 -2
W = span 01, 1
1 1

The span of a set of vectors is always a subspace. Important facts to keep in mind are:

e There are linearly independent vectors that span a vector space. The coordinate vectors of R3 are a
simple example.

e Two linearly independent vectors can not span R3, since they describe a plane and one vector can not
span R? since all linear combinations describe a line.
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—4

e Two linearly dependent vectors can not span R%. Let S = span{ { ? } , [ _9

]}.vaininS, then

there are scalars ¢; and co such that

realt)en[ 3] ol on(ol 1] -]

and hence, every vector in the span of S is a linear combination of only one vector.

e A linearly dependent set of vectors can span a vector space. For example, let S = { { (1) } , [ (1) ] , [ g } } .

Since the coordinate vectors are in S, then span(S) = R2, but the vectors are linearly dependent since
U1

=le V]

In general, to determine whether or not a vector v = . is in spanf{uy,...,ux}, start with the vector

Un
equation
ciug +coug + -+ cpuk =V,

and then solve the resulting linear system. These ideas apply to all vector spaces not just the Euclidean

spaces. For example, if S = {A € Mays| A is invertible}, then S is not a subspace of the vector space of

all 2 x 2 matrices. For example, the matrices { (1) _(1) } and { (1) (1) ] are both invertible, so are in S, but
3 -1

1 0 1 0 2 0 D . . . -
[ 0 -1 ] + [ 0 1 } = [ 0 0 } , which is not invertible. To determine whether of not [ 1 1 ] is in

the span of the two matrices [ (1) ? } and [ _i (1) ] , start with the equation

c 1 2 +e -1 0 o 2 -1 o C1 —C2 201 o 2 -1
Yo 1| T 1 1] 11 o cr4e | |1 1|
The resulting linear system is ¢y — co = 2,2¢1 = —1,¢c0 = 1,¢1 + c2 = 1, is inconsistent and hence, the matrix
is not in the span of the other two matrices.

] Solutions to Exercises

1. Let [ 0 } and [ 0 } be two vectors in S and ¢ a scalar. Then [ 0 } —l—c[ 0 = [ 0 } is in
Y1 Y2 n Y2 | Y1+ cy2

S, so S is a subspace of R?.

1 3 2
9 ,v—{l ],thenu—l—v—[_l ¢ S.

2. The set S is not a subspace of R2. If u = {

-1 1
1 3 ],thenu—l—v:[z_gés.
4. The set S is not a subspace of R%. If u = (1) },v = [ 1(/)2 } , then u+v = [ 3(/)2 } ¢ S since

3. The set S is not a subspace of R%. If u = [ _2 ] ,V = [
(3/2)>+0%2=9/4> 1.

5. The set S is not a subspace of R2. If u = {

o o

andc—(),thencv—[ ]¢S

. . T Y . T +cy
6. The set S is a subspace since [ 3 ] —i—c[ } = [ 3(z + cy) } e S.
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7. Since
Z1
X9 + C
z3

Y1 r1 +cn
Y2 | = | T2+ cy2
Y3 T3 + cys

and (z1 +cyr) + (w3 4+ cys) = (x1 +23) + c(y1 +y3) = —2(c+ 1) = 2 if and only if ¢ = —2, S is not a subspace

of R3,

8. Suppose x1x223 = 0 and y1y2y3 = 0, where z1 = 0,y3 = 0, and all other components are nonzero. Then
(1 +y1)(z2 + y2)(x3 + y3) £ 0, so S is not a subspace.

9. Since for all real numbers s, t, ¢, we have that

s —2t x—2y
S +c T
t+s y+x
is in S, then S is a subspace.
T
10. For any two vectors in S, we have 2 |+
T3

not a subspace.

11. If A and B are symmetric matrices and c is
a scalar, then (A+c¢B)! = A' +¢B' = A+¢B, so
S is a subspace.

13. Since the sum of invertible matrices may not
be invertible, S is not a subspace.

15. If A and B are upper triangular matrices,
then A + B and ¢B are also upper triangular, so
S is a subspace.

17. The set S is a subspace.

19. The set S is not a subspace since
2% — 23 = 0, which is not a polynomial of degree
3.

21. If p(z) and ¢(x) are polynomials with p(0) =
0 and ¢(0) = 0, then

(p+9)(0) = p(0) +¢(0) =0,
and
(cq)(0) = cq(0) =0,
so S is a subspace.

23. The set S is not a subspace, since for example
(222 + 1) — (2? + 1) = 22, which is not in S.

(s 4 cx) — 2(t + cy)
= s+ cx ,
(t+ecy)+ (s+cx)
Y1 1+
2 = 4 , which is not in S and hence, S is
Y3 T2 + Y2

12. If A and B are idempotent matrices, then
(A+ B)? = A2+ AB + BA + B? will equal A? +
B? = A+ B if and only if AB = —BA, so S is
not a subspace.

14. If A and B are skew symmetric matrices and
c is a scalar, then (A + ¢B)t = A + ¢cB! = —A +
¢(—B) = —(A+c¢B), so S is a subspace.

16. If A and B are diagonal matrices and c is
a scalar, then A + ¢B is a diagonal matrix and
hence, S is a subspace.

| a b B e f
18. If A = [c d},B— {g h}such

that a + ¢ =0 and e+ g = 0, then A + B =

at+e b+ f .
{c+g d+h ] with

(a+e)+(d+h)=(a+d)+(e+h)=0

and hence, S is a subspace.

20. The set S is not a subspace since
(22 + 2) — 22 = z, which is not a polynomial of
even degree.

22. Yes, since az? + c(bz?) = (a + cb)z® € S.

24. The set S is a subspace (assuming the zero
polynomial is in the set).
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25. The vector v is in the span of S = {vi1,va,vs} provided there are scalars ci, ¢, and c¢3 such that
v = 11 + cava + c3vs. Row reduce the augmented matrix [vq v vg | v]. We have that

[ 1
1
0

and since the linear system has a (unique)

-1
-1
1

-1
2
0

1
-1
1

solution, the vector v is in the span.

M1
reduces to | 0
0

-1
1
0

-1
0
3

1
1
-2
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26. Since ~ _ ~ _
1 -1 —-1|-2 1 -1 —-1|-2
1 -1 2 7 |reducesto| 0 1 0 |-3
o
|0 1 0 | -3 ] 10 0 3 9 |
the linear system has a (unique) solution and hence, the vector v is in the span.
27. Since
10 1 |-=2 10 1 |-2
11 =171 01 -2 3 . .
0 2 -4 6 reduces to 00 0 0 , the matrix M is in the span.
-1 1 =3| 5 0 0 O 0
28. Since
1 0 1 1 1 0 1|1
11 —-1]1 educes to 01 =20
0 2 —4|2 |BEEER109 0 02|
-1 1 -3|-3 00 010

the linear system is inconsistent and hence, the matrix M is not in the span.
29. Since

c1(1+z) + ca(x? —2) + c3(3x) = 222 — 62 — 11 if and only if (¢ — 2¢2) + (c1 + 3¢3)x + co2? = 222 — 62 — 11,

we have that ¢; = —7,¢c0 =2,¢3 = % and hence, the polynomial is in the span.
30. Since

c1(1+ ) 4 co(@? — 2) + c3(3z) = 32® — x — 4 if and only if (¢; — 2¢2) + (c1 + 3¢3)x + coz? = 32% —x — 4,

we have that ¢; = 2,¢2 = 3,¢c3 = —1 and hence, the polynomial is in the span.
31. Since
2 1 |a -1 3 b a
—1 3 |b |reducesto| O 7 |a+2b |, then span(S)= b a+c=0
-2 —1]e¢ 0 0] a+c c
32. Since
1 2 1 |a 1 2 1 a a
1 3 2 |b {reducesto| O 1 1 —a+b , then span(S) = b —ba+3b+c=0
2 1 —1|c¢ 0 0 0| —-ba+3b+c c
. 1 2 1 -1 a b .
33. The equation c; 10 + o 0 1= e al leads to the linear system ¢ 4+ co = a,2¢; — 3 =
b,c1 = ¢,co = d, which gives span(S) = { an QG,E ] a,be R} .
3 3




3.2 Subspaces 69

34. 35.
NP TR S —p—
c
36. Since 37. a.
-4 2 2]a
0 —1 1]0b a
1 0 1]e span(S) = b a,beR
b—2a
-4 2 2 a ’
reducesto | 0 -1 1 b ) b. The set S is linearly independent.

0 0 2|c+ia+ib
the span is all polynomials of degree two or less.

38. a. 39. a. span(S) = R3
b. The setS is linearly independent.

a
span(S) = b a,beR
3a—b
b. Since 2v; — vo = vg, the set S is linearly
dependent.
40. a. Since
1 =1 0 2}a 1 -1 0 2 a
2 0 1 1|b |reducesto| 0 2 1 -3 —2a+b ,
—_
1 3 1 1]¢ 0 0 -1 5 |3a—2b+c

every vector in R? is a linear combination of the vectors in S and hence, span(S) = R3. b. The set S is
linearly dependent since there are four vectors in R3.

41. a. span(S) =R?® b. The set S is linearly dependent. c. The set T is also
linearly dependent and span(T) = R3.  d. The set H is linearly independent and we still have span(H) =
R3.

c 0 a,b,ceR b. The set S is linearly independent.

c. The set T is also linearly independent and span(7T') = Maxs.

43. a. span(S) = Py b. The set S is linearly dependent. c. 22% + 3z +5 = 2(1) — (z — 3) + 2(2? + 22) d.
The set T is linearly independent and span(T) = Ps.

42. a. span(S) = { [ a b ]

44. a. Since
251 — tl 252 — tQ 2(51 + CSQ) — (tl + Ctz)
51 S2 - 51+ cs2
t tel g - th + cty €5
—$1 —$9 —(s1 4 cs2)
28 —t 2 -1 2 -1
. . s 1 0 1 0
then S is a subspace.  b. Since ¢ =51 +t 1 , then S = span 0 , 1
-5 -1 0 -1 0
2 -1
c. Since the vectors (1) and (1) are not multiples of each other they are linearly independent.
-1 0

d. SCR?
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45. a., b. Since

—5 -1 0 -1 0
s—5bt | =s 1 +t¢t| —5 |, then S = span 1 ,| —5
2s + 3t 2 3 2 3

Therefore, S is a subspace. ¢. The vectors found in part (b) are linearly independent. d. Since the span of
two linearly independent vectors in R? is a plane, then S # R3
46. a. The subspace S consists of all matrices (z 2 } such that —a —2b+c¢+d=0. b. From part (a)

not all matrices can be written as a linear combination of the matrices in S and hence, the span of S is not
equal to Maxs. c¢. The matrices that generate the set S are linearly independent.

2

48. If u and v are in S, then A(u+ ¢v) = Au+ cAv =0+ 0 = 0 and hence S is a subspace.
49. Let B1, By € S. Since A commutes with By and Bs, we have that

47. Since A(x + cy) = [ ; } +c [ ! } = [ ; ] if and only if ¢ = 0, then S is not a subspace.

A(Bl + CBQ) = ABi +cABy = B1A + C(BQA) = (Bl + CBQ)A

and hence, By + cBs € S and S is a subspace.

50. Let wy; = uy + vy and wo = us + va be two elements of S. Let ¢ be a scalar. Then
W1 —+ CW2 = Uj —+ Vi1 —+ C(ll2 —+ V2) = (u1 —+ Cllz) —+ (Vl —+ CV2).

Since S and T are subspaces, then uy + cuz € S and vy + ¢vg € T. Therefore, wy 4+ cwo € S+ T and hence,
S + T is a subspace.

51. Let w € S+ T, so that w = u+ v, where u € S, and v € T. Then there are scalars cy, ..., ¢, and
di,...,d, such that w = """ c;u; + > ., d;vi. Therefore, w € span{us,...,Um,V1,...,Vvn} and we have
shown that S+ 7T C span{uy,...,Um, V1,...,Vn}.

Now let w € span{ui,...,Um,V1,...,Vn}, so there are scalars c1,. .., Cpin such that w =cjug + -+ +
CmUm + Cm41V1 + -+ + CmgnVa, which is in S 4+ T. Therefore, span{uy, ..., Um,V1,...,vn} €S+ T.

52. a. Since
a —a| . d —d| | a+kd —a—kd| | a+kd —(a+kd)
b ¢ e f | b+e c+f | b+e c+ f

is in S, then S is a subspace. Similarly, T is a subspace. b. The sets S and T" are given by
S — span 1 -1 0 0 0 0 T — span 10 0 1 0 0
—sp o o' l1 oo 1]|f"T"P ~1 0]'[o o]0 1]|f
1 -1 0 0 0 0 10 0 1
ser—wanfo L[V O] [0 VLA 0L [a s ])
1 -1 1 0 0 0 0 1
B“t{o O}_{—l o}+[1 o}_[o o}’so
0
1

0 0
S—i—T—span{[ 1 0},

SO

| — ]
o O
—_
| — ]
I
—_ =
o O
—_
| — ]
o O
O =
—_
—
|
=
X
[\v]



3.3 Basis and Dimension 71

Exercise Set 3.3

In Section 3.3 of the text, the connection between a spanning set of a vector space and linear independence
is completed. The minimal spanning sets, minimal in the sense of the number of vectors in the set, are those
that are linear independent. A basis for a vector space V is a set B such that B is linearly independent and
span(B) = V. For example,

e B =1{e1,e2,...,e,} is a basis for R"
1 0 0 1 0 0 0 0 . .
OB—{[O O}’{O O]’[l O}’[O 1}}1saba51sf0rM2X2
o B={l,z,2% ... 2"} is a basis for P,.
Every vector space has infinitely many bases. For example, if ¢ # 0, then B = {ce1,e2,...,ey} is another

basis for R™. But all bases for a vector space have the same number of vectors, called the dimension of the
vector space, and denoted by dim(V'). As a consequence of the bases noted above:

e dim(R™) =n
e dim(May2) =4 and in general dim(M,,x,) = mn
e dim(P,) =n+1.

If S = {v1,va,...,Vvm} is a subset of a vector space V and dim(V') = n recognizing the following possibilities
will be useful in the exercise set:

e If the number of vectors in S exceeds the dimension of V, that is, m > n, then S is linearly dependent
and hence, can not be a basis.

e If m > n, then span(S) can equal V, but in this case some of the vectors are linear combinations of
others and the set S can be trimmed down to a basis for V.

e If m < n, then the set S can be either linearly independent of linearly dependent.
e If m < n, then S can not be a basis for V, since in this case span(S) # V.
e If m < n and the vectors in S are linearly independent, then S can be expanded to a basis for V.

e If m = n, then S will be a basis for V if either S is linearly independent or span(S) = V. So in this case
it is sufficient to verify only one of the conditions.

1 3
The two vectors vy = | —1 | and vo = | —1 | are linearly independent but can not be a basis for R? since
2 2
all bases for R® must have three vectors. To expand to a basis start with the matrix
1 3 1 00 13 1 00
—1 —1 0 1 O | reduce to the echelonform | 0 2 1 1 0
2 2 0 01 00 0 21

The pivots in the echelon form matrix are located in columns one, two and four, so the corresponding column
vectors in the original matrix form the basis. So

1 3 0
B = 11, -1 1],]1 is a basis for R?.
2 2 0

To trim a set of vectors that span the space to a basis the procedure is the same. For example, the set

0 2 0 3
s=<{1l=11],]2], |21, -1
-1 1] |2 -1
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is not a basis for R? since there are four vectors and hence, S is linearly dependent. Since

0 2 0 3 -1 2 2 -1
-1 2 2 —1 |reducesto| 0O 2 0 3 ,
et ¢
-1 1 2 -1 0o 0 0 3
then the span of the four vectors is R3. The pivots in the reduced matrix are in columns one, two and four,
0 2 3
so a basis for R? is 11,2, -1
-1 1 -1

| Solutions to Exercises

1. Since dim(R3) = 3 every basis for R® has three 2. Since dim(R?) = 2 every basis for R? has two

vectors. Therefore, since S has only two vectors  vectors. Therefore, since S has three vectors it is

it is not a basis for R3. linearly dependent and hence it is not a basis for
R2,

3. Since the third vector can be written as the 4. Since dim(Ps) = 4 every basis has four poly-

sum of the first two, the set S is linearly depen- nomials and hence S is not a basis.

dent and hence, is not a a basis for R3.

5. Since the third polynomial is a linear combi- 6. Since the matrix
nation of the first two, the set S is linearly de-

. . 2 =3 10 0 1 0 0
dent and h tab for Ps. = —
pendent and hence is not a basis for Ps {1 2} 2{0 1] 3[0 0]4_{1 0}7

the set S is linearly dependent and hence, is not

a basis.

-1 1
3 -1

linearly independent and hence, is a basis for R2.

7. The two vectors in S are not scalar multi- 8. Since det ({
ples and hence, the set S is linearly independent.
Since every linearly independent set of two vec-
tors in R? is a basis, the set S is a basis.

}) = —2, the set S is

9. Since 10. Since
1 0 0 1 0 0 -1 2 1 -1 2 1
-1 -2 2 reducesto | 0 -2 2 , —1 —1 1 [ reduces to 0 -3 0|,
it e S
1 -3 =2 0 0 -5 0 -3 2 0o 0 2
S is a linearly independent set of three vectors in S is a linearly independent set of three vectors in
R? and hence, S is a basis. R? and hence, S is a basis.
11. Since 12. Since
1 1 0 1 11 0 1 1 2 0 1 20
0 1 1 0 educes to 01 1 0 0 1 1 {reducesto| 0 1 1 |,
1 -1 -1 0 |20 01 -1 |° 10 —1 00 1
0 0 2 1 0 00 3

S is a linearly independent set of three polynomi-
the set S is a linearly independent set of four ma-  als in P and hence, is a basis.
trices in Mays. Since dim(Maya) = 4, then S is
a basis.
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13. Since 14. Since
-1 1 1 -1 1 1 2 5 3 2 5 3
2 0 1 {reducesto| O 2 3 , —2 1 1 |reducesto| 0 6 4 |,
o o
1 11 0 0 -1 1 21 0 0 1
the set S is a linearly independent set of three the set S is a linearly independent set of three
vectors in R?, so is a basis. vectors in R3, so is a basis.
15. Since 16. Since
1 2 2 -1 1 2 2 -1 -1 2 1 2 -1 2 1 2
1 1 4 2 d ¢ 0o -1 2 3 1 1 3 1 d ¢ 0 3 4 3
~1 32 o [=EEX2l0 0 01 1 |0 -1 o1 o1 [E=EEXN 0 07 6 |”
1 1 5 3 0O 0 0 O 1 2 -1 2 0 0 0 32

the homogeneous linear system has infinitely the set S is a linearly independent set of four vec-

many solutions so the set S is linearly dependent  tors in R?, so is a basis.

and is therefore not a basis for R%.

17. Notice that (222 + 2 + 2+ 2(—2? + ) — 2(1)) = 2 and 22% + x + 2+ (—2® + x) — 2z — 2 = 27, so the
span of S is Ps. Since dim(Pz2) = 3, the set S is a basis.

18. Since
11 -2 0 11 -2 0
01 1 0 01 1 0
00 1 o|fdueestoly o 1 g |
00 1 2 00 0 2
the set S is a linearly independent set of four matrices in M2, so is a basis.
s+ 2t 1 2 1
19. Every vector in S can be written as | —s+t | =s| —1 | +¢t| 1 | . Since the vectors | —1 | and
t 0 1 0
2 1 2
1 | are linear independent a basis for S is B = -1 4{,]1 and dim(S) = 2.
1 0 1

20. Since every matrix in S can be written in the form
a a+d | 1 1 0 1
[a+d d}_a{l 0]+d[1 1}

and the two matrices on the right hand side are linearly independent, a basis for S is
11 0 1 .
B= {[ 10 } , [ 11 }} Consequently, dim(S) = 2.

21. Every 2 x 2 symmetric matrix has the form { Z b ] = a{ L0 } —I—b[ (1) (1) ]—l—c{ 8 ] . Since the
0
1

S

} =b [ _(1) (1) } and hence, a basis for S is

0 0
three matrices on the right are linearly independent a basis for S is B = { [ (1) 8 } , {
and dim(S) = 3.

22. Every 2 x 2 skew symmetric matrix has the form { _2 8

B_H_gé]}mmmm@_L
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23. Since every polynomial p(z) in S satisfies  24. If p(z) = ax®+bax®+cx+d and p(0) = 0, then
p(0) = 0, we have that p(x) = az+bx?. Therefore, d =0, so p(z) has the form p(z) = ax?® + bz + cx.
a basis for S is B = {z,2?} and dim(S) = 2. If in addition, p(1) = 0, then a +b + ¢ = 0, so
¢ = —a — b and hence
p(r) = ard+br?+(—a—b)x = a(z3—z)+b(2?—2x).

Since 22 — = and 2% — x are linear independent,
then a basis for S is {2° —z,2? —z}, so dim(S) =
2.
2 2 1
25. Since det 2 0 2 = —4, the set S is already a basis for R since it is a linearly independent
-1 -2 1
set of three vectors in R3.
2 -2 4
26. Since | 0 | = 1 4+ | —1 |, the vectors in S are linearly dependent. Since the first two vectors
5 3 2
-2 4
are not scalar multiples of each other a basis for span(5) is 1 .| =1
3 2

27. The vectors can not be a basis since a set of four vectors in R? is linearly dependent. To trim the set
down to a basis for the span row reduce the matrix with column vectors the vectors in S. This gives

2 0 -1 2 2 0 -1 2
-3 2 —1 3 |reducesto| 0 2 -5 6
_—

0 2 0 -1 00 2 -7

A basis for the span consists of the column vectors in the original matrix corresponding to the pivot columns
of the row echelon matrix. So a basis for the span of S is given by

2 0 -1
B = =3, 2|, -1 . Observe that span(S) = R3.
0 2 0

28. The vectors can not be a basis since a set of four vectors in R? is linearly dependent. To trim the set
down to a basis for the span row reduce the matrix with column vectors the vectors in S. This gives

-2 1 =3 1 2 0 -1 2

0 0o -3 2 reducesto| 0 —2 -5 -1
o

2 -3 -2 =2 0O 0 -3 2

A basis for the span consists of the column vectors in the original matrix corresponding to the pivot columns
of the row echelon matrix. So a basis for the span of S is given by

-2 1 -3
B = 0o |, 0 |, -3 . Observe that span(S) = R3.
2 -3 —2

29. The vectors can not be a basis since a set of four vectors in R? is linearly dependent. To trim the set
down to a basis for the span row reduce the matrix with column vectors the vectors in S. This gives

2 0 2 4 2 0 2 4
-3 2 -1 0| — |0 2 2 6
0 2 2 4 0 0 0 =2

A basis for the span consists of the column vectors in the original matrix corresponding to the pivot columns
of the row echelon matrix. So a basis for the span of S is given by
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2 0 4
B= -31.,121,]0 . Observe that span(S) = R3.
0 2 4

30. The vectors can not be a basis since a set of four vectors in R? is linearly dependent. To trim the set
down to a basis for the span row reduce the matrix with column vectors the vectors in S. This gives

2 1 0 2 2 1 0 2
2 —1 2 3 |reducesto| 0 —2 2 1
o
0 0 21 0 0 21

A basis for the span consists of the column vectors in the original matrix corresponding to the pivot columns
of the row echelon matrix. So a basis for the span of S is given by

2 1 0
B= 2 {,1 =1 {,12 . Observe that span(S) = R3.
0 0 2

31. Form the 3 x 5 matrix with first two column vectors the vectors in S and then augment the identity
matrix. Reducing this matrix, we have that

2 1 1 0 0 2 1 1 0 O

—1 0 0 1 O |reducesto| O 1 1 2 0
o e

3 2 0 0 1 00 -2 -1 1

A basis for R? consists of the column vectors in the original matrix corresponding to the pivot columns of the

2 1 1
row echelon matrix. So a basis for R? containing S is B = 11,1 01{,]0
3 2 0

32. Form the 3 x 5 matrix with first two column vectors the vectors in S and then augment the identity
matrix. Reducing this matrix, we have that

-1

-1 0 1

0 | reduces to 0 2
S

1 0 O

0
1

—= =
OO =
o~ O

1 0
1 1 0
3 1 -2 1

A basis for R? consists of the column vectors in the original matrix corresponding to the pivot columns of the

—1 1 1
row echelon matrix. So a basis for R? containing S is B = 1 , 01,10
L3 | 1 0
33. A basis for R* containing S is 34. A basis for R* containing S is
1 3 1 0 [—17] [ 1 1 1
-1 1 0 0 1 -3 -2 0
B= 2 [ 1 710 ]1 B= 1 |17 =11’ -11]"]10
4 2 0 0 | -1 ] [ 2 3 0
35. A basis for R? containing S is 36. A basis for R? containing S is
-1 1 1 2 -1 1
B = 1 1 11,10 . B = 2 [, -11{,]0
3 1 0 -1 3 0

37. Let e; denote the n x n matrix with a 1 in the row i, column i component and 0 in all other locations.
Then B = {ey; | 1 <1i <n} is a basis for the subspace of all n x n diagonal matrices.
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38. Consider the equation ¢1(cvy) + ca(eve) 4+ -+ -+ ¢n(cvn) = 0. Then ¢(¢1vy + cava + -+ - + ¢, vn) = 0 and
since ¢ # 0, we have that ¢;vy + cava + - + ¢, vy, = 0. Now since S is a basis, it is linearly independent, so
c1 =cy=---=c, =0 and hence S’ is a basis.

39. It is sufficient to show that the set S’ is linearly independent. Consider the equation

c1Avy + coAva + - + ¢, Avy, = 0. This is equivalent to A(c1vy + cava + -+ - 4 ¢,vp) = 0. Multiplying both
sides of this equation by A~! gives the equation c;vi +cava +- -+ ¢, vy = 0. Since S is linearly independent,
then ¢; = co = -+-¢, =0, so that S’ is linearly independent.

40. To solve the homogeneous equation Ax = 0 consider the matrix

3 3 1 3 1 0 1 0
-1 0 -1 -1 |thatreducesto| 0 1 —=2/3 0
2 0 2 1 0 0 0 1
—z -1
2, 2
So a vector is a solution provided it has the form x = 32 =z % . Hence, a basis for S is
0 0
-1
2
3
1
0

41. Since H is a subspace of V, then H C V. Let S = {v1,Va,..., vy} be a basis for H, so that S is a linearly
independent set of vectors in V. Since dim (V') = n, then S is also a basis for V. Now let v be a vector in V.
Since S is a basis for V| then there exist scalars c1, co, ...c, such that ¢c;vy 4+ cava + -+ - + ¢, v = V. Since
S is a basis for H, then v is a linear combination of vectors in H and is therefore, also in H. Hence, V C H
and we have that H = V.

42. Since S = {az® + baz? + cx | a,b,c € R}, then dim(S) = 3. A polynomial ¢(z) = ax® + bx? + cx +d
is in T if and only if a + b+ ¢+ d = 0, that is d = —a — b — ¢. Hence, a polynomial in T has the form
q(r) = a(z® — 1) + b(2? — 1) + c(z — 1), so that dim(T) = 3. Now SNT = {ax® + bx®> +cx | a+b+c=0}.
Hence, a polynomial ¢(x) is in S N 7T if and only if ¢(z) = a(2® — x) + b(2? — 2) and hence, dim(SNT) =

43. Every vector in W can be written as a linear combination of the form

2s +t 4 3r 2 1 3

3s—t+2r | =s| 3 | +t| =1 | +r| 2

s+t+2r 1 1 2
2 1 2 1 3
But and hence, span 31, —1 = span 31, -1 1], 2
1 1 1 1 2

Since B =

2
3
1
44. Since S = {

is linear independent, B is a basis for W, so that dim(W) = 2.

2
3
1

+

s,t € R 5, then dim(S) = 2. Since

o o= O

+t s,t € R p, we also have that dim(7") = 2. For the intersection, since

oOrRr oo oo +

SO = O
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SNT=4(s s€Rp, then dim(SNT)=1.

o o= O

Exercise Set 3.4

If B = {v1,...,vn} is an ordered basis for a vector space, then for each vector v there are scalars
C1,C9,...,Cn such that v .= ¢;vy + cava + - -+ + ¢, V. The unique scalars are called the coordinates of the
vector relative to the ordered basis B, written as

C1
Vlp =
Cn

If B is one of the standard bases of R™, then the coordinates of a vector are just the components of the vector.
For example, since every vector in R3 can be written as

T 1 0 0
v=|y |=2|0|4+y| 1 |[+2z] 0],
z 0 0 1
x
the coordinates relative to the standard basis are [v]p = | v | . To find the coordinates relative to an ordered
z
basis solve the usual vector equation
C1V1+Ccava 4+ -+ ¢C,Vp =V
for the scalars c¢i,ca,...,¢,. The order in which the vectors are given makes in difference when defining

coordinates. Forexample,ifB_{{é},[(l)]}andB’_{{(l)},[(l)]},then

wo=([ ][] = we[[21],-[2)

Given the coordinates relative to one basis B = {v1,...,vn} to find the coordinates of the same vector
relative to a second basis B" = {v],...,vL} a transition matrix can be used. To determine a transition
matrix:

e Find the coordinates of each vector in B relative to the basis B’.

e Form the transition matrix where the column vectors are the coordinates found in the first step. That
is, )
15 =[[vils [valp - [valB |-

e The coordinates of v relative to B’ given the coordinates relative B are given by the formula
Ve =15 [V]e.
The transition matrix that changes coordinates from B’ to B is given by
N5 = (15

Let B = {{ i ],[ _11 }} and B’ = {{ ; } ,[ :? ]} be two bases for R2. The steps for finding the

transition matrix from B to B’ are:
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e Since

1 =271 -1 d t1_21_1
9 _1|1 1 |teducesto) , 4 ,

so the coordinates of the two vectors in B relative to B’ are ! = 1/3 and -1 =
1 B -1/3 1 B
1
E

= 1

S B R B ER T AREA)
B Solutions to Exercises

1. The coordinates of [ g ] , relative to the basis B are the scalars ¢; and ¢y such that

_ _9 _
c1 { 3 ] +c2 { 2 } = [ 8 ] . The vector equation yields the linear system sen = 26 8 , which has the
1 2 0 c1 + 2c =0
unique solution ¢; = 2, and ¢3 = —1. Hence, [v]p = [ _21 } )
. -2 -1 =2 1 0 -1/2 | —1/2
2. Since [ 41 1 } reduces to [ 0 1 3 } , then [v]p = { 3 } .

3. To find the coordinates we form and row reduce the matrix

1 3 1] 2 1 0 0] 2 2
1 -1 0|-1|—]0 1 0|=1],sothat[v]p=| —1
2 1 219 0 0 1] 3 3
2 1 0] 0 2 1 010 1/2
4. Since | 2 0 0| 1 |reducesto| 0O —1 0|1 |,then[vl]p=]| —1
1 2 1(1/2 0O 0 1|2 2
5. Since ¢1 + ca(r — 1) + c32? = 3+ 20 — 222 if and only if ¢; — c2 = 3,¢c = 2, and c3 = —2, we have that
5
Vg =] 2
-2

6. The equation ci (22 + 2z + 2) + c2(2x + 3) + c3(—2? + 2 + 1) = 8 + 62 — 322 gives the linear system, in
matrix form,

2 3 1 8 1 0 0]-1/3

2 2 1 6 ,which reducesto | 0 1 0 2

1 0 —-1]-3 0 0 1| 8/3
-1/3
so [v]p = 2
8/3

7.Sincecl{(1) _(1)}4—02{(1) (1)]—1-03[(1) _2]—1—@[_1 O}_[_; g}ifandonlyif

o
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c1 +c3+cy =1
—c1+ ¢ =3 . .
o and the linear system has the solution ¢; = —1,¢c0 = 2,¢3 = —2, and ¢4 = 4,
C2 —C4 = —
—C3 =2
e
2
we have that [v]p = 9
= 4 -
. 1 -1 [0 1 1 1 11 2
8. Slncecl[o 1_—}—02_0 2 +C3 0]4—04[0 3}—[1 3}leadst0thehnearsystem
1 0 1 1 1 0 0 0] 2 2
-1 1 -1 1 01 0 0f 2 2
0 0 1 0 , which reduces tg 001 0l1 then [v]p = 1
1 2 0 3 0 00 1|-1 -1
—1/4 1/2 | 2
9 [V]Bl = 1/8 ; [V]Bz = _1/2 10. [V]Bl = 1 7[V]B2 = g
i 1
1 [ 1 i ;
11. [V]B1 = 2 ; [V]32 = 1 12. [V]B1 = 1 ] [V]32 = 7
-1 L O 1 3
L 3

13. The column vectors for the transition matrix from a basis B to a basis By are the coordinate vectors

for the vectors in Bj relative to Bs. Hence, [I]gf = H ! } [ -1 ] 1 = [ bl ] . Then this matrix
B B

1 1 1 1

transforms coordinates relative to By to coordinates relative to Bs, that is, [v]p, = [/] gf [vlg, = [ _51 } .

[ 1/3 2/3 B 1 -1/3

2 . 2 —

14. [I] = i —7/6 1/6 ) [V]Bz [I]Bl[ ]Bl |: 1 ] - |: _4/3

[ 3 2 1 -1 -1
15. 112 =| -1 =2/3 0 |; [V =UEMs | 0 |=]| 1

L0 —1/3 0 2 0

[ —2 4/3 —4/3 271 [ -4
6. 2= | 1 13 23 | Me =MENMs |1]=]| 3

L0 1/3 —1/3 1] | o

17. Notice that the only difference in the bases By and By is the order in which the polynomials 1, z, and 2
are given. As a result the column vectors of the transition matrix are the coordinate vectors only permuted.

00 1 [ 5]
That is, [I]5> = | 1 0 0 |.Then [v]g, = [[]}?[v]s, = | 2
01 0 3

- 1/4 5/8 3/8
18. Since [v]p, = ]} = [ [2® = 1]p, [22* + 2+ 1]p, [2+ 1], | = | -1 —1/2 1/2 |, then [v]p, =
3/4 11/8 —3/8
1 13/8
g | 1] =] -1/2
2 11/8
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-1 1 -1 a
19. Since the equation c; 1 +co| 0| +c3 1 = | b | gives
1 1 0 ¢
-1 1 —-1|a 1 0 0] —-a—-b+c a —a—b+c
1 0 1 || —1]0 10 a+b , we have that b = a+b
1 1 0 |e¢ 0 0 1|a+2b—c ¢ g a+2b—c
20. Since
1 0 0 -1 a 1 0 00 2a+b—c—2d a 2a+b—c—2d
0 -1 -1 0 b oduces to 01 00 —a—-b+c+d the b | —a=b+4c+d
1 1 -1 0 ¢ |=E210010 a-c—d el N - a—c—d
0o -1 0 -1 d 0 001 a+b—c—2d d B a+b—c—2d
0 1 0 1 2
2l.a. [J]P=|1 0 0 | b. Vg, =[] |2|=|1
0 0 1 3 3
B | 1 -1 B 0 1 .
22. a. [I]Bf—[l O} b. [I]g! = 1 1] c. Since
1 -1 01| |10 Baov—1 _ 17Bi
ol sl Y] e g =z
1 3 1 5 4 6
wo it =g e o] -[3F10] - [R) (2], - 18]
s 2 |, 4 45 8 2 |, 4

24. a. [v]p = [

cos
sin 6

I T T R S N
"ttt

%

—sinf
cosf

T
Y

I13]-]

xcosf —ysinf
xsinf + ycosf

I T T R S N
"ttt
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o
¢
| —
o O
| I
Ss]
Il
| —
o O
| I
| — |
= O
sy
| IS
(-
—_ | —

*
1»—1
y
|
=V

25. a. Since uy = —vq + 2vg,uz = —vy + 2vy — vg, and ug = —vg + vg, the coordinates of uy, usz, and ug
relative to By are

-1 -1 0 -1 -1 0

[u1]32 = 2 ,[U.2]32 = 2 ,[u3]32 = —1 , SO [I]gf = 2 2 -1

0 -1 1 0 -1 1
2 1
b. [2u; —3uz+uslp, =152 | -3 | =| -3
1 4

Exercise Set 3.5

1. a. Let y = €"%, so that 3/ = re™ and y” = r2e™. Substituting these into the differential equations gives
the auxiliary equation r?> — 57 + 6 = 0. Factoring, we have that (r — 3)(r — 2) = 0 and hence, two distinct
solutions are y; = e>* and yy = €3%.

2x 631

262&0 363&0
general solution is the linear combination y(x) = C1e%® + Cye3®, where C and Cy are arbitrary constants.
2. a. Let y = €™, so that ¥/ = re”™ and 3y’ = r2e"®. Then the auxiliary equation is 72 +3r +2 = 0 =
(r+1)(r +2) = 0 and hence, two distinct solutions are y; = ¢~ and yp = e~ 22.

b. Since Wy, ye2|(z) = = ¢ > 0 for all z, the two solutions are linear independent. c. The

—x e—2LE

—e™T Qe 2%
c. The general solution is the linear combination y(z) = Cie™* + Cye~2% where C; and Cy are arbitrary

constants.
3. a. Let y = €™, so that 3/ = re”™ and y” = r2e™. Substituting these into the differential equation gives

the auxiliary equation r2 + 47 + 4 = 0. Factoring, we have that (r +2)? = 0. Since the auxiliary equation has
only one root of multiplicity 2, two distinct solutions are y; = e~2% and 3, = ze 2*.

6721 ZC672$

_26721 6721 o 2{E672z
independent. c. The general solution is the linear combination y(z) = Cie~2% + Cyze™ 2%, where C; and Co
are arbitrary constants.

4. a. Let y = e, so that ¥/ = re"™ and y” = r2e™. Then the auxiliary equation is 72 —4r +5 = 0 =

b. Since Wy, y2(z) = = —e~ % # 0 for all z, the two solutions are linear independent.

b. Since Wy, yo](z) = = e % > 0 for all z, the two solutions are linearly

(r+1)(r —5) = 0 and hence, two distinct solutions are y; = e~% and yo = €°2.
—x S5x
b. Since Wy, y2|(7) = _ee_m 56651 = ¢% > ( for all z, the two solutions are linear independent. c. The

general solution is the linear combination y(x) = C1e~% 4+ Ce®, where C; and Cy are arbitrary constants.



82 Chapter 3 Vector Spaces

5. Let y = €’%, so that ' = re™ and y” = r2e"®. Substituting these into the differential equation gives the

auxiliary equation r? — 2r + 1 = 0. Factoring, we have that (r — 1)? = 0. Since the auxiliary equation has
only one root of multiplicity 2, two distinct and linearly independent solutions are y; = e” and yo = xe”.
The general solution is given by y(x) = C1e® 4+ Coze®. The initial value conditions now allow us to find the
specific values for C7 and Cy to give the solution to the initial value problem. Specifically, since y(0) = 1, we
have that 1 = y(0) = C1e° + C(0)e’, so C; = 1. Further, since 3/ (z) = e® + Ca(e® + xe®), and y'(0) = 3, we
have that 3 =14 Cs, so Cy = 2. Then the solution to the initial value problem is y(z) = e* 4 2ze”.

6. Let y = e, so that ¢/ = re”™® and y” = r?e"®. Then the auxiliary equation is

r? —3r+2=(r—1)(r — 2) = 0 and hence, two distinct and linearly independent solutions are y; = e* and
y2 = €2%. The general solution is y(z) = Cye® + Ce?®. Using the initial condition y(1) = 0, we have that
0 = y(1) = Cre + Cee? and 1 = /(1) = Cre + C2(2¢?). Solving the two equations gives C; = —e~! and
Cy = e~ 2. Then the solution to the initial value problem is y(z) = —e~te®” + e~2e2*.

7. a. The auxiliary equation for y" — 4y’ + 3y = 0is r*> —4r + 3 = (r — 3)(r — 1) = 0, so the complimentary
solution is y.(x) = C1e3% + Cae®.

b. Since y,(z) = 2az + b and y, () = 2a, we have that
2a — 4(2ax + b) + 3(az® + bz + ¢) = 32> + v + 2 & 3ax? + (3b — 8a)x + (2a + 3¢ — 4b) = 32 + x + 2.

Equating coefficients of like terms, we have that a = 1,b = 3, and ¢ = 4.
c. If f(z) = ye(z) + yp(x), then

f/(x) = 301> + Coe” +224+3 and f’(z) = 9C1€*" + Cae” + 2.

We then have that f”(z) —4f'(z) + 3f(z) = 322 + 2 + 3, s0 y.(z) + yp(z) is a solution to the differential
equation.

8. a. The auxiliary equation for y”/ + 4y’ + 3y = 0is r? +4r + 3 = (r + 3)(r + 1) = 0, so the complimentary
solution is y.(z) = C1e™% + Coe 3%,

b. Since y,(r) = —2Asin2x + 2Bcos2r and y, (z) = —4Acos2x — 4Bsin 2z, after substitution in the
differential equation, we have that (—A + 8B) cos 2z 4 (=B — 8A) sin 2z = 3sin 2z and hence A = —2% and
B=-2.

65
c. The general solution is y(z) = y(z) + yp(z) = Cre™" + Cae 3% — 2 cos 2z — & sin 2z.

9. Since the damping coefficient is ¢ = 0 and there is no external force acting on the system, so that f(z) = 0,
the differential equation describing the problem has the form my” + ky = 0. In addition, we have that

m= % = 3% = %6 and k = % = % = 4. Since the weight is pulled down 0.25 feet and then released the initial

conditions on the system are y(0) = 0.25 and y'(0) = 0. The roots of the auxiliary equation 15y” + 4y = 0
are the complex values » = +8i. Hence, the general solution is

y(x) = €% (Cy cos(8x) + Cysin(8x)) = C cos(8x) + Cy sin(8x).

Applying the initial conditions we obtain C; = 0.25 and Cy = 0. The equation of motion of the spring is
y(z) = 1 cos(8z).

10. Since the mass is m = % = % = %, the spring constant is k = 4, the damping coefficient is ¢ = —2,
and there is no external force, the differential equation that models the motion is %y” —2y' +4y = 0. The
characteristic equation is 7> — 8r + 16 = (r — 4)? = 0, so the general solution is y(x) = Cye** + Comel®.
The initial conditions are y(0) = 1 and y/(0) = —2. The first condition gives 1 = Cye + 0 = Cy. The
derivative of the general solution is y/(z) = 4C1e?® + Cae?® + 4xe?®], so the second initial condition gives

—2 =19'(0) = 4C; + C3[1 + 0] and hence, C = —6. Therefore, the solution is given by y(z) = ® — 6xe’®.

Review Exercises Chapter 3

1. Row reducing the matrix A with column vectors the given vectors gives
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1 0 0 2 1 0 0 2
-2 1 0 3 . 01 0 7
0 -1 1 4 0 0 1 11
2 3 4 k 0 0 0 kE-69

Hence, det(A) = k — 69. Since the four vectors are linearly independent if and only if the determinant of A is
nonzero, the vectors are a basis for R* if and only if k # 69.

2. Since there are three vectors in R?, the vectors will form a basis if and only if they are linearly independent.
Since the matrix A with column vectors the three given vectors is upper triangle, then det(A4) = acf. So the
vectors are a basis is and only if acf # 0, that is, a # 0,¢ # 0, and f # 0.

3. a. Since the sum of two 2 x 2 matrices and a scalar times a 2 X 2 matrix are 2 X 2 matrices, S is closed
under vector addition and scalar multiplication. Hence, S is a subspace of M.
b. Yes, let a =3,b=—-2,c=0.

c. Since every matrix A in S can be written in the form,

1 1 -1 0 0 0
A:a[o 1]+b{ 1 0]4—0{1 _1]

(1) 1 , _1 8 , and 0 (1) ] are linearly independent, a basis for S is =

1 1 -1 0 0 0 0 1
{[0 1},[ 1 0},[1 _1}} d. Thematrlx{ ]1snot1nS

4. a. Let p(z) = a + bx + cx? such that a + b+ ¢ = 0 and let ¢(z) = d + ex + fz? such that d + e + f = 0.
Then p(z) + kq(z) = (a + kd) + (b + ke)x + (¢ + kf)z? and

and the matrices

(a+kd)+(b+ke)+ (c+kf)=(a+b+c)+k(d+e+ f)=0+0=0,

so p(x) + kq(x) is in S for all p(z) and ¢(z) in S and scalars k. Therefore S is a subspace.

b. If p(x) = a+bx +cax? isin S, then a +b+c =0, so p(x) = a + bx + (—a — b)2? = a(l — 2?) + b(x — 2?).
Therefore, a basis for S is {1 — 2%, 2 — 22} and hence, dim(S) = 2.

5. a. Consider the equation
c1vy + CQ(Vl =+ Vz) =+ C3(V1 + vo + V3) = (Cl +co + C3)V1 + (62 =+ C3)V2 + c3vg = 0.

Since S is linear independent, then ¢; 4¢3 + ¢35 = 0,¢c2 + ¢3 = 0, and ¢3 = 0. The only solution to this system
is the trivial solution, so that the set 7" is linearly independent. Since the set T' consists of three linearly
independent vectors in the three dimensional vector space V, the set T' is a basis.

b. Consider the equation
Cl(—Vz + V3)+C2(3V1+2V2 +V3)+03(V1 — V2—|—2V3) = (3CQ—|—63)V1—|—(—Cl+202—63)V2+(01+02+203V3 = 0

Since S is linearly independent, we have that set W is linearly independent if and only if the linear system

3cat+cz =0 0 3 1 -1 2 -1
—c1 +2¢o —c3 =0 has only the trivial solution. Since | -1 2 -1 | — 0o 3 1 the linear
c1+co+2c3 =0 1 2 0 0 0

system has indefinitely many solutions and the set W is linearly dependent. Therefore, W is not basis.
6. a. Since dim(R*) = 4, every basis for R* has four vectors. Therefore, S is not a basis.

b. v3 =2vy +v2 c. Since vy and vg are not scalar multiples of each other they are linearly independent,
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so span(S) = span{vy,va} and hence the dimension of the span of S is 2.  d. Since

1 2 100 0 12 1.0 0 0
3 21010 0 05 3 1 0 0
1 1 00 1 o |rduwestol 5 5 5 1 5 o
1 1 000 1 00 0 0 —1 1

and the pivots are in columns 1,2,3, and 5, the basis consists of the corresponding column vectors of the
original matrix. So the basis is

1 2 1 0
-3 -1 0 0
1 ’ 1 1o 1
1 1 0 0
1 1 1 1
. 0 0 2 . .
e. Since 11 1 11 = —4, the vectors are linearly independent.  f. Let B = {vy1,va,vs,va}. To

1 0 -1 -1
find the transition matrix we need the coordinates of the vectors in B relative to the basis T'. Since

1 1 1 1]1 210 1000 0 1/2 1/2 -1/2
2.0 0 23100/ 10100 2 2 0 1
11 1 1|1 101 |=8loo0 10|12 -12 1 -1 |°
1 0 -1 -1|1 10 0 000 1[-3/2 0 —1/2 1/2
then
0 1/2 1/2 ~1/2
2 2 0 1
[Vi]r = 1/2 |- [Va]r = —1/2 |’ [valr = 1 s [valr = 1 5
—3/2 0 ~1/2 1/2
SO
0o 1/2 1/2 -1/2
s |2 2 0 1
M=\ 12 —12 1 -1
-3/2 0 -1/2 1/2
-1 0 -1 -3 1 —2
5 0 -3 -1 3 13
B __ T\—1 _ 1 _ T _
g [I]T_([I]B) 1| -5 1 11 9 h. [V]T—[I]B 2| 7| =8
-8 4 8 8 5 2
-6
. 5
i. [vlp = 6
—4

7. Since ¢ # 0 the vector vi can be written as

—C2 —C3 —Cp,
(e () ()
C1 C1 C1

Since v is a linear combination of the other vectors it does not contribute to the span of the set. Hence,
V =span{va,vs,...,Vn}.

. . 1 0 0 1 0 0 0 0
8.a.Thestandardbasmfongxg1s{[O O}’[O O}’[l O}’[O 1}}
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. a b d e| |a+kd b+e . .
b. SIHC6|:C a}+k{f d}_[ et f a—i—kd}aﬂd the terms on the diagonal are equal, then S is a

subspace. Similarly, since [ i i } + k [ p q ] _ { r+kp y+kq

g r| | y+kq z+kr

are equal, then 7T is a subspace. c. Since each matrix in S ¢ can be written in the form

al=elo Ve ln o]V 0]

and the terms on the off diagonal

a basis for T is {{ (1) }} and dim(7T) = 3. d. Since SNT = { [ (Z 2 ]

1 0
0 0
a basis for SﬂTis{[ ]}and dim(SNT)=2.

9. a. The set B = {u, v} is a basis for R? since it is linearly independent. To see this consider the equation
au + bv = 0. Now take the dot product of both sides first with u and then v. That is,
u-(au+bv) =0<a(u-u)+b(u-v)=0< a(ul +u3)+bu-v)=0.

Since u? + u3 = 1 and u-v = 0, we have that a = 0. Similarly, the equation v - (au + bv) = 0 gives that
b= 0. Hence, B is a set of two linearly independent vectors in R? and therefore, is a basis.

b. If [w|p = [ g},then

| = auy + (v |z
au—i—ﬁv—[y}(:)[au;_i_ﬁv;}—[y}.

To solve the linear system for o and 3 by Cramer’s Rule, we have that

Tr v Uy X

Yy U2 TU2 — Yv1 uz Yy Yyui — Tu2
o= = and (= = .

uyp V1 U1V2 — V1U2 up V1 U1V — VUL

Uz V2 Uz V2

up V1

Notice that = 0 since the vectors are linearly independent.

10. a. Since dim(Ps) = 3, then B is a basis if and only if B is linearly independent. Consider
c1+ca(z 4 ¢) +ez(x? + 2cx + ) = (1 + cea + Pez) + (ea + 2ce3)w + c3x® = 0.

This holds for all z if and only if ¢; = ¢co = ¢3 = 0, so B is linearly independent and hence, is a basis.  b.
To find the coordinates of a polynomial f(z) = ag + a1z + azz?, we solve the linear system

c1 + ceo + 0203 = aq
Cco+2cc3 =ayp & c1=ag—cay + 02a2,02 = a1 — 2cas, c3 = as.
C3 = a

ag — caj + 02a2
B = ay — 260,2
a2

So [ap + a12 + az2?]
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Chapter Test Chapter 3

1. F. Since
(c+d)oax=x+(c+d)

and

(cOz)®(d-z) =22+ (c+d),

which do not always agree, V is
not a vector space. Also x §y #
YD,

4. F. Since dim(Mayx2) = 4, ev-
ery basis contains four matrices.

7. F. For example, the matrices

1 0 0 0 .
[O O}and{o 1]are1nS

but the sum

(1) (1) has determinant 1, so
is not in S.
10. T
13. T

16. F. If a set spans a vector
space, then adding more vectors
can change whether the set is lin-
early independent or dependent
but does not change the span.

19. T
22. T

25. T

28. T

8. F. Since it is not possible to
write 23 as a linear combination
of the given polynomials.

11. T
14. T

17. F. A set of vectors with the
number of vectors less than the
dimension can be linearly inde-
pendent but can not span the
vector space. If the number of
vectors exceeds the dimension,
then the set is linearly depen-
dent.

20. T

23. T

o (3], =[]

29. T

3. F. Only lines that pass
through the origin are subspaces.

6. F. For example, the
vector [ :1 } is in S but

-1 1. .
—[_1]:[1}1sn0t1n5.

9. T

12. T
15. T

18. F. The intersection of two
subspaces is always a subspace,
but the union may not be a sub-
space.

21. T
24. T
27. T
30. F
0
@ 420 —alp, = | )
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31. T

34. F.

[(14+2)? =3+ 2 —1)+ 2%,

=[4—x—22°+2%p, =
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4 Linear Transformations

Exercise Set 4.1

A linear transformation is a special kind of function (or mapping) defined from one vector space to another.
To verify T : V. — W is a linear transformation from V' to W, then we must show that T satisfies the two
properties
T(u+v)=T(u)+T(v) and T(cu) = ¢T'(u)

or equivalently just the one property
T(u+cv)=T(u)+ cT(v).

The addition and scalar multiplication in T'(u+ ¢v) are the operations defined on V' and in T'(u) + ¢T'(v) the
operations defined on W. For example, T : R? — R? defined by

T ({ * ]) = [ T+ 2y ] is a linear transformation.
y T—yY

To see this compute the combination u + ¢v of two vectors and then apply 7. Notice that the definition of T
requires the input of only one vector, so to apply T first simplify the expression. Then we need to consider

(] ln D))
Y1 Y2 Y1+ cy2
Next apply the definition of the mapping resulting in a vector with two components. To find the first

component add the first component of the input vector to twice the second component and for the second
component of the result subtract the components of the input vector. So

e[ o sl ) ([ oo ]) <[ Qo rtea ]

The next step is to rewrite the output vector in the correct form. This gives

{ (1 + cx2) + 2(y1 + cya) ] _ { (1 + 2u1) + (@2 + 2y2) ]
(z1 + cx2) — (y1 + cy2) (1 —y1) + c(z2 — y2)

-l el () (2 ])
1 — Y T2 — Y2 Y1 Y2
and hence T is a linear transformation. On the other hand a mapping defined by

T ({ 9yc }) = [ r ;— ! ] is not a linear transformation

since, for example,
=Dl
9 Y2 Y1+ Y2
sl (M) R (4 R R e ey
Y1 Y2 Y1 Y2 Y1+ Y2
for all pairs of vectors. Other useful observations made in Section 4.1 are:

e For every linear transformation 7°(0) = 0.
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e If A is an m x n matrix, then T'(v) = Av is a linear transformation from R™ to R™.
o T(crvyi +cava+ -+ cpyvp) =T (ve) + 2T (va) + -+ ey T(Vn)

The third property can be used to find the image of a vector when the action of a linear transformation is
known only on a specific set of vectors, for example on the vectors of a basis. For example, suppose that
T :R? — R3 is a linear transformation and

1 -1 1 1 0 2
T 1 = 2 T 0 =1|1]|,andT 1 = 3 .
1 0 1 1 1 -1
1 1] 0
Then the image of an arbitrary input vector can be found since 11{,/07],(1 is a basis for R3.
1 1| 1
1
For example, let’s find the image of the vector | —2 | . The first step is to write the input vector in terms
0
of the basis vectors, so o
1 1 1 0
21 ==11{4+2;0;—-11
0 |1 1 1
Then use the linearity properties of T to obtain
1 1 1 [0 ] 1 1 0
T -2 =T|—-|1{4+2|0{—-11 =-T 1 + 2T 0 -T 1
0 1 1 | 1] 1 1 1
-1 1 2 1
=— 2 +2(1 |- 3 = -3
0 1 -1 3

] Solutions to Exercises

U1

1. Letu—[u1 } and v =
u _’U2

} be vectors in R? and ¢ a scalar. Since
2

T(u—i—cv):T(- e D = [ U2t cv } = [ 12 } +c[ 2 } = T(u) + ¢T(v),

Uo + Ccv2 w1 + cvp U1 U1

then T is a linear transformation.

U1

2. Letuz[u1 } and v =

Y } be vectors in R? and ¢ a scalar. Then
2

Tten) =7 (| W ) o | fata)tletas |

and
T(u) + cT'(v) = { (u1 + cvr) + (ug + cva) } '

(u1 + cv1) — (ug + cv2) + 4

1
0
T is not a linear transformation.

],v:{?},andCZLthenT(u-i-v):[Q i}.HenC&

5 } and T'(u) +T'(v) = [

For example, if u =
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3. Let u= [ b } and v = { v1 } be vectors in R2. Since
u9 (%)

o w1 + v . w1 + v w1 + v o
T(u—i—v)—T([ Uy + Vs }) = [ W2 + 2ugvs + v } and [u%—l—v% } =T(u)+T(v),

which do not agree for all vectors, T" is not a linear transformation.

4. Since
rren=1([ B vl ) =r([ure]) = ([ 2oy leres )

T(u)+cT(v):[2u1—uQ}_’_0[21)1—1}2}:([Q(ul—i—cvl)—(?@—i—cvg) D

w1 + 3us v1 + 3 uy + cvr + 3(ug + cvg)

and

then 7' is a linear transformation.

5. SinceT({ b } —I—c[ U1 ]) = { U1t cur ] _T({ b }) —l—cT({ 1 ]),for all pairs of vectors and
Uo V2 0 U2 V2

scalars ¢, T' is a linear transformation.

(u1+cvr)+(uz+cv2)

Ui + cuy —_—

T(U+CV)=T([ D:[M
2

6. Since

=T(u) + cT(v),

U2 + CcU2

then T is a linear transformation.
7. Since T(x+y) = T(x) + T(y), if and only if at least one of x or y is zero, T' is not a linear transformation.

8. Since T describes a straight line passing 9. Since T (c { * }) = A +y?) =
through the origin, then 7" defines a linear trans- Y
formation. cT ([ ;c }) = c(2? + y?) if and only if ¢ = 1 or
T 0 . . .
[ y ] = [ 0 ] , T is not a linear transformation.

10. Since T is the identity mapping on the first ~ 11. Since T(0) # 0, T is not a linear transforma-
two coordinates, then T is a linear transforma-  tion.
tion.

12. Since cos0 = 1, then T(0) # 0 and hence, T is not a linear transformation.
13. Since

T(p(x) +q(x)) = 2(p" () + ¢" () = 30 (x) + ¢'(2)) + (p(z) + q(x))
= (2p" () = 3p'(z) + p(x)) + (2¢" () = 3¢'(x) + q(x)) = T(p(x)) + T(q(x))

and similarly, T'(¢p(z)) = ¢T'(p(x)) for all scalars ¢, T is a linear transformation.

14. Since T(p(z)+q(z)) = p(x)+q(z)+z and T(p(x))+T(q(z)) = p(x)+q(z) + 2z these will not always agree
and hence, T" is not a linear transformation. Also 7'(0) = = and hence the zero polynomial is not mapped to
the zero polynomial.

15. If Ais a 2 x 2 matrix, then det(cA) = ¢? det(A), then for example, if ¢ = 2 and det(A) # 0, we have that
T(2A) =4T(A) # 2T (A) and hence, T is not a linear transformation.

16. Since T(A+c¢B) = A+ c¢B+ (A+¢B)! = A+ c¢B + A" + ¢B' = T(A) + ¢T'(B), then T is a linear
transformation.

2 -2 0 0
ronziw | 2]10r= ] 2] b ([0]) <[] - e

c. The mapping T is a linear transformation.
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18.a. T(u) =22 -T2+ 9;T(v)=—2x+1b. T(u+v)
c. The mapping 7T is a linear transformation.

=T(2* —4r) =22 -82+ 10 =T(u) + T(v)

19. a. T(u) = [ 8 ];T(v): [ _01 } b. T(u+v) = [ :1 #T(u)+T(v) = [ _01 ]
c. By part (b), T is not a linear transformation. _
F 12 ]
20. a. T(u) = { ; ];T(v): { ‘?(’)/4 } b. Tut+v)=T|| 1 ) - { ‘2/4 } = T(u) + T(v)
4
c. The mapping T is not a linear transformation. For example, if the first coordinates of two vectors are 1
1 2 .
. 8
and 2, respectively, then T' x|+ | 2 = [ THy+ztw but
Y w B
1 2
0 3 3 . | -1
T([ ;c ])—l—T([ Z, ]) = [ vty ]—I—{ st w ] = { x+y+z+w}.Alternatlvely,T(O)— { 0 ] +
0
0
1 0
21. Since [ 3 } = { 0 ] -3 { 1 } and T is a linear transformation, we have that
1 1 0 1 0 5
(L)l -6 ) - (R])-[ 5]
[1 1 0] 0
22.Since | 7 =10 {+7]1|+5| 0 | and T is a linear operator, then
| 5 0 0 | 1
1] 1 0 0 1 14 5 20
T 7 =T 0 + 7T 1 + 5T 0 =|-1|+] 0 [+ =5 |=|—-6|.
5 0 0 1 0 7 5 12

23. Since T(-3 +2 — 22) =
T(-3+x—2?)=-3(1+z)+

(]

2

+(2+2?) -

([s 0]
0 4]

32?) =

[

(z —

)T >
i -

2

. 1
25. Slnce{{l},[ 0

every vector in R2. In particular, T ({ 575 }) =T <7 [ !

1

1 2 3
26. a. T(e1)=| 2 | ,T(e2)=| 1 | ,T(ez) =1 3
1 3 2

1
b. T(3e1 — 482 + 683) = 3T(e1) - 4T(e2) + 6T(e3) =3 [ 2
1

T(=3(1) 4+ 1(z) + (—=1)2? and T is a linear operator, then
—1 — 4z + 422

(v 7))

—_ - O O

} } is a basis for R? and T is a linear operator, then it is possible to find T'(v) for

J+[ 3]~

||

22
—11

|
|

2
1
3

3
3
2

13
20
3

RHEY
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27. a. Since the polynomial 222 — 32 + 2 cannot be written as a linear combination of 22, —3z, and —z2 + 3z,
from the given information the value of T'(22% — 3z + 2) can not be determined. That is, the equation
c17? + co(—3z) + c3(—2% + 3z) = 222 — 22 + 1 is equivalent to (c; — c3)a? + (=3¢ + 3¢3)w = 222 — 32 + 2,
which is not possible. b. T'(3z% — 4x) = T (3z% + 2(—3x)) = 3T (2?) + 3T(-32z) = 32% + 6z — 12

2 1 1 2 -1 2 3
28. a. Since | =5 | =710 | -5 1 |,thenT -5 =7 2 +51 =2 | =] 4
0 0 0 0 3 ! 26
1 1 1 1] 1 1
b. Since the | 0 1 3 | has a row of zeros its value is 0, so the vectors | O |,| 1 |, and | 3 | are
0 00 0 | 0 0
linearly dependent. Therefore, it is not possible to determine T'(v) for every vector in R3.
-1 0 x x
29. a. If A= , then T’ =A = b. T(e1) and T'(e2) =
L (M) R MR R ORI S
_01 . Observe that these are the column vectors of A.
1 -2 1 -2
30. a. Let A= 3 1 |. b.T(e1)=| 3 |,T(e2) = 1
0 0

x
31. A vector | y | in R? is mapped to the zero vector if and only if [ - +z } [ 8 ] , that is, if and only
z

0
if x = y = 0. Consequently, T 0 = [ 8 ] , for all z € R.
2 =0
32. Since T y if and only if THAYtz and
—x+dy+z =0
1 21 1 2
1 5 1 reduces to 0 - 2 , then all vectors that are mapped to the zero vector have the form
—%z
z
33. a. Since
1 -1 210 1 -1 2|0
2 3 10| — |0 5 —=5]01,
-1 2 =20 0 0 110
* 0
the zero vector is the only vector in R? such that T’ Y = [ 0 ] .
z
b. Since
1 -1 2 7 1 0 01 1 7
2 3 —-1|-6|—1]0 1 0|-21], thenT -2 =| —6
-1 2 -2|-9 00 1| 2 2 -9

34. a. Since T'(az? + bz + ¢) = (2ax + b) — ¢, then T(p(x)) = 0 if and only if 2a = 0 and b — a = 0. Hence,
T(p(x)) = 0 if and only if p(x) = bx + b = b(x + 1) for any real number b. b. Let p(x) = 322 — 3z, then
T(p(x)) = 62 — 3. As a second choice let ¢(z) = 32% — 52 — 2, so ¢(0) = =2 and T(q(z)) = ¢'(x) — q(0) =
6r —5+2=06x—3. c. The mapping T is a linear operator.

35. Since T'(cv +w) = z%gzg i%gzg } =c [ %g% ] + [ %Eg% } = cT'(v) + T(w), then T is a linear

transformation.
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36. Since tr(A + B) = tr(A) + tr(B) and tr(cA) = ctr(A), then T(A + ¢B) = T(A) + ¢T'(B) and hence, T
is a linear transformation.

37. Since T(kA+C) = (kA+ C)B - B(kA+C) =kAB - kBA+CB — BC =kT(A)+ T(C), then T is a
linear operator.

38. Since T(x +y) = m(zr +y) + b and T(x) + T(y) = m(x + y) + 2b, then T(x +y) = T'(z) + T(y) if and
only if b= 0. If b = 0, then we also have that T'(cx) = cma = ¢T'(x). Hence, T is a linear operator if and only
ifb=0.

39. a. Using the properties of the Riemann Integral, we have that

1

1 1 1 1
T(cf+9) = / (cf(x) + g(x)) di = / ef ()dz + / g()dz = ¢ / f(x)dz + / g(x)dz = eT(f) + T(g)

so T is a linear operator. b. T'(22? —x + 3) = %

40. Since T is a linear operator, T(u) = w, and T'(v) = 0, then T(u+v) =T(u) + T(v) = T(w).

41. Since {v,w} is linear independent v # 0 and w # 0. Hence, if either T'(v) = 0 or T(w) = 0, then the
conclusion holds. Now assume that T'(v) and T'(w) are linearly dependent and not zero. So there exist scalars
a and b, not both 0, such that aT'(v)+bT (w) = 0. Since v and w are linearly independent, then av+bw #£ 0.
Hence, since T is linear, then aT'(v) 4+ bT(w) = T(av + bw) = 0, and we have shown that T(u) = 0 has a
nontrivial solution.

42. Since {v1,..., vy} is linearly dependent there are scalars ci, ca, ..., ¢y, not all zero, such that
c1vy + cova + -+ + ¢, vy = 0. Since T is a linear operator, then

T(c1vi+cave+ -+ cpvn) = a1 T(v1) + 2T (ve) + -+ ¢, T(vn) =T(0) = 0.

Therefore, {T'(v1),...,T(vn)} is linearly dependent.
43. Let T(v) = 0 for all v in R3.

44. Let v be a vector in V. Since {v1,...,vn} is a basis there are scalars ¢y, c,...,c, such that v =
c1v1 + -+ 4 ¢ vn. Since T7 and Ty are linear operators, then

Ti(civi+-+epvn) =caTi(vi)+- -+ e, Ti(va) and Ta(c1vi+---+cpvn) = a1Ta(vi) + -+ ¢ Ta(vn).

Since Ty (vi) = Ta(vi), for each i = 1,2,...,n, then Ty (v) = Ta(v).

45. We use the definitions (S + T)(v) = S(u) + T(u) and (¢T)(u) = ¢(T(u)) for addition and scalar
multiplication of linear transformations. Then L£(U,V) with these operations satisfy all ten of the vector
space axioms. For example, L(U, V) is closed under addition since

(S+T)cu+v)=S(cu+v)+T(cu+v)
=cS(u)+ S(v)+cT(u)+T(v)
=cS(u) +cT(u)+ S(v)+T(v)
=c(S+T)(u) + (S+T)(v).

Exercise Set 4.2

IfT:V — W is a linear transformation, then the null space is the subspace of all vectors in V' that
are mapped to the zero vector in W and the range of T' is the subspace of W consisting of all images of
vectors from V. Any transformation defined by a matrix product is a linear transformation. For example,
T : R? — R3 defined by

T T 1 3 0 T
T i) =A i) = 2 0 3 i)
T3 T3 2 0 3 T3
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is a linear transformation. The null space of T, denoted by N(T'), is the null space of the matrix, N(A) =
{x € R*| Ax = 0}. Since

T 1 3 0 T 1 3 0
T i) = 2 0 3 i) =T 2 + X9 0 + x3 3 )
x3 2 0 3 x3 2 | 0 3
the range of T, denoted by R(T') is the column space of A, col(A). Since
1 30 1 3 0]
2 0 3 |reducesto| 0 —6 3
et ¢
2 0 3 0 0 0]
the homogeneous equation Ax = 0 has infinitely many solutions given by z; = —%CCg,.IQ = %Ig, and x3
—3/2
a free variable. So the null space is { ¢ 1/2 t € R p, which is a line that passes through the origin
1
in three space. Also since the pivots in the reduced matrix are in columns one and two, a basis for the
1 3
range is 21,10 and hence, the range is a plane in three space. Notice that in this example,
2 0

3 = dim(R3) = dim(R(T)) + dim(N(T)). This is a fundamental theorem that if T : V — W is a linear
transformation defined on finite dimensional vector spaces, then

dim(V) = dim(R(T")) + dim(N(T)).

If the mapping is given as a matrix product T'(v) = Av such that A is a m X n matrix, then this result is
written as
n = rank(A) + nullity(A).

A number of useful statements are added to the list of equivalences concerning n X n linear systems:

A is invertible < Ax = b has a unique solution for every b < Ax = 0 has only the trivial solution
< A is row equivalent to I < det(A4) # 0 < the column vectors of A are linearly independent
< the column vectors of A span R™ < the column vectors of A are a basis for R"
< rank(A) =n < R(A) =col(4) =R" & N(A) = {0} & row(4) =R"

< the number of pivot columns in the row echelon form of A is n.

] Solutions to Exercises

1. Since T'(v) = [ 8 ] , visin N(T). 2. Since T'(v) = [ 8 } , v isin N(T).
. -5 . . . 0 -
3. Since T'(v) = { 10 ] , v is not in N(T). 4. Since T'(v) = [ 0 } , visin N(T).
5. Since p'(z) = 2z — 3 and p’(z) = 2, then 6. Since p'(x) =5 and p”(z) = 0, then T(p(x)) =
T(p(x)) = 2z, so p(x) is not in N(T). 0, so p(x) is in N(T).
7. Since T(p(x)) = —2z, then p(z) is not in 8. Since T(p(x)) = 0, then p(x) is in N(T).
N(T).
1 0 2|1 1 0 2|1
9. Since | 2 1 3|3 |reducesto| 0 1 —1|1 | there are infinitely many vectors that are mapped
—_
1 -1 3]0 0 0 01O
1 -1 1 1
to | 3 | . For example, T' 2 = | 3 | and hence, | 3 | isin R(T).
0 1 0 0
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1 0 22 10 210
10. Since | 2 1 3|3 |reducesto| 0 1 -1 the linear system is inconsistent, so the vector
o
1 -1 3|4 0 0 0|1
2
3 | is not in R(T).
4
1 0 2]-1 10 210
11. Since | 2 1 3| 1 reducesto | 0 1 —1|0 |, the linear system is inconsistent, so the vector
o
1 -1 3|-2 0 0 0|1
-1
1 | is not in R(T).
-2
1 0 2|-2 10 2 |-2
12. Since | 2 1 3| —=5 |[reducesto| 0 1 —1| —1 | there are infinitely many vectors that are
o
1 -1 3|-1 00 010
-2 -2
mapped to | —5 | and hence, the vector | —5 | isin R(T)
1 -1
13. The matrix A is in R(T). 14. The matrix A is not in R(T).
15. The matrix A is not in R(T). 16. The matrix A is in R(T).

17. A vector v = [ i ] is in the null space, if and only if 3z +y = 0 and y = 0. That is, N(T) = { [ 8 } } .

Hence, the null space has dimension 0, so does not have a basis.

18. A vector is in the null space if and only if Tty = 8 , that is # = y. Therefore, N(T') =
r—y =
a . 1
{[ a} aER} and hence, a basis is {{ 1 ]}
T+ 2z 0

19. Since | 2z+y+3z | = | 0 | if and only if z = —2z and y = z every vector in the null space has the

T —y+3z 0

—2z -2
form z . Hence, a basis for the null space is 1
z 1

-2 2 2 1 0 —-1/2 1/2
20. Since | 3 5 1 [reducesto| O 1 1/2 | then N(T)=<¢| —1/2 t € R » and a basis for

0 2 1 0 0 0 1

1/2
the null space is -1/2
1
25+t _65
21. Since N(T) = 5 s,t€R 3, a 22. A basis for the null space is 1
t
J 0
2 1
basis for the null space is 11,10
0 1
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23. Since T(p(x)) = 0 if and only if p(0) = 0 a  24. If p(x) = ax® + bx + ¢, then p'(x) = 2ax + b
polynomial is in the null space if and only if it  and p”(z) = 2a, so T(p(z)) = 0 if and only if
has the form az? + bx. A basis for the null space @ = 0. A basis for the null space is {1,z}.

is {:c,xz} .

1 1 2
25. Since det 01 -1 = —b5, the column vectors of the matrix are a basis for the column
2 0 1
space of the matrix. Since the column space of the matrix is R(T), then a basis for the range of T is
1 1] [ 2
of,] 1], -1 .
2 0 |1
1 -2 -3 1 5 101 0 1
26. Since [ 3 —1 1 0 4 |reducesto| O 1 2 0 —1 | and the pivots are in columns one, two,
1 1 3 1 2 000 1 2
1 -2 1
and four, then a basis for the column space of A and hence, for R(T), is 31,1 —-11],]10
1 1 1
1 0
27. Since the range of T is the xy-plane in R3, a basis for the range is 01,1
0 0
T —y+3z 1 -1 3
28. Since r+y+=z =z 1 +y 1 + z 1 and the three vectors are linearly inde-
—x 4+ 3y — 52 -1 3 -5
1 -1 3
pendent, then a basis for R(T) is 1 , 1 , 1
-1 3 -5
29. Since R(T') = Pa, then a basis for the range  30. Since
is {1,z,2%}.

R(T) = {p(x) | p(z) = ax®+br+a = a(z®+1)+bx},

then a basis for R(T) is {z,2? + 1}.

31. a. The vector w is in the range of T if the linear system

-2 0 -2 —6
C1 1 + C2 1 —|— C3 2 = 5
1 -1 0 0
[ -2 0 -2|-6 -2 0 —-2|-6
has a solution. But 1 1 2 ) — 0 1 1 2 , so that the linear system is inconsis-
| 1 -1 0|0 0o 0 0 |-1
-6 |
tent. Hence, | 5 | is not in R(t).
O .
-2 0 =2
b. Since | 1 1 2 | =0, the column vectors are linearly dependent. To trim the vectors to a basis for
1 -1 0
2 0 -2 -2 0 -2
the range, we have that 1 1 2 — 0 1 1 . Since the pivots are in columns one and
1 -1 0 0 0 O
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-2 0
two, a basis for the range is 1|, 1 . ¢. Since dim(N(T)) + dim(R(T)) = dim(R3) = 3 and
-1
dim(R(T)) = 2, then dim(N(T)) = 1.
—2 -1 0 -1
32. a. The vector 1 isin R(T). b. 2 1,15, —1 c. Since
2 1 0 2
dim(N(T)) + dim(R(T)) = 3 and dim(R(T)) = 3, then dim(N(T)) =0

33. a. The polynomial 222 — 4z + 6 is not in R(T). b. Since the null space of T is the set of all con-
stant functions, then dim(N(7T')) = 1 and hence, dim(R(T')) = 2. A basis for the range is {T(z),T(2%)} =
{—2x—|— 1,22 —l—x}.

34. a. The polynomial 22 —x—2 is not in R(T). b. Since the null space of T is the set of all polynomials of the
form az?, then dim(N(T)) = 1 and hence, dim(R(T')) = 2. A basis for the range is {T(1), T'(z)} = {2%, 2 — 1} .

35. Any linear transformations that maps three space to the entire xy-plane will work. For example, the

x
mapping to the zy-plane is T' Y = [ z } .
z

36. DeﬁneT:R2—>R2,byT([§])z[g]ThenN(T):{{"g}

37. a. The range R(T) is the subspace of P,, consisting of all polynomials of degree n — 1 or less. b.
dim(R(T)) =n c. Since dim(R(T)) + dim(N(T)) = dim(P,) = n + 1, then dim(N(T)) = 1.

38. A polynomial is in the null space provided it ~ 39. a. dim(R(T)) = 2 b. dim(N(T)) =1

has degree k — 1 or less. Hence dim(N (7)) = k.

40. Since dim(V) = dim(N(T)) + dim(R(T')) = 2dim(N(T)), then the dimension of V' is an even number.

41.1B=| % Y| then T(B) = AB — BA = 0 26
c d —2c

0
N(T) = gg]a,dek}_{a{ég]w[gﬂ
0
1

1 0 0
0 0(’|O '
42. If B is an n X n matrix, then T'(B') = (B")" = B and hence, R(T) = M, xn.

43. a. Notice that (A+ A%)t = A'+ A = A+ At so that the range of T is a subset of the symmetric matrices.
Also if B is any symmetric matrix, then T (%B) = %B + %Bt = B. Therefore, R(T) is the set of all symmetric
matrices. b. Since a matrix A is in N(7T') if and only if T(A) = A + A" = 0, which is if and only if A = — A",
then the null space of T is the set of skew-symmetric matrices.

44. a. Notice that (4 — A)t = A* — A = —(A— A?), so that the range of T is a subset of the skew-symmetric
matrices. Also if B is any skew-symmetric matrix, then T (3B) = 3B — $B' = B. Therefore, R(T) is the set
of all skew-symmetric matrices. b. Since a matrix A is in N(T) if and only if T'(A) = A — A* = 0, which is if
and only if A = A?, then the null space of T is the set of symmetric matrices.

45. If the matrix A is invertible and B is any n x n matrix, then T(A™'B) = A(A™'B) = B, s0 R(T) = M xn.

46. a. A basis for the range of 1" consists of the column vectors of A corresponding to the pivot columns of
the echelon form of A. Any zero rows of A correspond to diagonal entries that are 0, so the echelon form of
A will have pivot columns corresponding to each nonzero diagonal term. Hence, the range of T' is spanned
by the nonzero column vectors of A and the number of nonzero vectors equals the number of pivot columns
of A.  b. Since dim(N(T)) = n = dim(R(T')), then the dimension of the null space of T' is the number of
zeros on the diagonal.

x e R} = R(T).

, so that

a,deR}. Hence a basis for N(T) is
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Exercise Set 4.3

An isomorphism between vector spaces establishes a one-to-one correspondence between the vector spaces.
If T:V — W is a one-to-one and onto linear transformation, then T is called an isomorphism. A mapping
is one-to-one if and only if N(T') = {0} and is onto if and only if R(T) = W. If {vy,...,vn} is a basis for
Vand T : V — W is a linear transformation, then R(T) = span{T(v1),...,T(vn)}. If in addition, T is
one-to-one, then {T'(v1),...,T(vn)} is a basis for R(T). The main results of Section 4.3 are:

e If V is a vector space with dim(V') = n, then V is isomorphic to R™.
e If V and W are vector spaces of dimension n, then V and W are isomorphic.

For example, there is a correspondence between the very different vector spaces Ps and Msyo. To define the
isomorphism, start with the standard basis S = {1, x, 22, 23} for P3. Since every polynomial a+bx+cx?+dz® =
a(1) + b(z) + c(x?) + d(z*) use the coordinate map

a a
a+bx+cx+dr® 5 [a+ba+ca® + dadls = [Z followed by l; g[(z 2},
d d
so that the composition La(Li(a + bz + cz? + dz?)) = [ Z 2 } defines an isomorphism between Ps; and

Maxs.

| Solutions to Exercises

1. Since N(T) = { [ } } , then T is one-to-one. 2. Since N(T') = { [ —aa ]

not one-to-one.

aeR},thenTis

o O

0 2 =2 =2 2 =2 =2
3. Since N(T') = 0 , then 7' is one-to- 4. Since | =2 —1 —1 |reducesto| 0 -3 -3 |,
0 -2 -4 -1 0 0 3
one. 0
then N(T) = 0 , so T is one-to-one.
0

5. Let p(z) = ax?® + bx + ¢, so that p’(x) = 2ax + b. Then

T(p(x)) =2ax +b—az® —bx —c= —ar* + (2a —b)x + (b—¢c) =0

if and only if @ = 0,2a —b = 0,b — ¢ = 0. That is, p(z) is in N(T) if and only if p(z) = 0. Hence, T is
one-to-one.

6. Let p(z) = ax?® + bx + ¢, so T(p(x)) = ax® + bx? + cx = 0 if and only if a = b = ¢ = 0. Therefore, N(T')
consists of only the zero polynomial and hence, T is one-to-one.

7. A vector [ “

3x — =a
b ] is in the range of T if the linear system { 4 b has a solution. Since the linear system

r+y =

is consistent for every vector [ “ } , T is onto R?. Notice the result also follows from det <[ 3 —1 ]) =4,

b 1 1
so the inverse exists.

1

8. Since [ -2 “ } reduces to[ -2 1
it

0 0

a
%a—l—b

SR

1 —1/2]9b
only if @ = —2b and hence, T is not onto.

} , then a vector [ } is in the range of T if and
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1 -1 2
9. Since | 0 1 —1 | is row equivalent to  10. Since
0 0 2
the identity matrix, then the linear operator T is 2 3 —1lja 23 -1 a
onto R3. —1 1 3 |b |reducesto| O 5 5 a+2b
1 4 2 |c 0 0 0 |—-a—-b+c

then a vector is in the range of T if and only if
—a — b+ ¢ =0 and hence, T is not onto.

11. Since T'(e1) = [ _31 ] and T'(e2) = [ _02 ] are two linear independent vectors in R?, they form a basis.

12. Since T'(eg) = { 8 } , the set is not a basis.

14. Since T'(e2) = 2T'(e1), the set is not a basis.

2 3 -1
16. Since | 2 6 3 | = 0, the set is linearly
4 9 2
dependent and hence, is not a basis.
1 -1 2
18. Since | —1 2 -1
0 -1 5

19. Since T(1) = 2%, T(z) = 2% + x and T(2?) =
22 4+ + 1, are three linearly independent polyno-
mials the set is a basis.

21. a. Since det(A4) = det ([ _; _3
isomorphism. b. A~! = _% { _g (1)

that A=1(T(w)) = w. That is,

S (e

22. a. Since det(A) = det <[ :? i)

isomorphism. b. A~! :% _1 :g

that A=1(T'(w)) = w. That is,

ROINEE

1
are two linear independent vectors in R?, they
form a basis.

13. Since T(e1) = [ _33 } and T'(e2) = { :1 ]

15. Since T'(e1) = 0

and T(eg) = | —1
5
dent vectors in R3, they form a basis.
4 -2 1
17. Since | 2 0 1
2 -1 3/2
independent and hence, is a basis.Is a basis.

are three linear indepen-

= 4, the set is linearly

= 6, the set is linearly independent and hence, is a basis.

20. Since T'(1) = 0, the set is not a basis.

0 }) = —3 # 0, then the matrix A is invertible and hence, T is an

} c. Let w = { Z } . To show that T—}(w) = A~'w, we will show

_1/2H_2xx—3y]:[ﬂ'

]) = 5 # 0, then the matrix A is invertible and hence, T is an

} c. Let w = [ gyc } . To show that T~}(w) = A~ 'w, we will show

Iz ]=sls =10
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-2 1
23. a. Since det(A) = det 1 -1 -1 = —1#0, then T is an isomorphism.
0 1 0
-1 -1 -1 x —1 —1 -1 —2x+z x
b. A7l = 0 0 1| c AT y 1 r—y—z | =1y
-1 -2 -2 z —1 —2 -2 Y z
2 -1 1
24. a. Since det(A) = det -1 1 -1 =10, then 7T is an isomorphism.
0 1 0
1 1 0 z 1 0 20 —y+ 2 x
b. A7l = 0 0 1 |c AT Y = 0 1 —r4+y—z | =1y
—1 2 1 z —1 -2 1 Y z
. — 1 . . -3 1 .
25. Since 1 _3 ‘ = 8, then the matrix map-  26. Since 3 ‘ = 0, then the matrix map-
ping T is an isomorphism. ping T' is not an isomorphism.
0 -1 -1 L3 0
27. Since | 2 0 2 | = —10, then the ma- 28. Since | —1 —2 —3 | =0, then the matrix
1 1 -3 0o -1 3
trix mapping 7T is an isomorphism. mapping 7' is not an isomorphism.

29. Since T'(cA + B) = (cA + B)t = cA! + Bt = ¢T'(A) + T(B), T is linear. Since T'(A) = 0 if and only if
A = 0, then the null space T is {0}, so T is one-to-one. To show that T is onto let B be a matrix in M, x,.
If A= B!, then T(A) = T(B') = (B")! = B, so T is onto. Hence, T is an isomorphism.

30. The transformation is linear and if p(x) = az® + ba? + cx + d, then

T(p(x)) = az® + (3a + b)z? + (6a + 2b+ ¢)x + (6a + 2b+ ¢ + d).
Hence, the null space consists of only the zero polynomial so T is one-to-one. Since N(T) = {0} and
dim(N(T)) + dim(R(T)) = 4, then dim(R(T)) = 4 so that R(T) = P3 and hence, T is onto.

31. Since T(kB + C) = A(kB + C)A™! = kKABA™! + ACA™! = KT(B) + T(C), then T is linear. Since
T(B) = ABA~!' = 0 if and only if B = 0 and hence, T is one-to-one. If C is a matrix in M,x, and
B =A"'CA, then T(B) =T(A71CA) = A(A"*CA)A~! = C, so T is onto. Hence T is an isomorphism.

32. Define an isomorphism 7" : Mays — R?, by 33. Define an isomorphism 7 : R* — Ps, by

a a
T({a b]>— b T b = ax® + bx® 4 cx + d.
c d c c
d d
34. Define an isomorphism 7" : Msyxo — P3, by T' <[ Z db }) = ax® + bx? + cx +d.
x
35. Since the vector space is given by V = Y 2,y € R 3 define an isomorphism T : V — R? by
T+ 2y
v x
T Y = [ ] .
T+ 2y y

36. Define an isomorphism 7" : P» —,V by T(az? + bz +¢) = [ CCL _b ] :

a
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37. Let v be a nonzero vector in R3. Then a line L through the origin in the direction of the vector v
is given by all scalar multiples of the vector v. That is, L = {tv|t € R}. Now, let T : R?> — R3 be an
isomorphism. Since T is linear, then T'(tv) = tT(v). Also, by Theorem 8, T'(v) is nonzero. Hence, the set
L' = {tT(v)| t € R} is also a line in R? through the origin. A plane P is given by the span of two linearly
independent vectors u and v. That is, P = {su + tv| s,t € R}. Then T'(su+tv) = sT(u)+tT(v), and since T
is an isomorphism T'(u) and T'(v) are linearly independent and hence, P’ = T'(P) = {sT'(u) +tT(v)| s,t € R}
is a plane.

Exercise Set 4.4

If A is an m x n matrix, a mapping T : R” — R™ defined by the matrix product T(v) = Av is a linear
transformation. In Section 4.4, it is shown how every linear transformation 7" : V. — W can be described by
a matrix product. The matrix representation is given relative to bases for the vector spaces V and W and is
defined using coordinates relative to these bases. If B = {v1,...,vn} is a basis for V and B’ a basis for W,
two results are essential in solving the exercises:

e The matrix representation of T relative to B and B’ is defined by
[T15 =[[T(v)ls [T(v2)lp .. [T(va)lp ]

e Coordinates of T'(v) can be found using the formula

To outline the steps required in finding and using a matrix representation of a linear transformation define
x —x

T:R—R3by T Yy = | —y | and let
z z
1 0 0 1 1 2
B=dlol.|1].]o0 and B'=¢|1].lol,]1
0 0 1 1 1 0
two bases for R3.
e Apply T to each basis vector in B.
1 -1 0 0 0 0
T{|lofl=|0 |, T||1||=|-1]|.T{|O0||]=]|0
0 0 0 0 1 1

e Find the coordinates of each of the vectors found in the first step relative to B’. Since

11 2[-1 0 0 10 0] 1/2 -1 1/2
1010 -1 0|—|10 1|=-1/2 1 1/2 |,
1 10/0 0 1 11 0|-1/2 0 -1/2
-1 1/2 0 -1 0 1/2
0 =| -1/2 |,|| -1 =1 [,]]o0 =1 1/2
0 ||, ~1/2 0 1], 0 1], ~1/2

e The column vectors of the matrix representation relative to B and B’ are the coordinate vectors found
in the previous step.
1/2 -1 1/2
e = -1/2 1 1/2
-1/2 0 -1/2
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e The coordinates of any vector T'(v) can be found using the matrix product

1
e As an example, let v = | —2 |, then after applying the operator T' the coordinates relative to B’ is
—4
given by
1 /2 -1 1/2 1
T -2 =1 -1/2 1 1/2 -2
—4 B -1/2 0 -1/2 —4 B

Since B is the standard basis the coordinates of a vector are just the components, so

1 /2 -1 1/2 1 1/2
T|| -2 =| -1/2 1 1/2 -2 | =] —9/2
—4 . —-1/2 0 —1/2 —4 3/2

This vector is not T'(v), but the coordinates relative to the basis B’. Then

1 1 1 2 -1
—4 1 1 0 —7/2

Other useful formulas that involve combinations of linear transformations and the matrix representation
are:

o [SHTIE = [SIE+(TIF o *RTIE =K[TIF e [SoTIF = [SIFITIE e[T"]s = (T]s)" [T 's=(T]s)"

| Solutions to Exercises

1. a. Let B = {e1, ea} be the standard basis. To find the matrix representation for A relative to B, the column
vectors are the coordinates of T'(e1) and T'(ez) relative to B. Recall the coordinates of a vector relative to

the standard basis are just the components of the vector. Hence, [T)p = [ [T (e1]s [T(e2]s ] = [ _? _1 } .
9

b. The direct computation is T’ [ ? } = [ 1

=[]

] and using part (a), the result is

2. a. [T|p = [ _(1) (1) ] b. The direct computation is T[ _31 } = [ 515 } and using part (a), the result is
[ -1 -1 0[] -1 1]
T_3}_[01__3]_[3_'
3. a. Let B = {ej,ez,e3} be the standard basis. Then [T|p = [[T(ei1]p [T(ez2]p [T(e2]p] =
-1 1 2 1 3
0 3 1 . b. The direct computation is T'| —2 | = —3 |, and using part (a) the result is
1 0 -1 3 —2
1 -1 1 2 1 3
T -2 | = 0o 3 1 -2 =1 -3
3 1 0 -1 3 -2
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1 0 0 2 2
4. a. Tlp=]10 1 0 b. The direct computation is T | =5 | = | =5 |, and using part (a) the
0 0 -1 1 -1
2 1 0 0 2 2
resultis”T | =5 | =] 0 1 0 -5 | =] -5
1 0 0 -1 1 -1

5. a. The column vectors of the matrix representation relative to B and B’ are the coordinates relative to

B’ of the images of the vectors in B by T. That is, [T]3 = [ {T ([ _11 })] {T ([ (2) ])} ] . Since B’
B B’

. . . 1 2
is the standard basis, the coordinates are the components of the vectors T' ([ and T , SO

-1 0
my =75 o

b. The direct computation is T[ :; } = [ :g } and using part (a)
IR R I E A R
-3 2 1 1 1] 1 -3/2
6.a. T8 =| 2 1 2| b.| -1 |=T|-1 _[T]g’[—l =[TE | -3
2 0 2 2 1 1], 5/2 ]
7. a. The matrix representation is given by
mi = (L2 ), FRDL LD, FCEDL

We can find the coordinates of both vectors by considering
3 0 -2 2 1 o|]-2 2 ' -2 2
[_2 _2‘_3 2]—’{01 13 3]7SO[T]E—[133 % -

6
b. The direct computation is T’ [ :515 } = [ _i } . Using part (a) we can now find the coordinates of the

image of a vector using the formula [T'(v)]p/] = [T]5 [v]p. and then use these coordinates to fine T'(v. That
is,

Ry By A o P Rk B Y B B R Y )
T T T , s0T + .
[ [—3”8, 5| 3 5 5| 8 -3 3] -2 3] -2 —4
-1 1 1 -2 1
8. a. [T]g/ = -3 1 -1 b. The direct computation gives T | 1 = | 4 | . Using the matrix in
-3 1 2 3 4
[ —2 —2 1 1
part (a) gives [T | 1 =[mET| 1 =T | 1]=]| -3 |,sothat
3 1], 3 11, 1 4
) 0 1 -1 1
T 1 =10 |-3 0 -4 -1 | =14
3 1 —1 0 4
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1 1 1
9. a. Since B’ is the standard basis for Py, then [T]8" = | 0 —1 —2 | . b. The direct computation is
0 O 1
T(2* — 3z + 3) = 2? — 3z + 3. To find the coordinates of the image, we have from part (a) that
’ ’ 3
[T(2% — 32 +3)] ,, = [T)E [+? — 32 + 3]p = [T]5 L=| [ T(2? — 32 +3) = 3 — 3z + a2,
1
1 -1 -2
10. a. T)B' =] -1 0 1 b. The direct computation gives T'(1 —z) = £ (1 —z) + (1 — 2) = —z.
-3 1 3
1 0
Using the matrix in part (a) gives [T(1 —z)|p = [T)1B[1—2|lp=[T]18 | =1 | =] 0 |,so
1 -1
Tl—2)=0(-1+2)+0(-1+z+2%) —2=—2z.
11. First notice that if A = [ a b } , then T'(A) = [ 0 —2b } .
c - 2c 0
0 00 2 1 [0 -2
a. [Tlp=1| 0 —2 0 | b. The direct computation is T’ = . Using part (a)
0 o s 3 -2 6 0

[ ——
N
Y
—
W N

|
[N
[ E—
N———
[
oS!

Il
H
s}

W = N

I

|

CTJMO

SO
2 1 1 0 0 1 0 0 0 -2
AR E e ) R T
3000
. . a b - 3a b+ 2c 01 2 0
12 FlrstnotlcethatT<{c d]) [2b+c 3d] T]p = 02 1 0
0 0 0 3
. . . 1 3 3 1 . o .
b. The direct computation gives T 1 9 = 5 6 . Using the matrix in part (a) gives
1 3
1 3 1 3 3 1 1 3 31
L] mme S ] mme] 2|l e ([ 2])= 13 6]
2 6
1 2 1 22 / 5 =2
13.a.[T]B:[1 _1]b.[T]B,—%[H _1} [T]g—g{l 5}
5 2 / -2 5 , 22 1
d [T]]g’:%[_l 5}9 [T]g:%{ 5 1}f‘[T]g’:%[_1 11}
-1 —4 1 -3 -4 -1 -3 1
M4.a TE =1 3 |b. T8 =310 2 |[c.[TE8 =] 3 1 |d T8 =53] 2 0
1 2 1 1 2 1 1 1
1 2
e 15" =1 1 3
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0 0 0 O 0 1 01 0
5. a T8 =1 0 [b. [T =] 0 1]|c TS =] 0 0]d [9E = { 00 9 ]
0 1/2 1/2 0 1/2 0
"1 0 0 0 O
e. [SIB[T)E = 0 1 JTB[S)EB, = | 0 1 0 | f. The function S o T is the identity map, that is,
L 0 0 1
(SoT)(axr+b) = ax + b so S reverses the action of 7.
2 0 o0 2 2 0 -2 -2
/ 0o -2 2 =2 0o 0 -2 2
B _1 B _
16. a. [T =3 3 -1 1 9 b. T3 = 10 -1 -1
-3 1 -1 0 0 0 2 2
4 0 0 O 2 0 0 2 1 0 -1 -1
/ -2 0 -6 2 / 0 2 2 0 o1 1 -1
B _ 1 B _1 B _
M= 19 3 ¢|dWe=3] 43 1 3 1 |Ue=)¢1 1 1
-3 0 5 1 -1 -1 1 1 1 0 1 1
17. [T = { (1) _(1) ] . The transformation 7 18. The transformation rotates a vector by 6 ra-
. dians in the counterclockwise direction.
reflects a vector across the z-axis.
19. [T]p = eI 20. Since T(A) = A~ A" = | b‘ﬂ,
0 0 0 0°
0 1 -10
then [T]p = 0 -1 1 0
0 0 0 0|
B’ (10
21. [T)8 =[100 1] 22. a. [-3S]p = -3[Slp = -3| | |
- 6 - -
b. 3
5 2 3 1
23. a. 2T+ S| =2[T)s + [S]B5 = 17 24. a. [T oS =[T]g[S]s = 9 3
—4 -3 ]
ar) - 7]
9 1 2 =2 =2
25 a [S 9] T]B = [S]B[T]B = b. 26. a. [QT]B = 2[T]B = 0 4 4
1 4
1 -2 2 2
N -10
[ 10 } b 16
10
3 3 1 2 0 -2
27.a. [-3T+2S5=| 2 —6 —6 28. a. [ToS|p=[Ts[Slz=| 2 0 2
3 -3 -1 -2 0 2
3 -8
b. | —26 b. 4
-9 8
4 -4 —4 4 0
29. a. [SoT|p = 1 -1 =-1{ b. 30. [T]p = [0 _6],[Tk]3 = ([TMB)F =
-1 1 1 4 .
- { 0 (~6)" }



106 Chapter 4 Linear Transformations

00 0 6 0 —12
0 0 0 0 24 —48
31. Since [T]Jp=|0 0 0 0 0 | and [T(p(x)]s = 0 , then T'(p(z)) = p"'(z) = —12 — 48x.
0000 O 0
0000 O 0
1 0
32. Since B is the standard basis, then [T'(1)]g =[l]g= | 0 |,[T(z)lg =[22z]p = | 2 |, and [T'(2?)|p =
0 0
0 1 0 0
Bz2lp=1]0|,s0oT]g=|0 2 0
3 0 0 3
) (1) 8 8 ) 01 00 ) ) 1 0 0
33. 85 =14 1 g|P5E=]0020] [DFSF=|020|=[Ts
00 1 00 0 3 0 0 3

1

34. The linear operator that reflects a vector through the line perpendicular to 1

} , that is reflects across

—X

me=[[ S 1015 )

0 —c b 0

theliney_—:zr,isgivenbyT{Z}—{_y],so

a b . . . | =b oa=d 0 b
35. If A= { ¢ d ] , then the matrix representation for T is [T]s = . 0 dea —c
0 c —b 0
36. Since T'(v) = v is the identity map, then
) 01 0
(115 = [[T(vi)lp [T(v2)l [T(vs)le] = [ Vil [valp [vs]p]=| 1 0 0
0 0 1
a b
If [vl]g = | b |, then [v]gr = | a |. The matrix [T]5 can be obtained from the identity matrix by
c c
interchanging the first and second columns.
37.
(1 1 0 0 0
01 10 0
0 0 1 1 0
[Tl =[[T(v)]s [T(v2)lp-- [T(va)]p = [[Vals [Vit+Vvals... [Va-1+Vals] = :
00 0 0 O 1
00 00 O 1
L0000 0

Exercise Set 4.5

If T:V — V is a linear operator the matrix representation of T relative to a basis B, denoted [T]p

o o

[
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depends on the basis. However, the action of the operator does not change, so does not depend on the matrix

representation. Suppose By = {vy

y.--,vn} and Ba{v),..., v} are two bases for V and the coordinates of

a1 di
Co d2

T(v) are [T(v)]p, = and [T'(v)|p, = .| - Then
Cn dn

/

T(V) =c1v1 +cavy + -+ cyvn = divy + dovy + -+ d, V.
The matrix representations are related by the formula

[T]Bz = [I]gzl [T]Bl [I]EIQ

Recall that transition matrices are invertible with [I]52 = ([1]55)~". Two n x n matrices A and B are called

similar provided there exists an invertible matrix P such that B = P~'AP.

] Solutions to Exercises

_41 } relative to the two bases are

I[4]-15

Then using the coordinates relative to the respective bases the vector T'(v) is

el =[5 =2l

so the action of the operator is the same regardless of the particular basis used.

1. The coordinates of the image of the vector v = [

1 2

s and [T(v)], = [T]5, V5,

[T(V)]B, =T)B[V]E = [

Il
[ —
|
=N
N =
[ E—
[ —

2. The coordinates of the image of the vector v = [ ] relative to the two bases are

I[2]-13

Then using the coordinates relative to the respective bases the vector T'(v) is

2

0 1

Tl = Tlalo = | 5 ) | and ()], = TV, =

1 1 2 1 0
ola]-o[a]-[3]=2[s ][]
so the action of the operator is the same regardless of the particular basis used.
3. a. Since Bj is the standard basis, T'(eq) = i ] , and T'(e2) = i ] , then [T5, = 1 i . Relative

to the basis By, T ( [

) =15 =20 o] 3] ar ([

b. The coordinates of the image of the vector v = { ] relative to the two bases are

-1 AR

Then using the coordinates relative to the respective bases the vector T'(v) is

= ]=le]+ V]

=10

-3 2]
-2

2 0
0 0

1/2

11'[3 2,

[T]5,[V]B, = [ 11| 22 } and [T, [v]g, = [

1_}%(0)[‘11
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so the action of the operator is the same regardless of the particular basis used.
-1 0

4. a. Since Bj is the standard basis, then [T]p, = [ 0 1

[—5/3 4/3
—4/3 5/3

o = 81 5]- [ ] i 55 28] 23] 3]

Then using the coordinates relative to the respective bases the vector T'(v) is

][220

so the action of the operator is the same regardless of the particular basis used.

}. Relative to the basis By, we have [T]p, =

] . b. The coordinates of the image of the vector v = [ _22 ] relative to the two bases are

10 0 1 -1 0
5.a.Tlp, =0 0 0 |,[Tls,=[0 0 0
0 0 1 0 11
1 00 1 1 1 -1 0 3 1
b. Tl [vle, =] 0 0 0 2 = 0 {,Ts[VlB, =10 0 0 2 = 0 | . Since
0 0 1 -1 -1 0 1 1 —4 -2
1 -1 0 1
B is the standard basisand 1 | 0 | +(0) | 1 [+ (=2)| 0 | = | 0 |, the action of the operator is
1 0 1 -1
the same regardless of the particular basis used.
1 1 0 -2 1 2
6.a.Tlp,=|1 -1 1 |,[T]p,= 3 —2 —4 | b. Since Bj is the standard basis,
0 1 -1 -2 1 3
1 1 0 2 1
Tv)=Tp[Vle,=]1 -1 1 —1 1 = 2 | . Relative to the basis Bg, we have
0 1 -1 -1 0
-2 1 2 -1 2 -1 0 1
[T(v]g, = [T)B,[V]E, = 3 -2 —4 -2 | = -3 ].Since 2| 1 -31014+310 | =
-2 1 3 1 3 0 1 1
1
2 |, the action of the operator is the same regardless of the particular basis used.
0

7. Since By is the standard basis, then the transition matrix relative to Bs and By is

_ tmBi 3 -1 _ 3 -1
P—[I]B2—lH 1 ”B H 1 ”B 1—[_1 1 . By Theorem 15,
1 1
_ 111 1 1 1 3 -1 9/2 —1/2
p— 1 _— =
Tle, = P [T]Blp_z{l 3“3 2“-1 1} {23/2 —3/2]'
8. Since Bj is the standard basis, then the transition matrix relative to Bs and By is

([ 2], [, ][ 8w

o3 2 (9 2] 8] -[ 0 1)
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1/3 1
1/3 -1

mo=romar=[ 32 ][0 ][ )-8 )

10. The transition matrix is P = [I]g; = [ =32 —1/2 ] . By Theorem 15

9. The transition matrix is P = [I]}}} = { } . By Theorem 15

2 12
-3 22 22030 ][ )
1. smcepz[f]g;:[?, Hand [T]Blz{g g],byTheorem 15,
o= 2 2112 01[2 3] 2]
12.simee P= 3= [ 23 ana s = 1 7] by Theorem 13
N Y | [EE
18 sinee =% = [ 7y 7} | ond 1l = ] ] by Theorem 1
G Ty e B | [ e T P
. sinee P (15 = [ 272 | and s, = [ ) 1] by Theoren 13
G N P R R

01 0
15. Since T(1) = 0,T(x) = 1, and T(2?) = 2x, then [T]p, = [ 0 0 2 ] and
0 0 0

0 2 0 1 0 —
[Tlg, =10 0 1 |.NowifP= [I]g; =10 2 0 |,then by Theorem 15, [T]|p, = P~ [T]p, P.
0 0 O 0 0 1
0 0 2
16. Since T(1) = 0,T(x) = 2, T(2?) =222 + 2, and T(1 + 2?) =2(2> + 1), then [T]g, = | 0 1 0 | and
0 0 2
0 0 0 1 0 1
[T, = 8 (1) g Now if P = [1]51 = 8 (1) ? , then by Theorem 15, [T]p, = P~ [Tz, P.

17. Since A and B are similar, there is an invertible matrix P such that B = P~'AP. Also since B and
C are similar, there is an invertible matrix @ such that C = Q 'BQ. Therefore, C = Q 'P7'APQ =
(PQ)"LA(PQ), so that A and C are also similar.
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18. If A is similar to B, then there is an invertible matrix P such that B = P~ AP. Then

det(B) = det(P~"AP) = det(P~') det(B) det(P) = det(B).

19. For any square matrices A and B, the trace function satisfies the property tr(AB) = tr(BA). Now, since
A and B are similar matrices there exists an invertible matrix P such that B = P~1AP. Hence

tr(B) = tr(P"'AP) = tr(APP™!) = tr(A).

20. If A is similar to B, then there is an invertible matrix P such that B = P~'AP. Then
Bt — (PflAP)t — PtAt(Pfl)t — PtAt(Pt)fl

and hence, A* and B! are similar.

21. Since A and B are similar matrices there exists an invertible matrix P such that B = P~ AP. Hence
B" = (P 'AP)" = P7'A"P.

Thus, A™ and B™ are similar.

22. If A is similar to B, then there is an invertible matrix P such that B = P~ AP. Then

det(B — M) = det(P*AP — \XI) = det(P™' (AP — AP)) = det(P~'(A — AI)P) = det(A — ).

Exercise Set 4.6

1. a. Since the triangle is reflected across the z-axis, the matrix representation relative to the standard basis

for T is [ (1) _(1) ] . b. Since the triangle is reflected across the y-axis, the matrix representation relative
0

to the standard basis is [ B 0 1 } . ¢. Since the triangle is vertically stretched by a factor of 3, the matrix

representation relative to the standard basis is [ (1) 0 ] .

2. a. Since the square is reflected through the origin, the matrix representation relative to the standard basis

for T is [ -1 0

0 —1 ] . b. Since the square is sheared horizontally by a factor of 2, the matrix representation

relative to the standard basis for T is { 1

0 1 ] . ¢. Since the square is sheared vertically by a factor of 3, the

matrix representation relative to the standard basis for T is [ zl)) (1) } .

3. a. The matrix representation relative to the standard basis S is the product of the matrix representations
for the three separate operators. That is,

3 0] |3 0

0o 1| |0 =1/2|°

)
195)

|
| — |
O =
|

= O
| I
| — |
O =
NN}
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b. c. The matrix that will reverse the action of the oper-
Y ator T is the inverse of [T]g. That is,
10 _ 1/3 0
[T]Slz { /0 —9 }
NI /) W
-10 T~ 10

4. a. The matrix representation relative to the standard basis .S is the product of the matrix representations
for the three separate operators. That is,

ms=o T 70 V)] 0 1)

c. The matrix that will reverse the action of the oper-
ator T is the inverse of [T]g. That is,

st =1 3

5. c.
[T] _ _\/5/2 \/5/2 [T]—l_ _\/5/2 _\/5/2
ST —v2/2 —v2)2 Sl V22 —v2)2
e 0 ~11[0 1 ; [T]?:{_l O]
- 0 1
oe=[3 3][¢ 3] i
1 0 g The }tlransf}cl)rrkrllatlon .1s a re-
= { 0 1 } ection through the y-axis.
V3/2 —1/2 0 101 V3/2 —1/2 /3/2-1/2
7.a. [Tls=1| 1/2 3/2 0 01 1 |=1| 1/2 +3/2 V3/2+1/2
0 0 1 0 0 1 0 0 1
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|
|

] b. Since the operator T is given by

| — |
| — -
— o O
T | N O —r—
o — SIS
[\ O r—
Lo ™ —— 52 I
1ﬁ D I — — &0 —r—
—_
_|__|_n.m AN AN O
[ N e =< S_|_h10
=~ o — el e N
< | ©© —— B im0 =0
=i
I | = — - W o— o
hm _|_hd_|:|_
- 0
— ®m
<
[a\EaN]
_|_x
I I
=N
<)
222222 g
—
—_
5]
— O
=
— =,
| 0
o
=
— M
_|_d
- [«5)
et
— Q
5]
OOOMC
—— 1
n
: =1
_|_LC
o0
o O a
. LS
ot
— B8
—
— =
I g
o0
o
— =3
_|_e
. =
o H

10. a.
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b. The figure shows the parallelogram determined by
the original points. The linear transformation that re-
flects a vector across the horizontal axis is defined by

() R e e E
HEE e

B
0 0 1 1
e M|yl = | ’[T]B[o] - [0 ’ .
1 3 0 2
The reflection is shown in the figure. i

b

=v

d. The transformation relative to the standard basis is given by a horizontal shear by a factor of one followed
by a reflection across the x-axis. Hence the transformation is given by the matrix

o Lo 1)=lo 2l

Review Exercises Chapter 4

1. a. The vectors are not scalar multiples, so S is a basis

b. Since S is a basis, for any vector [ ; ] there are scalars ¢; and ¢y such that

c1+3ca ==z . .
! 2 has the unique solution ¢; =

Yy C1 —C2 =Y

%:C + %y and co = %:C — %y. Then

[ T } = [ 1 } + c2 [ _31 ] . The resulting linear system {

x
T B 1 3 |ty
(W) =er () rer([5])-]25
2y
c. N(T)={0} d. Since N(T) = {0}, T is one-to-one.
x 1 0 1
. . T+y 1 1 1
e. Since the range consists of all vectors of the form -y | = Ty +y 1 and the vectors 1
2y 2 2 2
0 1 0
1 . . . . 1 1
and _q | are linearly independent, then a basis for the range is R
2 2 2
a
f. Since dim(R(T)) = 2 and dim(R*) = 4, then T is not onto. Also lc) isin R(T') if and only if c+b—2a = 0.
d
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1 -1 1 0 -1 2
0 1 0 1 c_ | 5 —4
g. 1 ) 0 ’ 0 ’ 0 h. [T]B - 7 -5
1 1 0 0 -2 4
i. The matrix found in part (h) can now be used to find the coordinates of Av relative to the basis C. That is
-1 2 -1 2 [ r—y
al® . 5 —4 x . 5 —4 %x—l—%y | x4+ 3y
ylle | 7T -5 yllg | 7T -5 tr—zy | | —r+4dy
-2 4 -2 4 | 22— 2y
Then
1 -1 1 [0 x
x| 0 1 0 Ty | z+y
A[y]_(:zz—y) 1 + (—z + 3y) 0 + (—z +4y) 0 + (22 — 2y) 0= | zoy |
1 1 0 | O 2y

which agrees with the definition for T' found in part (b).
2. a. The composition HoT'(p(z)) = H(T'(p(x)) = H(xp(z) +p(x)) = p(x) +ap'(x) +p'(2) + p(0) and hence,
So(HoT)(p(x)) = S(p(x) + zp' () + p'(x) + p(0)). Since

4 (p(z) +ap'(x) + p' () +p(0)) = p'(x) + p' () + 2p” (x) + " (x) = 2p'(x) + xp” () +p"(2),

dx
then So (H oT)(p(x)) = 2p'(0) + p”(0). b. Let B and B’ be the standard bases for P3 and Py, respectively.
Then
01 0 0 1 0 0 O 1 1.0 0 0
0 0 0O 110 0 0 0 2 00
S1E=10 00 0|, 78=]0110],HE=]|00030
0 0 0 0 0 0 1 1 0 0 0 0 4
0 0 0 O 0 0 0 1 00 0 0 O

c. Since T(p(x)) = T'(a + bx + cx? + d2®) = 0 if and only if a + (a + b)z + (b + ¢)x + (c + d)a® + daz* = 0,
then a polynomial is in the null space of T if and only if it is the zero polynomial. Therefore, the mapping T’
is one-to-one. d. R(T) ==span{T(1),T(z),T(z%),T(2®)} = span{z + 1,2% + z,23 + 2% 2% + 23}.

3. a. A reflection through the z-axis is given by the operator S ;j = | " | and a reflection through the

y-axis by T' [ ; ] = [ —yx } . The operator S is a linear operator since

s(Glele)-s(Gral)-[6xn - (B[ 2 =G D= (7))

Similarly, T is also a linear operator.

b. [S]s = [(1) _H and[T]B—[_(l) H . Since [ToS]B_{

operators S oT and T o S reflect a vector through the origin.

4. a. Let B = [ _1 i) ] . Since B(A + kC) = BA 4 kBC for all matrices A and C' and scalars k,

-1 0

0 —1 } = [S o T)p, the linear

then the mapping T is a linear transformation. Let A = [ CCL Z ] . Since T(A) = [ b3 } [ CCL Z } =

-1 1
[a+3c b+ 3d 0

—a+ec —b+d } ; then T(4) = [ 0 0

} if and only if a = b = ¢ = d = 0 and hence T is one-to-one.

Since the matrix _1 i1’> ] is invertible, the mapping T is also onto.
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b. As in part (a), the mapping T is a linear transformation. Since the matrix 1 8 is not invertible,

the mapping T is neither one-to-one nor onto. In particular, N(T') = { { Z b ] a=b= O} and R(T) =

d
a b
o)
one-to-one and onto and hence R(T) and R? are isomorphic.

5. a. Since T'(v1) = vz = (0)vy + (1)ve and T'(ve) = v1 = (1)v1 + (0)ve, then [T]p = [

a

a,be R}. The linear transformation S : R(T) — R? defined by S ([ Z z }) = [ b } , is

b. Simply switch the column vectors of the matrix found in part (a). That is,

T8 = [[T(v1)l [T(v2)]p] = [ [v2]p [v1]p'] = [ (1) (1) }

[

6.a.[T]B=[(1) _H’[S]B:H _(1)] b.T{_f]:{:;],S[g]:{f?,}
o= 5 1[5 ][4 ] e 2]-[3]

NI = (0N = (0} 7| =8 eamy—0s]

a. The normal vector for the plane is the cross product of the linearly independent vectors

e

@
8
| IR N
&

- 1 0 0
0| and | 1 |, that is, n = —1 | . Then using the formula given for the reflection of a vec-
0 1 1
tor across a plane with normal n and the fact that B is the standard basis, we have that Tl =
[ 1 0 0 100
T 0 T 1 T 0 =(0 0 1
L 0 0 1 0 1 0
-1 -1 1 00 -1 -1 0
b. T| 2 = |T| 2 =10 0 1 2 = 1 c. N(T)= 0 d. R(T) =R?
1 1 B 0 1 0 1 2 0
10 01" ) é , . if n is even
e [T"s = 8 ? (1) - 0 0 1|, ifnisodd
0 1 0
+

8. a. Since T'(p(x) + cq(z)) = fol (p(x) + cq(z))dx = fol p(z)dx + cfol q(z)dx = T(p(x)) + ¢T'(q(x)), then T is

a linear transformation. b.

1 2
0

c. Since fol(axQ—l-b:z:—l-c)d:c =%+L24c then N(T) = {aa? +bx+c| $+2+c=0}. d. Sincec=-%-2,

then N(T) consists of all polynomials of the form az? + bx + (—% — g) so a basis for the null space is

{22 - L,z —1}. e Ifr€R, then fol rdz = r and hence T is onto.  f. [T)5 = [13+] g Since
2

[T(—2? —3z+2)|p =143 ]|[-2*—3z+2p=[141]| -3 | =1 and B is the standard basis, then
-1

T(—2%-3z+2) = 1. h. Tofind T(xe”) used the product rule for differentiation to obtain T'(ze®) = e +ze®.

6
Since S(xe®) = fow tetdt, the integration requires integration by parts. This gives S(ze®) = ze® —e® — 1. Then

(SoT)(f)=S(f'(x)) = [y f'(t)dt = f(z) and (T o S)(f) = T(S(f)) = & [y F(t)dt = f(x).
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9. Since T2 —T+1=0,T —T? = I. Then

(To(I-T)V)=T((I-T)(v)) =T(v-T)=T(v) - T*(v) = I(v) = v.

10. a. The point-slope equation of the line that passes through the points given by u = [ Zl ] and v = [ Zl ]
2 2

. tul + (1 — t)l)l
- t’UQ + (1 — t)l)g

is y = 22242 (2 — uy) + uz. Now consider tu+ (1 —t)v

p— ] and show the components satisfy
1~ U1

the point-slope equation. That is,

U2 — U2 U2 — U2

t 1—%)v — =
v1—u1(u1+( Jor— )+ vl — Up

= (1)2 —Ug)(l —t) + uo = (1 —t)vg —Ug(l —t) —+ U9
= tUQ + (1 — t)vg.

(t(ur —v1) + ((v1 — u1)) + uz

b. Since T(tu+ (1 — t)v) = tT(u) + (1 — t)T(v), then the image of a line segment is another line segment.

c. Let wy and wg be two vectors in T'(S). Since T is one-to-one and onto there are unique vectors vy and va
in S such that T'(v1) = wy and T'(v2) = wa. Since S is a convex set for 0 < ¢ < 1, we have tvy 4 (1 —¢)va isin
S and hence, T'(tv1+(1—t)va) isin S. But T(tv1+ (1 —t)ve) = tT(v1)+ (1 —t)T(ve) = tw1+ (1 —1t)wq, which
is in T'(S) and hence, T'(S) is a convex set.  d. Since T is one-to-one and onto the linear transformation is

an isomorphism. To find the image of S, let [ z } be a vector in S and let T' [ z ] = [ Z ] , so that u = 2z,

and v = 5. Then (g)z +v? = 22 + y? = 1. Therefore, T(S) = :j UIQ +v% =1, which is an ellipse in
RZ.
Chapter Test Chapter 4
1. F. 2. F. Since 3. T
T(u+v)#T () +T(v) T(x+y)=2x+2y—1
since the second component of but

the sum will contain a plus 4.
T(x)+T(y) =2+ 2y — 2.

4. T 5 T 6. F. Since

7. F. Since 8. F. If T is one-to-one, then the 9. T

o1 set is linearly independent.
v {[1]] e

10. F. For example, T(1) =0 = 11. T 12. F. Since, for every k,
T(2). 1\ [0

r([k])-15)
13. T 14. T 15. T

16. T 17. T 18. T
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19. T

22. F. Since

dim(N(T)) + dim(R(T)) =
dim(R*) = 4, then
dim(R(t)) = 2.

25. T

28. T

31. F. False, let T : R? — R?
by T(v) = v. If B is the stan-
dard basis and B’ = {ez,e2},

then[T]BZH (1)]

34. F. Any idempotent matrix is
in the null space.

37. T

40. T.

20. T

23. T

26. F. If T is a linear transfor-
mation, then 7°(0) = 0.

29. F. Define T : R™ — R such
that T'(e;) = ¢ for i = 1,...,n
so that {T'(e1),...,T(en)} =
{1,2,...,n}. This set is not a ba-
sis for R, but T is onto.

32. F. Since N(T) consists of
only the zero vector, the null
space has dimension 0.

35. F. Since T'(p(x)) has degree
at most 2.

38. T

21. F. The transformation is a
constant mapping.

24. F. Since
2 -1 1
T)s = 1 0o 0|,
-1 1 0
then
0 1 0
(=0 1 1
1 -1 -1

27. F. It projects each vector
onto the zz-plane.

30. T
33. T
36. T.
10
39. F.Let A= ]0 1], so0
0 0
- x
T(V)zA[ ] = | y | isone-
Y 0
to-one.
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5 Eigenvalues and Eigenvectors

Exercise Set 5.1

An eigenvalue of the n x n matrix A is a number \ such that there is a nonzero vector v with Av = Av.
So if X\ and v are an eigenvalue—eigenvector pair, then the action on v is a scaling of the vector. Notice that
if v is an eigenvalue corresponding to the eigenvalue A, then

A(ev) = cAv = ¢(Av) = A(ev),

so A will have infinitely many eigenvectors corresponding to the eigenvalue \. Also recall that an eigenvalue
can be 0 (or a complex number), but eigenvectors are only nonzero vectors. An eigenspace is the set of all
eigenvectors corresponding to an eigenvalue A along with the zero vector, and is denoted by V) = {v € R™ |
Av = \v}. Adding the zero vector makes V) a subspace. The eigenspace can also be viewed as the null space
of A — AI. To determine the eigenvalues of a matrix A we have:

A is an eigenvalue of A < det(A — AI) =0.

The last equation is the characteristic equation for A. As an immediate consequence, if A is a triangular
matrix, then the eigenvalues are the entries on the diagonal. To then find the corresponding eigenvectors,
for each eigenvalue A, the equation Av = Av is solved for v. An outline of the typical computations for the
-1 1 =2
matrix A = 1 -1 2 are:
1 0 1

e To find the eigenvalues solve the equation det(A — A\I) = 0. Expanding across row three, we have that

—1-A 1 -2
1 1A 2 _‘ IR ‘4—(1—)\)‘ T e e
1 0 1—-A
Then det(A — A\I) = 0 if and only if
=A% =A% = —)\%(1 4+ \) =0, so the eigenvalues are \; = 0, Ay = 0.
e To find the eigenvectors corresponding to A; = 0 solve Av = 0. Since
-1 1 =2 -1 1 =2
1 -1 2 reduces to o 1 -1,
Pt ¢
1 0 1 0 0 0
—t
the eigenvectors are of the form t |, for any ¢t # 0. Similarly, the eigenvectors of Ao = —1 have the
t
—2t
from 2t | ,t#0
t
-1 -2
e The eigenspaces are Vo =< t | 1 teR3yand Vo =<t | 2 teR3
1 1

e Notice that there are only two linearly independent eigenvectors of A, the algebraic multiplicity of Ay = 0
is 2, the algebraic multiplicity of A = —1 is 1, and the geometric multiplicities are both 1. For a 3 x 3
matrix other possibilities are:
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¢ The matrix can have three distinct real eigenvalues and three linearly independent eigenvectors.

¢ The matrix can have two distinct real eigenvalues such that one has algebraic multiplicity 2 and the
other algebraic multiplicity 1. But the matrix can still have three linearly independent eigenvectors,
two from the eigenvalue of multiplicity 2 and one form the other.

| Solutions to Exercises

1. Since the matrix equation [ i) g } { (1) } = A { (1) } is satisfied if and only if A = 3, the eigenvalue

. . 0.
corresponding to the eigenvector 1| A=3.

2. Since the matrix equation [ -1 ! } [ -1 } =\ [ -1 } is satisfied if and only if A = —2, the eigenvalue

0 -2 1 1
corresponding to the eigenvector _1 } is A= —2.
3. The corresponding eigenvalue is A = 0. 4. The corresponding eigenvalue is A = —2.
5. The corresponding eigenvalue is A = 1. 6. The corresponding eigenvalue is A = —1.

7. a. The characteristic equation is det(A — AI) = 0, that is,

—2-A 2

det(A—/\I)—‘ 3 _3_y

‘_(—2—/\)(—3—)\)—6_)\2+5/\_0.

b. Since the eigenvalues are the solutions to the characteristic equation A2 + 5\ = A(X + 5) = 0, the
eigenvalues are A\; = 0 and Ay = —5. c¢. The corresponding eigenvectors are found by solving, respectively,

[ -2 2 ]v = 0 and { -2 2 }v = —5v. Hence the eigenvectors are vi = { 1 } and vy = [ -2 } ,

3 =3 3 -3 3
respectively.
d.
-2 2 1 0 1 -2 2 -2 10 -2
Avl_{ 3 —3“1}_[0]_0[1]’3““2_{ 3 —3“ 3 }_[—15]_(_5)[ 3 ]
[ 1 1 [ —2 -1 1
8 a. M2 4+4\+3=0h. M =-1,=-3c. v = _1],V2= |:1:|d. __1 _2:||:_1:| =

LA LE 2o ]h]
9. a. (A—1)2—0b.A1_1c.vl—{Hd- H _?](1)]_“}_(”[(1)

10. a. 2430 4+2=0b. \y = —-1,A = —2c. v; = -2 ,V2=|:_1 d. 0 2“-2}:

ERIEEIEEE
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11. a. The characteristic equation det(A — AI) =0, is
—-1-A 0 1
0 1-A 0 =0.
0 2 —-1-A

Expanding down column one, we have that

—1-=A 0 1 -1 0
0= 0 1—A 0 =(=1-X) 9 _1_) = (1+ 1)1 - ).
0 2 —1-A
1 1]
b./\lz—l,)\gzlc.vlz 0 , Vo = 2
0 2
d.
-1 0 1 1 -1 [ 1 -1 0 1 1 1 1
0 1 0 0| = 0 =(-1)1] 0 and 0 1 2 |=]12|=1)] 2
0 2 -1 0 0 | O 0 2 -1 2 2 2
1 —2 2
12. a. A(A—Fl)()\—l):Ob. )\120,)\2:—1,A3:1C. V] = 0 , Vo = 1 , V3 = 1
0 0 2
1 -3
13. a. (A—2)(A—1)2:Ob A1:2,/\2:1C. V1 = 0 , Vo = 1
0 1
2 1 2 1 2 1 2 1 2 -3 -3 -3
d 0 2 -1 0i=101=(21]0 and 0 2 -1 1 = 1 = (1) 1
0 1 0 0 0 0 | 0 1 0 1 1 1
0 (1
14.a. A=13=0b. A=1lc.vi=| -1 |,va=1| 0
1 | O
15. a. A+ 1A =2)(A4+2)(A—=4)=0b. My =—-1, =2, A3=-2, Ny, =4
1 0 0 [0
0 1 0 0 . . N
c.vi=| V2= Vs= | [va= | d. For the eigenvalue A = —1, the verification is
0 0 0 1
-1 0 0 0 1 -1 1
0 2 0 0 0 0 0 -
00 -2 0 0l = 0 =(-1) 0 . The other cases are similar.
0 0 0 4 0 0 0 |
-1
16. a ()\-‘1-1)()\—1)(/\—2)(/\—3) =0b. A\ = -1, o = 1,03 =2\ =3c. v = (1) R
—2
-1 -7 1
B 1 B 2 10
Vo = 0 , V3 = 1 , Vg4 = 0
0 0 0
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17. Let A = { i i ] and assume the characteristic equation is given by A? + b\ + c. The characteristic

equation det(A — AI) = 0, is given by (z — \)(w — \) — zy = 0 and simplifies to A2 — (z +w)\ + (zw — yz) = 0.
Hence, b = —(z + w) = —tr(A) and ¢ = zw — yz = det(A).

18. Since A is invertible, then A\ # 0. (See Exercises 19.) Now since Av = \v, then A~'Av = A71(\v) =
AA~'v and hence A™'v = Jv.

19. Suppose A is not invertible. Then the homogeneous equation Ax = 0 has a nontrivial solution xq. Since
Axg = 0 = 0xg, then x¢ is an eigenvector of A corresponding to the eigenvalue A = 0. Conversely, suppose
that A = 0 is an eigenvalue of A. Then there exists a nonzero vector x¢ such that Axg = 0, so A is not
invertible.

20. If A is an eigenvalue for T' with geometric multiplicity n, then corresponding to A are n linearly independent
eigenvectors vy, ..., vy, and hence are a basis for V. If v is a vector in V there are scalars ¢y, . .., , ¢, such that
vV =c1Vvy + -+ ¢, vp. If v is also a nonzero vector, then

T(v)=T(c1vi+ - +cyvn) =ca1T(vi)+ -+ T (Vi) = c1dve + -+ cpAvy = Av

and hence, v is an eigenvector.

21. Let A be an idempotent matrix, that is, A satisfies A2 = A. Also, let A be an eigenvalue of A with
corresponding eigenvector v, so that Av = Av. We also have that Av = A%v = A(Av) = A(Av) = MAv = \?v.
The two equations Av = Av and Av = A\2v give \2v = \v, so that (A2 —\)v = 0. But v is an eigenvector,
so that v # 0. Hence, A(A — 1) = 0, so that the only eigenvalues are either A =0 or A = 1.

22. Since (A — M)t = A" — M, then det(A" — ) = det(A — A\I)! = det(A — A\I) so A" and A have the
same characteristic equations and hence, the same eigenvalues. For the second part of the question, let

A= { Ll ] and B = [ Lo } . Then the characteristic equation for both A and B is —A(1 — A) = 0. But

0 0 1 0
1 . 1 0
0 ] and the eigenvectors of B are [ 1 } , { 1 ] .

23. Let A be such that A™ = 0 for some n and let A be an eigenvalue of A with corresponding eigenvector v,
so that Av = A\v. Then A%v = MAv = \2v. Continuing in this way we see that A"v = A\"v. Since A" =
then A"v = 0. Since v # 0, then A" = 0 and hence, A = 0.

2. a. T(e) = [1 ?HOW—[SHH_?] {83] 2

S P I F [ I

25. Since A is invertible, the inverse A~! exists. Notice that for a matrix C, we can use the multiplicative
property of the determinant to show that

the eigenvectors of A are { _11 } , [

det(A"'CA) = det(A™ ') det(C) det(A) = det(A™ 1) det(A) det(C) = det(A 1 A) det(C) = det(I) det(C) = det(C).

Then det(AB—\I) = det(A~Y(AB—\I)A) = det(BA—\I), so that AB and BA have the same characteristic
equation and hence, the same eigenvalues.

26. First notice that tr(AB — BA) = 0 and the trace of a matrix is the sum of the eigenvalues. Since the
only eigenvalue of the identity matrix I is A = 1, then AB — BA cannot equal [.

27. Since the matrix is triangular, then the characteristic equation is given by
det(A — X)) = (A —ai1)(A—az) (A —an,) =0,

so that the eigenvalues are the diagonal entries.
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28. Suppose A is an eigenvalue of A, so there is a nonzero vector v such that Av = Av. So the result holds
for the base case n = 1. For the inductive hypothesis assume that A" is an eigenvalue of A™. By the inductive
hypothesis, we have

A"y = A(A™v) = A(\"V) = \"Av = A" (\v) = A"y,
If v is an eigenvector of A, then v is an eigenvector of A" for all n.

29. Let A\ be an eigenvalue of C = B~'AB with corresponding eigenvector v. Since Cv = Av, then
B~'ABv = Av. Multiplying both sides of the previous equation on the left by B gives A(Bv) = A(Bv).
Therefore, Bv is an eigenvector of A corresponding to A.

30. Let v be a vector in S. Then there are scalars ¢y, ..., ¢, such that v=c;vy + - 4+ ¢ Vm. Then
Av = c1Avy + -+ e Avim = i1V + - F e AmVim,
which is in S.

31. The operator that reflects a vector across the z-axis is T’ ({ ;C }) = [ x ] . ThenT ({ i ]) = [ i ]

if and only if (A —1) =0 and y(A+1) = 0. If A = 1, then y = 0 and if A = —1, then 2 = 0. Hence, the

eigenvalues are A = 1 and A = —1 with corresponding eigenvectors [ (1) ] and { (1) } , respectively.

AR R R MRS v AR

} corresponding to

32. We have that

Two linearly independent eigenvectors are [ 1 } corresponding to A\; = 1, and [ _11

Ao = —1.

33. If 0 # 0 or 6 # 7, then T can only be described as a rotation. Hence T <{ Z }) cannot be expressed by
scalar multiplication as this only performs a contraction or a dilation. When 6 = 0, then T is the identity map

T ({ i ]) = { ;C } . In this case every nonzero vector in R? is an eigenvector with corresponding eigenvalue

equal to 1. If # = 7, then T <[ i ]) = [ _(1) _(1) ] [ i ] = — [ i ] In this case every nonzero vector in

R? is an eigenvector with eigenvalue equal to —1.

34. a. Since T(eF*) = k2ek® — 2keb® — 3eb® = (k? — 2k — 3)e*® the function € is an eigenfunction.  b.
The eigenvalue corresponding to e*® is k? — 2k — 3. c. fi(z) = €%, fo(x) = e~ ®

35. a. Notice that, for example, [T'(z — 1)]p = [-2% — 2]p and since —3(z — 1) — L (z + 1) — 2% = —z — 22,
_1
then [—2? — 2] = —% . After computing [T'(z+1)] and [T'(z?)]p we see that the matrix representation
—1
of the operator is given by
-1/2 1/2 0
[T)5=[[T(z=D]p [T(z+1)]p [T(2*)]s] = [ [-2* - 2]p [~2® +2]p [*]5] = | ~1/2 1/2 0
-1 -1 1
1 1 0
b. Similar to part (a), [T]pr =1 -1 -1 0
-1 0 1

c. Since 2% — 22 is the characteristic polynomial for both the matrices in part (a) and in (b), the eigenvalues

for the two matrices are the same.
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Exercise Set 5.2

Diagonalization of a matrix is another type of factorization. A matrix A is diagonalizable if there is an
invertible matrix P and a diagonal matrix D such that A = PDP~'. An n x n matrix A is diagonalizable
if and only if A has n linearly independent eigenvectors. In this case there is also a process for finding the
matrices P and D :

e The column vectors of P are the eigenvectors of A.

e The diagonal entries of D are the corresponding eigenvalues, placed on the diagonal of D in the same
order as the eigenvectors in P. If an eigenvalue has multiplicity greater than 1, then it is repeated that
many times on the diagonal.

Three Examples

0o -1 2 -1 2 0 -1 0 0
A=1]10 -1 2 A= -1 2 0 A= 2 00
1 1 -1 1 -1 1 -1 1 0
Eigenvalues: Eigenvalues: Eigenvalues:
-3,0,1 0, 1 multiplicity 2 0 multiplicity 2, -1
Eigenvectors: Eigenvectors: Eigenvectors:
1 -1 1 2 1 0 0 1
1 12 1,11 1 111,10 0f{,| —2
-1 1 1 -1 0 1 1 3
Diagonalizable: Diagonalizable: Not Diagonalizable.
1 -1 1 2 10
P= 1 2 1 P= 1 10
-1 1 1 -1 0 1
-3 0 0 0 0 0
D= 0 0 0 D=]0 10
0 0 1 0 0 1

Other useful results given in Section 5.2 are:
e If an n x n matrix A has n distinct eigenvalues, then A is diagonalizable.
e Similar matrices have the same eigenvalues.

e If T:V — V is a linear operator and By and By are bases for V, then [T|p, and [T]p, have the same
eigenvalues.

e An n x n matrix A is diagonalizable if and only if the algebraic and geometric multiplicities add up
correctly. That is, suppose A has eigenvalues \1,..., A\ with algebraic multiplicities d,...,dx. The
matrix A is diagonalizable if and only if

dy +do+ - +dp =dim(Vy,) + dim(Vy,) + - - - + dim(Vy, ) = n.

] Solutions to Exercises

O} 2.P—1AP:[_3 O]

1
-1 —
1. P AP_[O s
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0 0 O
3. P71AP=10 -2 0
0 0 1

5. The eigenvalues for the matrix A are —2 and
—1. The eigenvectors are not necessary in this
case, since A is a 2 x 2 matrix with two distinct
eigenvalues. Hence, A is diagonalizable.

7. There is only one eigenvalue —1, with multi-

plicity 2 and eigenvector . Since A does not

1
0
have two linearly independent eigenvectors, A is
not diagonalizable.

9. The eigenvalues for the matrix A are 1 and 0.
The eigenvectors are not necessary in this case,
since A is a 2 x 2 matrix with two distinct eigen-
values. Hence, A is diagonalizable.

11. The eigenvalues for the matrix A are 3.4,
and 0. The eigenvectors are not necessary in this
case, since A is a 3 x 3 matrix with three distinct
eigenvalues. Hence, A is diagonalizable.

13. The eigenvalues are —1, and 2 with mul-
tiplicity 2, and corresponding linearly indepen-
1 -1
—5 | and | —1
2 1
tively. Since there are only two linearly indepen-
dent eigenvectors, A is not diagonalizable

dent eigenvectors , respec-

15. The matrix A has two eigenvalues 1, and
0 with multiplicity 2. So the eigenvectors are
needed to determine if the matrix is diagonaliz-
able. In this case there are three linearly indepen-

-1 0 0
dent eigenvectors 1 01 t,and | O
1 0 1

Hence, A is diagonalizable.

17. The matrix A has eigenvalues, —1,2, and 0 with multiplicity 2. In addition there are four linearly inde-

0 0 0
pendent eigenvectors | L -1

T 1121’ 0 |’

0 3 1

Hence, A is diagonalizable.

18. The matrix A has two eigenvalues, 2 and 0 with multiplicity 3. Since there are only two corresponding

1

. . . 1
linearly independent eigenvectors 1 and

1 -1

and

1
1
1

0 O
2 0
0 -2

4. P7TAP =

o O W

6. The eigenvalues for the matrix A are —2+ V6
and —2 — /6. The eigenvectors are not necessary
in this case, since A is a 2 X 2 matrix with two dis-
tinct eigenvalues and hence, A is diagonalizable.

8. The only eigenvalue for the matrix A is —1
with multiplicity 2 and corresponding eigenvec-

tor [ 1
independent eigenvectors, A is not diagonalizable.

} . Since A does not have two linearly

10. The only eigenvalue for the matrix A is 0
with multiplicity 2 and corresponding eigenvec-

tor . Since A does not have two linearly

-1
1
independent eigenvectors, A is not diagonalizable.
12. The eigenvalues for the matrix A are 4, and
0 with multiplicity 2. Since there are only two

corresponding linearly independent eigenvectors,
1 5

1 | and | 1 |, the matrix A is not diagonal-
1 1
izable.

14. The eigenvalues are 3,0, and 1. Since A has
three distinct eigenvalues, then A is diagonaliz-
able.

16. The eigenvalues for the matrix A are \/5, \/5,
and 0. Hence A is diagonalizable.

-1

, the matrix is not diagonalizable.

corresponding to the two distinct eigenvalues.
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19. To diagonalize the matrix we first find the eigenvalues. Since the characteristic equation is

‘ 2 __)1\ 1 _f\) = (2 - A)(=1—=X) = 0, the eigenvalues are \y = 2 and A2 = —1. The correspond-
ing eigenvectors are found by solving A { y } =2 { y } and A [ Y } = — { Y } . This gives eigenvectors

[ _13 } corresponding to A\ = 2 and [ (1) } corresponding to Ao = —1. The matrix A is diagonalizable since

there are two distinct eigenvalues (or two linearly independent eigenvectors) and if P = [ _515 (1) } , then
o[22 0],
A=P [ 0 1| P

\/5—2]

20. The eigenvalues of A are v/5 and —/5 with corresponding linearly independent eigenvectors { 1

wa [ V32 B2 ] [V 0]

, respectively. If P =

] 1 0 —V5
0 2
21. The eigenvalues of A are —1, 1, and 0 with corresponding linearly independent eigenvectors | 1 | , | 1 |,
1 3
0 0 2 0 -1 0 0
and | 1 |, respectively. f P=| 1 1 1 |,then P'AP=1| 0 1 0
2 1 3 2 0 0 0
1 4
22. The eigenvalues of A are 0, 1, and 2 with corresponding linearly independent eigenvectors | 0 | , | —2 |,
0 1
1 1 4 1 0 0 0
and | —2 |, respectively. f P=| 0 -2 -2 |,thenA=P| 0 1 0 |P L
0 0 1 0 0 0 2
23. The eigenvalues of the matrix A are Ay = —1 and A2 = 1 of multlphmty two. But there are three
2 0
linearly independent eigenvectors, | 1 |, corresponding to A\; and [ 11, corresponding to Ao. If
0 0
[2 0 0 -1 0 0
P=|1 1 0|,then P'AP = 0 1 0
L0 0 1 0 0 1
24. The eigenvalues of A are 1 with multiplicity 2, and 0 with corresponding linearly independent eigenvectors
0 1 0 0 1 0 1 00
0|, 0]|,and | 1 |,respectively. IP=|0 0 1 |,thnA=P| 0 1 0 |P L
1| 0 1 1 0 1 0 0 0

25. The matrix A has three eigenvalues A1 = 1 of multiplicity 2, Ay = 0, and A3 = 2. There are
four linearly independent eigenvectors corresponding to the eigenvalues given as the column vectors in

-1 0 -1 1 1 0 0 0

- 0O 1 0 0 1 |0 1 00
P = o o0 1 1l° Then P~*AP = 00 0 0
1 0 0 O 0 0 0 2



126 Chapter 5 Figenvalues and Eigenvectors

26. The eigenvalues of A are 3, 0 with multiplicity 2, and 1 with corresponding linearly independent

1 -1 -1 1 1 -1 -1 1
. 0 0 0 — . - 0 0 0 -1
eigenvectors e 0 , 1 and 0 , respectively. If P = 1 0 1 0 , then
1 1 0 0 1 1 0 0
3 0 0 0
- 0 0 0 O 1
A=P 00 0 0 P~
0 0 0 1

27. The proof is by induction on the power k. The base case is k = 1, which is upheld since D = P~'AP,
gives A = PDP~!. The inductive hypothesis is to assume the result holds for a natural number k. Now
assume that A¥ = PD*P~1. We need to show that the result holds for the next positive integer & + 1. Since
AR+l = AF A by the inductive hypothesis, we have that

ARl — Ak A = (PD*P~1)A = (PD*P~1)(PDP~ ') = (PD*)(P~'P)(DP~ ') = PD*1p~1

28. The eigenvalues of A are 0 and 3 with corresponding eigenvectors [ _12 ] and [ i ] , respectively. So

Az[ L 1}[0 O}[1/3 _1/3]andhence,AGZPDGP_1:[486 243}.

-2 1 0 3 2/3 1/3 486 243
29. The eigenvalues of the matrix A are 0 and 1 of multiplicity 2, with corresponding linearly independent
1 0 1 0 0 0
eigenvectors the column vectorsof P = | 1 -2 2 |.If D= | 0 1 0 | is the diagonal matrix with
1 1 0 0 0 1

diagonal entries the eigenvalues of A, then A = PDP~!. Notice that the eigenvalues on the diagonal have
the same order as the corresponding eigenvectors in P, with the eigenvalue 1 repeated two times since the

0k 0 0
algebraic multiplicity is 2. Since D = | 0 1% 0 | = D, thenforany k > 1, A* = PD*P~! = PDP~! =
0 o0 1*
3 -1 =2
2 0 -2
2 -1 -1

30. Since A = PDP~! where D is a diagonal matrix, then
At _ (PDpfl)t _ (Pfl)tDtPt _ (Pt)lePt

and hence, A! is diagonalizable.

31. Since A is diagonalizable there is an invertible P and diagonal D such that A = PDP~', so that
D = P71 AP. Since B is similar to A there is an invertible Q such that B = Q'AQ, so that A = QBQ~".
Then

D=P7'QBQ™'P=(Q'P)'B(Q'P)
and hence, B is diagonalizable.
32. Suppose A~! exists and A is diagonalizable with A = PDP~!. Then

A7l =(PDP YH)"'=pPD7 P

Since D~! is a diagonal matrix, then A~! is diagonalizable. For the second part of the question, let

A = [ 8 1 ] , so that A is not invertible. But A is diagonalizable since the eigenvalues are 0 and

1 with corresponding linearly independent eigenvectors [ (1) } and [ !

1 } , respectively and hence, A =



5.2 Diagonalization 127

11 0 0 1 -1
ol V)l )
33. If A is diagonalizable with an eigenvalue of multiplicity n, then A = P(A)P~! = (A)PP~! = ).
Conversely, if A = A, then A is a diagonal matrix.

34. Suppose A is a nonzero n x n matrix and there is a k& > 0 such that A* = 0. Suppose A is diagonalizable
with A = PDP~!. Then 0 = A* = (PDP~!)k¥ = PD¥P~! and hence, D* = 0. But this means D = 0 which
implies A = 0, a contradiction.

0 1 0 1 1 2
35.a. T, =0 0 2| b. [T]g,=| -1 —1 0 | c. The only eigenvalue of A and B is A = 0 of
0 0 0 o 0 0
multiplicity 3. d. Neither matrix has three linearly independent eigenvectors. For example, for [T]g,, the
-1
eigenvector corresponding to A = 0 is 1 . Thus, the operator T is not diagonalizable.
0

36. Let B = {sinx,cosx}. Since the matrix

. . 0 —1
[T1s = [ [T(sinz)]|p [T(cosz)]p | = [ [cosz|p [—sinz]p | = [ 1 0 ]
has the eigenvalues the complex numbers ¢ and —i with corresponding eigenvectors [ 1 ] and [ _11 ] , then

T is diagonalizable over the complex numbers but not over the real numbers.

37. To show that T is not diagonalizable it suffices to show that [T]g is not diagonalizable for any basis B
of R3. Let B be the standard basis for R3, so that

2 2 2
[T]p=[T(e1) T(ez) T(es)]=| -1 2 1
1 -1 0
The eigenvalues of [T]p are Ay = 1 with multiplicity 2, and Ay = 2. The corresponding eigenvectors are
0 1
—1 |, =1 |, respectively. Since there are only two linearly independent eigenvectors, [T and hence,
1 1
T is not diagonalizable.
38. Let B be the standard basis for R3. Since the matrix
4 2 4
[T)5 = [ T(e1) Tlez) Tles) = | 4 2 4 |,
0 0 4

has three distinct eigenvalues 0,4, and 6, then T is diagonalizable.

39. Since A and B are matrix representations for the same linear operator, they are similar. Let A = Q' BQ.
The matrix A is diagonalizable if and only if D = P~!'AP for some invertible matrix P and diagonal matrix
D. Then

D= PH(Q'BQ)P = (QP)'B(QP),

so that B is diagonalizable. The proof of the converse is identical.
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Exercise Set 5.3

1. The strategy is to uncouple the system of differential equations. Writing the system in matrix form, we
have that

-1 1
y = Ay = [ 0 o }y
The next step is to diagonalize the matrix A. Since A is triangular the eigenvalues of A are the diagonal

] , respectively. So A = PDP~!,

entries —1 and —2, with corresponding eigenvectors { (1) } and { 1

1 -1 411 -1 0 o
where P = [O 1},P = {O 1],andD_{ 0 _2}The related uncoupled system is w’ =

_ —t
P 1APw = [ é _g w. The general solution to the uncoupled system is w(t) = [ ¢ 0 6_29 } w(0).
—t
Finally, the general solution to the original system is given by y(t) = P [ € 0 672(3 ] P~1y(0). That is,

y1(t) = (y1(0) + y2(0))e " — ya2(0)e ™, ya(t) = y2(0)e ",

2. Let A = _1 (2) . Then the eigenvalues of A are 1 and —2 with corresponding eigenvectors 1 ,
- . ~ 1 —21[1 o 1/3 2/3
— 1 _ ! _
and { 1 ], respectively. So A = PDP~" = [ 1 1 } { 0 —9 ] [ ~1/3 1/3 } and hence, w'(t) =
t t
P l1APw = [ 60 6729 . Then the general solution to the uncoupled system is w(t) = 60 672(3 ] w(0)

et 0

and hence y(t) = P [ 0 -2t

} P~1y(0), that is,

1(1) = 5 0) + 232(0))e’ + = (1 (0) — 92(0))e ™, a(t) = 51 (0) + 232 (0))e’ + 5 (~1 (0) + y2(0))e .

1 -3

_3 e The eigenvalues of A are 4 and —2

3. Using the same approach as in Exercise (1), we let A =

. . . -1 1 .
with corresponding eigenvectors 1 and e respectively, so that

-1 1 4 0 -1 1
_1 L _ o
A=3 [ 11 ] { 0 —9 } [ 11 ].So the general solution is given by y(¢) P[ 0 -2t }P y(0),
that is

1

1(0) = 5(10) = 1200 + 501(0) + 320D, a(t) = 5(~51(0) + y2(0)e™ + 3 (11 (0) + a(0))e

N =

_1 _1 . Then the eigenvalues of A are 0 and 2 with corresponding eigenvectors 1 ’

. _ 1 -1 0 0 1/2 1/2
— 1 _ ! _
} , respectively. So A = PDP~" = [ 1 1 ] { 0 2 ] [ “1/2 1/2 } and hence, w'(t) =

4. LetA—{

and[ 1

P 1APw = [ (1) 6*2(3 . Then the general solution to the uncoupled system is w(t) = (1) 62(3 w(0) and
hence y(t) = P [ (1) 629 } P~1y(0), that is,

(1) = 2(0(0) +10)) + 3 (11(0) ~ (0)e* 12(8) = 3(31(0) + 2(0) + 3 (3 (0) + y2(0))e*.
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-4 -3 -3
5. Let A= 2 3 3 . The eigenvalues of A are —1,1 and 2, so that
4 2 3
-1 0 1 -1 0 0 -2 -2 -1
A=PDP ! = 0o -1 -2 0 1 0 2 1 2 , where the column vectors of P are the
1 1 0 0o 0 2 -1 -1 -1
eigenvectors of A and the diagonal entries of D are the corresponding eigenvalues. Then
et 0 0
yt)=P| 0 € 0 | P ly(0), that is
0 0 e
y1(t) = (2y1(0) + y2(0) + y3(0))e™" + (=y1(0) — y2(0) — y3(0))e*
y2(t) = (=2y1(0) — y2(0) — 2y3 (0))6 +2(y1(0) + y2(0) + y3(0))e*
ya(t) = (=291(0) — y2(0) — y3(0))e™" + (2y1(0) + y2(0) + 2y3(0))e".
-3 -4 —4
6. Let A = 7 11 13 . The eigenvalues of A are —2,—1 and 1, so that
-5 -8 —10
0 2 1 -2 0 0 3 4 5
A=PDP ' =| -1 1 =2 0 -1 0 1 1 1 , where the column vectors of P are
1 =2 1 0o 0 1 -1 -2 =2
the eigenvectors of A and the diagonal entries of D are the corresponding eigenvalues. Then
e 0 0
yt)=P| 0 et 0 | P 'y(0), thatis
0 0 ¢
y1(t) = (291(0) + 2y2(0) + 2y3(0))e’ + (—=y1(0) — 242(0) — 2y5(0))e~ "
y2(t) = (=3y1(0) — 4y2(0) — 5y3(0))e ™" + (y1(0) +y2(0) + y3(0))e’ + (2y1(0) + 4y2(0) + 4y3(0))e™*
y3(t) = (3y1(0) + 4y2(0) + 5y3(0))e ™" + (—2y1(0) — 2y2(0) — 2y3(0))e’ + (=41 (0) — 2y2(0) — 2y3(0))e~>".

7. First find the general solution and then apply the initial conditions. The eigenvalues of A = { _; (1) ]

1 ] , respectively. So the general solution is

are 1 and —1, with corresponding eigenvectors [ (1) } and [

t

given by y(t) = P [ 60 670 } P~1y(0), where the column vectors of P are the eigenvectors of A. Then

y1(t) = e ty1(0),y2(t) = €' (y1(0 )+ y2(0)) — e *y1(0). Since y1(0) = 1 and y2(0) = —1, the solution to the
initial value problem is y1 () = e~ !, y2(t) = —e~ .
5 —12 20
8. Let A= 4 —9 16 | . The eigenvalues of A are 1,3 and —1, so that
2 -4 7
1 2 2 1 0 0 -1 2 =2
A=PDP 1 =12 21 0 3 O 1 -2 3 , where the column vectors of P are the
1 10 0 0 -1 0 1 =2
eigenvectors of A and the diagonal entries of D are the corresponding eigenvalues. Then the general solution
et 0 0
isy(t)y=P| 0 e 0 | P ly(0), that is
0 0 et

y1(t) = (=y1(0) + 22(0) — 2y3(0))e” + (21(0) — 4y2(0) + 6ys(0))e™ + (2y2(0) — 4ys(0))e ™"
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ya2(t) = (=291(0) + 4y2(0) — 4y3(0))e’ + (2y1(0) — 4y2(0) + 6y3(0))e> + (y2(0) — 2y3(0))e™*
vs(t) = (=31(0) + 2u2(0) — 2y3(0))e" + (y1(0) — 2y2(0) + Bys(0))e™.
The solution to the initial value problem is
y1(t) = —de + 8e3 — 2e7 yo(t) = —8e' + 8e3 — et y3(t) = —4de’ + 4e.

9. a. Once we construct a system of differential equations that describes the problem, then the solution is
found using the same techniques. Let y;(t) and y2(¢) denote the amount of salt in each take after ¢ minutes,
so that y](t) and y5(t) are the rates of change for the amount of salt in each tank. The system satisfies the
balance law that the rate of change of salt in the tank is equal to the rate in minus the rate out. This gives
the initial value problem

1 1 1 1

/ —_ - ! [ pp— _ — —
yi(t) = oY+ v Ya(t) so¥ ~ Topte y1(0) = 12,12(0) = 0.

b. The solution to the system is y;(t) = 4 + 8e~a0t, yo(t) = 8 — 8¢~ a0,
c. Since the exponentials in both y(¢) and y2(t) go to 0 as ¢ goes to infinity, then lim; o y1(¢) = 4 and
lim;_, oo y2(t) = 8. This makes sense since it says that eventually the 12 pounds of salt will be evenly distributed

in a ratio of one to two between the two tanks. ) o
10. a. Let z(¢) and y(¢) denote the temperature of the first and second floor, respectively. Then the initial

value problem that models the system is given by

(1) =~ (a(t) ~ 0) — 5 (a(t) — (1)) = (1) + (1)
) 1 5 5 6
() =~ (5(0) — 0) — - (y(t) — (1)) = 2xa(t) — Toy().

with initial conditions x(0) = 70, y(0) = 60.

b. The solution to the initial value problem is
x(t) ~ 61.37e "1 +8.63e 117 y(t) ~ 67.81e 1% + 7.81e 117,
c. The first floor will reach 32° in approximately 4.35 hours and the second floor in approximately 5 hours.

Exercise Set 5.4

1. a. Since 15% of the city residents move to the suburbs, 85% remain in the city and since 8% of the

suburban population move to the city, 92% remain in the suburbs, so that the transition matrix is given

by T = [ 8?2 882 } . Notice that the transition matrix is a probability matrix since each column sum

is 1. Also since the total population is 2 million with 1.4 currently in the city, the population of the city

is % = 0.7 and the population of the suburbs is % = 0.3. Hence, the initial probability vector describing

the current population is 8; . b. After 10 years an estimate for the population distribution is given by

0.7 0.37 0.35
10 ~ 1. . . . . 1.
T [ 0.3 } ~ [ 063 |- ¢ The steady state probability vector is [ 0.65 } , which is the unit probability
eigenvector of T' corresponding to the eigenvalue A = 1.
. - 0.7 0.2 s . . .35 .
2. a. The transition matrix is T' = 03 08 | b. The initial probability state vector is 065 | Since

T? { 0.35 ] ~ [ 039 ] , the expected number of commuters using the mass transit system after two years

0.65 0.6125
0.35 0.4 .
0.65 } ~ { 0.60 ] , the expected number of commuters using the

mass transit system after five years is approximately 40%.

is approximately 39%. Similarly, since T {
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0.57

c. The eigenvector of T' corresponding to the eigenvalue A = 1 is { 0.85

} . The steady state vector is the

probability eigenvector - { 0.57 } = [ 04 } .

0574085 | (.85 0.6
0.5 04 0.1
3. The transition matrix is given by the data in the table, so T = 0.4 0.4 0.2 |. Since initially
0.1 0.2 0.7
0
there are only plants with pink flowers, the initial probability state vector is | 1 | . After three generations
0
0 0.36
the probabilities of each variety are given by 73 | 1 | ~ | 0.35 | and after 10 generations 71° | 1 | ~
0 0.29 0
0.33
0.33
0.33
4. The transition matrix for the Markov Chain is
0.6 0.3 04
T=101 04 03
0.3 0.3 0.3
1 0.48
a. Since T3 | 0 | = | 0.22 |, the probability of the taxi being in location S after three fares is 0.3.
0 0.3
0.3 0.47
b. Since T° | 0.35 | = | 0.23 |, the probability of the taxi being in location A after three fares is 0.47,
0.35 0.3
location B is 0.23, and location S is 0.3.  c. The eigenvector of T' corresponding to the eigenvalue A =1 is
0.82 1 0.82 0.47
0.40 | . The steady state vector is the probability eigenvector 0.40 [ = | 0.23
0.52 0.82 4+ 0.40 + 0.52 0.52 03
0.5 0 0
5. The transition matrix for the disease is T'= | 0.5 0.75 0 | . The eigenvector of T, corresponding to
0 025 1
0 0]
the eigenvalue A = 1is | 0 | . Hence, the steady state probability vector is | 0 | and the disease will not
1 1
be eradicated. )
. . . 0.45 0.2 [ 07 .
6. Since the transition matrix is 7' = 055 0.8 and the initial state vector is 03 | then the fraction

of smokers and non-smokers after 5 years are given by 7° [ 0.7 } = [ 0.27

03 0.73 } and after 10 years are also

0.7 0.27 0.38
. 10 _ . . . _ .
given by T [ 03 } = [ 0.73 ] . The eigenvector of T' corresponding to the eigenvalue A = 1 is Lod |-
The steady state vector is the probability eigenvector 71 0.38 = 0.27 so in the long run
0.3841.04 | 1.04 0.73 |’
approximately 27% will be smoking.
0.33 0.25 0.17 0.25 1 0.5(0.16)™ + 0.25 0.25
0.25 0.33 0.25 0.17 0 0.25 0.25
TaT=1 0617 025 033 025 | > 7] 0|~ | —050167+025 | & | 0.25
0.25 0.17 0.25 0.33 0 0.25 0.25
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- 1
1 =X
that T is not a regular stochastic matrix since for all n > 1,7 has zero entries. If n is odd, then T" =T

and if n is even, then 7™ = I. So if v = [ 1 ],thenTv_ [ 2 ],TQV— {Ul },T3v_ { 2 ],andso
V2 U1 V2 U1

8. a. Since det(T — A\I) = = A? — 1, the eigenvalues of T are \; = 1 and A\ = —1.  b. Notice

on. Hence Tv = v if and only if v = [ 1;; ] . c¢. The population is split in two groups which do not
intermingle.
9. The eigenvalues of T are \; = —q¢ + p + 1 and \; = 1, with corresponding eigenvectors { _1 } and
q/p 0 :
1 . Then the steady state probability vector is

)]
+z 11 e

10. Let T'= [ Z } be a symmetric matrix. If T is also stochastic, then a+b=1and b+c=1,s0a =c.
a
b

1 0 <

SoletT_[ b
a
a. Since
det(T — \I) = "_’2 a_f ‘:(a—/\)2—b2:)\2—2a/\+(a2—b2):(/\—(a—i-b))(/\—(a—b)),

then the eigenvalues of T are Ay = a+ b and Ay = a —b. b. Notice that \;y = 1 with corresponding
1/2 ]

] . Hence, the steady state probability vector is { 1/2

eigenvector [ 1

Review Exercises Chapter 5

1. a. Let A = Z 2 } . To show that [ 1 } is an eigenvector of A we need a constant A such that
1] 1 a b 1] (a+b| 1 . . .
A[ 1 } —)\[ 1 ]But [ b 4 ] [ 1 ] = [ a—l—b} = (a—l—b)[ 1 ]b. Since the characteristic equation

for A is
det(A— A1) =| 79 a_)\b’:(a—)\)z—b2:/\2—2a)\+(a2+b2):()\—(a—i—b))()\—(a—b)):O,
. 1 -1 . . .
the eigenvalues of A are Ay = a+b, Ao =a—b.c. vi = { 1 } , Vg = [ 1 } d. First notice that A is

diagonalizable since it has two linearly independent eigenvectors. The matrix D = P~'AP, where P is the
matrix with column vectors the eigenvectors and D is the diagonal matrix with the corresponding eigenvalues

' ) 1 -1 | a+b 0
on the diagonal. Thautls,P—{1 l]andD—[ 0 a—b}'
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2. a. The eigenvalues of A are Ay = —1, Ao =0 and A3 = 2. b. Since the 3 x 3 matrix A has three distinct

eigenvalues, then it is diagonalizable. c¢. The eigenvectors corresponding to A\; = —1, A5 = 0 and A3 = 2
-2 1 0
are 0 ,1 0 |,and | 1 |, respectively. d. The eigenvectors can be shown directly to be linearly
1 0 0
independent, but from part (b) they must be linearly independent.  e. Since the eigenvectors are form a
-2 1 0
basis for R?, then the matrix A is diagonalizable.  f. The matrix A = PDP~! where P=| 0 0 1
1 00
-1 0 0
and D = 0 0 0
0 0 2

3. a. The eigenvalues are \; = 0 and A2 = 1. b. No conclusion can be made from part (a) about whether
or not A is diagonalizable, since the matrix does not have four distinct eigenvalues. c. Each eigenvalue

0 -1
has multiplicity 2. The eigenvectors corresponding to \; = 0 are 8 and (1) while the eigenvector
1 0

corresponding to Ao = 1 is . d. The eigenvectors found in part (c) are linearly independent. e. Since

SO = O

Ais a 4 X 4 matrix with only three linearly independent eigenvectors, then A is not diagonalizable.

4. a. The characteristic polynomial is det(4 — AI) = (A —1)2(A—2). b. The eigenvalues are the solutions
to (A — 1)2(A — 2) = 0, that is A\ = 1 with multiplicity 2, and Ay = 2. c¢. The eigenvectors of A are
1 0 0
—3 | and | —1 | corresponding to A\; = 1 and | —2 | corresponding to Ay = 2. Hence, dim(Vy,) = 2
0 1 1
and dim(V),) = 1. d. Since there are three linearly independent eigenvectors, then A is diagonalizable.
Equivalently, since dim(V}, ) + dim(V),) = 3, then the matrix A is diagonalizable.

1 0 0 100
e. P=| -3 -1 =2 |,D=]10 1 0 f. The columns of P and D can be permuted. For example,
0 1 1 0 0 2
1 0 0 1 00 0 0 1 2 00
P=|-3 -2 -1 |,D;y=]0 2 0|landPo=| -2 -1 =3 |[,Dy=|0 1 0
0 1 1 0 0 1 1 1 0 0 0 1
5. a. Expanding the determinant of A — A\l across row two gives
- 1 0
det(A—XI)=| 0 —-Xx 1 :-(0)' L O'+(—/\)'_)\ O'—(l)’_)\ 1’:/\3—3)\+k.
Lk 3 )\ -3 =X -k = -k 3

Hence, the characteristic equation is A* — 3\ 4+ k = 0.
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b. The graphs of y(\) = A*> =3\ +k for different values c. The matrix will have three distinct real eigenvalues

of k are shown in the figure. when the graph of y(\) = A3 —3\+k crosses the z-axis
three time. That is, for
k=4 —2<k<2.
k=3
k=25
k=0

k=-2.5
k=-3
k=4

6. Since B = P~' AP, we have that A = PBP~!. Suppose Bv = \v, so v is an eigenvector of B corresponding
to the eigenvalue A. Then
A(Pv) = PBP 'Pv = PBv = P(\v) = APv

and hence, Pv is an eigenvector of A corresponding to the eigenvalue .

1
1
7. a. Let v=| . | . Then each component of the vector Av has the same value equal to the common row
1
A 1
A 1
sum A. Thatis, Av=| . | =X | . |, so Ais an eigenvalue of A corresponding to the eigenvector v. b.
A 1

Since A and A? have the same eigenvalues, then the same result holds if the sum of each column of A is equal
to A.

8. a. Since T is a linear operator T'(0) = 0, so {0} is invariant. And for every v in V, then T'(v) is in V so
V is invariant.  b. Since dim (W) = 1, there is a nonzero vector wo such that W = {awg | a € R}. Then
T(wo) = wy and since W is invariant, wgo is in W. So there is some A such that wy = Awg. Hence, wq is
an eigenvector of 7. c. By part (a), R? and {0} are invariant subspaces of the linear operator 7. Since the
matrix representation for 7' is given relative to the standard basis,

T(v):)\vc)T(v):[(l) _é]v=[(1) _H “ﬂ@“:“?:O'

By part (b), the only invariant subspaces of T' are R? and {0}.

9. a. Suppose w is in S(V),), so that w = S(v) for some eigenvector v of T' corresponding to Ag. Then
T(w)=T(S(v)) =S(T(v)) =S(Aov) = XAoS(V) = Aow.

Hence, S(Vy,) C Vy,.

b. Let v be an eigenvector of T' corresponding to the eigenvalue \g. Since T has n distinct eigenvalues then
dim (V) = 1 with V), = span{v}. Now by part (a), T'(S(v)) = \o(S(v)), so that S(v) is also an eigenvector
of T and in span{v}. Consequently, there exists a scalar uo such that S(v) = pov, so that v is also an
eigenvector of S.

c. Let B ={v1,va,...,vn} be a basis for V consisting of eigenvectors of T' and S. Thus there exist scalars
A1y, Agyoeoy Ay and pq, pa, ..., iy such that T'(vy) = A\jvi and S(vi) = pivy, for 1 < i < n. Now let v be a
vector in V. Since B is a basis for V' then there are scalars ¢y, co,...,c, such that v.=civy+cova+...+¢,vy.

Applying the operator ST to both sides of this equation we obtain
ST(v)=ST(c1v1 +cava + ...+ ¢,vn) = S(e1A1ve + c2Aava + ... + Ay Vn)
= 1AV + C2A2p2Va + .+ CpAnfinVn = C1p1 A1V + CofiaAaVa + .o+ Cufln AnVn
=T(c1p1v1 + coprova + ... + CppinVvn) = TS(c1v1 + cava + ... + ¢cpvn) = TS(v).
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Since this holds for all v in V, then ST =T'S.

1 -1 0
d. The linearly independent vectors | 0 |, 0 ,and | 1 | are eigenvectors for both matrices A and
1 1 0
1 -1 0
B.Let P=| 0 0 1 |. Then
1 10
1/2 0 1/2 3 01 1 -1 0 4 0 0
P'AP=| —-1/2 0 1/2 2 0 01 |=]020
0 1 0 1 0 3 1 1 0 0 0 2
and
1/2 0 1/2 1 0 -2 1 -1 0 -1 0 0
P'BP=| -1/2 0 1/2 0 1 0 0 0 1 ]|= 0 3 0
0 1 0 -2 0 1 1 1 0 0 1
10. a.
(Y 0 o 0
0 AR 0 0
1 1 1
D __ 9 ~ N2 — N3 opmy 1
e —Agnoo(l—i-D—i-Q!D +3!D + +m!D )—mlgmOO
L 0 POHER
[ed 0 0 0
0 e 0 0
L 0 ... etn i
b. Suppose that A is diagonalizable and A = PDP~' so A¥* = PD*P~!. Then
1 1 1 1
e = lim (I+PDP*1+§PD2P*1+---+—|PDmP*1) = lim (P(I+D+5D2+---+—'Dm)P*1) = peP Pt

c. The eigenvalues of A are A\; = 3 and A2 = 5 with corresponding eigenvectors [ il)) } and [ 1 ] , respectively.

C[1 13 0] -1/2 12 A b
SOA—|:3 1}[0 5}[ 372 _1/2}.Bypart(a)7e = Pe”P~! and by part (b)

4 |11 e3 0 —1/2  1/2 [ —e* 43¢ e —éf
C 7131 0 e 3/2 —1/2 | T 2| —3e3+3¢5 3e3—¢® |

Chapter Test Chapter 5

1. F. 2. F. If two matrices are similar, 3. F. The matrix has only
then they have the same eigen- two linearly independent eigen-

P lApP = [ —1 2 } values. The eigenvalues of A are 2 0

0 -2 —1 and 1, and the only eigen- vectors | O | and | O

value of D is —1, so the matrices 1 1

are not similar.
4. T 5 T 6. T
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7. T 8. T 9. T
10. T 11. F. Since det(A — AI) is 12. F. The det(A — XI) is
(A= (a+b)(A—(a—0)), A =2 + (1-k),
the eigenvalues are a+b and a—b. so that, for example, if £ = 1,
then A has eigenvalues 0 and 2.
13. F. Let A= 21 14. T 15. F. The matrix has
0 2 .
one eigenvalue A\ = 1, of mul-
tiplicity 2, but does not have
two linearly independent eigen-
vectors.
16. T 17. T 18. T
19. T 20. F. 21. T
20— 03 a—p
20 —2a 20—«
22. T 23. F. The matrix is similar to a 24. F. The matrix can still have
diagonal matrix but it is unique n linearly independent eigenvec-
up to permutation of the diago- tors. An example is the n x n
nal entries. identity matrix.
25. T 26. T 27. T
28. T 29. T 30. F. The matrix
1 1
0 1
is invertible but not diagonaliz-
able.
31. T 32. T 33. T
34. F. The zero vector has to be 35. T 36. T
added.
37. T 38. T 39. T

40. T
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Inner Product Spaces

Exercise Set 6.1

In Section 6.1, the geometry in the plane and three space is extended to the Euclidean spaces R™. The dot
product of two vectors is of central importance. The dot product of u and v in R™ is the sum of the products
of corresponding components. So

uy U1
U2 U2

u-v= . : . = ULV + U2V2 + * -+ + UpUy.
Un Un

In R3, then

u-u=ul+us+ul, sothat u-u=/ud+u3+u3,

which is the length of the vector u, called the norm of u and denoted by ||u||. For example, the length
of a vector in R™ is then defined as |[u|| = /u? +u3 +---+u2 and the distance between two vectors is
||lu — v|| = yv/u - u. Other properties and definitions presented in the section are:

o lleull = fellul
eu-u>0andu-u=0if and only ifu=0
eu-v=v-u

eu-(Vviw)=u-v+u-w

e (cu)-v=c(u-v)

e The cosine of the angle between two vectors is given by cosf = m
ull||v
e Two vectors are perpendicular if and only if u-v = 0.
1 1
e A unit vector in the direction of u is Wu. For example,ifu= | 2 |, then|lu||=v1+4+9=V14,
u
-3

1
1
— | 2
V4 | _g
A very useful observation that is used in this exercise set and later ones is that when a set of vectors

{V1,V2,...,vn} is pairwise orthogonal, which means v; - v; = 0 whenever i # j, then using the properties of
dot product

so a vector of length 1 and in the direction of u is

vi- (v +eava o evit o epvn) = ci(viove) (Vi ve) +ei(vievi) oo 4 en(Vie Vi)
=0+ +0+ci(vi-vi)+0+---+0

=¢;(vi - vi) = ¢ |vi[*.
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] Solutions to Exercises

5. [|ul=v12+5Z =26

7. Divide each component of the vector by the
1

1 . .

norm of the vector, so that 756 [ 5 ] is a unit

vector in the direction of u.

2
10
g.ﬁ[l}

1L ulfl=/(=3)2+(-2)? +3% = V22

-3
1
13. 5 | 2
3
—1 1
15, — = | -1 | =211
Vil Vil
-3 3

17. Since two vectors in R? are orthogonal if and

only if their dot product is zero, solving [ g ] .

[ _21 } =0, gives —c 4+ 6 = 0, that is, ¢ = 6.
19. The pairs of vectors with dot product equal-
ing 0 are vy Lvg, vilvy, vilvs, valvg, valvy,
and vz Llvs.

21. Since vz = —vq, the vectors vi and vz are
in opposite directions.

9, uv _ 0-146 _ 5
v-v  1+1+4 T 6
1 1
uw _ 0+1-9 _ _ 8
4. W = T =1 1
- -3

6. ||u—v||—\/[‘41]~[ﬂ_m

8. Since cosf = 2V = T _
[[alll[v]] V2615’

tors are not orthogonal.

then the vec-

10. The vector w is orthogonal to u and v if and
only if wy + bwy = 0 and 2wy + we = 0, that is,
w1 = 0= wa.

12. flu—v]|=u—v) @)

-2 -2
= -1 || =1 | =v41
6 6
14. Since cosf = _ﬁi # 0, then the vectors

are not orthogonal.

16. A vector w is orthogonal to both vectors

3wy — 2ws + 3wy =0
if and only if{ W Stz s

—Ww1 — W2 — 3’[1}3 =0
wy = Yws, we = —12ws. So all vectors in
9
span —12 are orthogonal to the two vec-
1
tors.
-1 0
18. c : 2 =0+2c—-2=0&c=1
2 -1

20. The vectors vo and vs are in the same direc-
tion.

22. [|vy4l| = /5 +5+3=1
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ne]

5
25. w=3 26. w=| 0
0
Ve
W
u
5 0
27. w=1| 2 28. w=32 | 2
1 3
\| g
u /’\
W
u
v
29. Let u be a vector in
span{uy,uz, - ,u,}. Then there exist scalars ¢y, ca,- -, ¢, such that

u=cuy +coug + -+ cpUn.
Using the distributive property of the dot product gives

v-u=v-(cqus+couz+...+cpun)
=ci(v-uy)+ea(v-our)+ - +ep(voun)
:Cl(O)+CQ(O)++0n(O):O

30. If u and w are in S and ¢ is a scalar, then
(utew) - v=u-v4+ew-v)=04+0=0

and hence, S is a subspace.
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31. Consider the equation
c1V1 +cove + -+ ¢ v = 0.

We need to show that the only solution to this equation is the trivial solution ¢; = ¢ = --+ = ¢, = 0. Since
vi-(e1vi 4 cava + - 4+ ¢y Vi) = v - 0, we have that ¢;(vy - vi) +ca(vy-va)+ -+ cp(ve-vn) =0.

Since S is an orthogonal set of vectors, vi-vj = 0, whenever i # j, so this last equation reduces to ¢||v1||? = 0.
Now since the vectors are nonzero their lengths are positive, so ||v1]| # 0 and hence, ¢; = 0. In a similar way
we have that co = c3 =--- = ¢, = 0. Hence, S is linearly independent.

32. Since AA™t =1, then Y ;_, aika,:jl =0 for i # j.
33. For any vector w, the square of the norm and the dot product are related by the equation ||w||*> = w - w.
Then applying this to the vectors u + v and u — v gives
lu+v][? +[[u=v[?=(+v) (ut+v)+@-v) (a-v)
=u-ut+2u-v+v-v+u-u—2u-v+v-v

= 2||ul|* + 2||v]]*.
1
34. a. The normal vector to the plane, n = 2 , is orthogonal to every vector in the plane.
-1

1 2 -1
b.A=]0 0 0
0 0 O

35. If the column vectors of A form an orthogonal set, then the row vectors of A! are orthogonal to the
column vectors of A. Consequently, (A*A);; =0 if i # j. If i = j, then (A'A);; = [|Ai]|*. Thus,

[A«* 0 - 0
AtA 0 ||A2||2 0
: 0 0
0 0 [[Aal]?

36. First notice that u- (Av) = u’(Av). So
u- (Av) =u'(Av) = (u'A)v = (A'u)'v = (A'u) - v.
37. Suppose that (Au) - v =u- (Av) for all u and v in R". By Exercise 36, u- (Av) = (A'u) - v. Thus,
(A'u) - v = (Au)-v

for all u and v in R™. Let u = ¢; and v = ej, so (A");; = A;;. Hence A" = A, so A is symmetric.
For the converse, suppose that A = A*. Then by Exercise 36,

u-(Av) = (A'u) - v = (Au) - v.

Exercise Set 6.2

Inner products are generalizations of the dot product on the Euclidean spaces. An inner product on the
vector space V' is a mapping from V' x V| that is the input is a pair of vectors, to R, so the output is a number.
An inner product must satisfy all the same properties of the dot product discussed in Section 6.1. So to
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determine if a mapping on V' x V defines an inner product we must verify that:

e (u,u) > 0and (u,u) =0if and only if u=0

(

(u,v) = (v,u)

o (utv,w)=(u,w)+(v,w)
e (cu,v) =c(u,v)

In addition the definition of length, distance and angle between vectors are given in the same way with dot
product replaced with inner product. So

[[V]| = v/ {v,v) and cosf = M
[ul[[[v]]
Also two vectors in an inner product space are orthogonal if and only if (u,v) = 0 and aset S = {vq,va,..., vk}
is orthogonal if the vectors are pairwise orthogonal. That is, (vi,v;) = 0, whenever ¢ # j. If in addition, for
each i = 1,...,k, ||vi]| = 1, then S is orthonormal. Useful in the exercise set is the fact that every orthog-
onal set of nonzero vectors in an inner product space is linearly independent. If B = {vy1,va,...,va} is an

orthogonal basis for an inner product space, then for every vector v the scalars needed to write the vector in
terms of the basis vectors are given explicitly by the inner product, so that
<V7 V1> <V7 V2> . <V7 vn>

vV = Vi + Vo + -
(vi,v1) © " (va,va) > (Vaa, V)

n-

If B is orthonormal, then the expansion is

v=(v,v1)v1+ (v,va) Vo + -+ + (V,Vp) V.
] Solutions to Exercises

1. Let u= [ Zl } . To examine the definition given for (u,v), we will first let u = v. Then
2

(u,u) = u% — 2uius — 2usuy + 3u§ = (u1 — 3usg)(u1 + u2).

Since (u,u) = 0 if and only if u; = 3us or u; = ug, then V is not an inner product space. For example, if
u; = 3 and ug = 1, then (u,u) = 0 but u is not the zero vector.

2. Since (w,u) = —u? + 2ujuy = uy(—us + 2uz) = 0 if and only if u; = 0 or u; = 2us, then V is not an inner
product space.

3. In this case (u,u) = 0 if and only if u is the zero vector and (u,v) = (v, u) for all pairs of vectors. To
check whether the third requirement holds, we have that

(u+ v, w) = (u1 +v1)*wi + (uz + v2)*wj

and

(u,w) + (v, w) = u%w% + ugwg + Ufw% + v%wg.

For example if u = { 1 } and v = { ; } , then (u + v, w) = 9w? + 9w? and (u,v) + (v,w) = bw? + 5w3.

Now let w = [ -1 } , so that (u+v,w) =18 # 10 = (u,v) + (v, w), so V is not an inner product space.

-1

4. The four requirements for an inner product are 5. The four requirements for an inner product
satisfied by the given function , so V' is an inner  are satisfied by the dot product, so V is an inner
product space. product space.
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6. The vector space V is an inner product space with the given definition for (A, B). Since (A'A);; =
S abag = Yot akiak; = Yo, ai;, then (A, A) > 0 and (A, A) = 0 if and only if A = 0, so the first
required property holds. For the second property, recall for any square matrix A tr(A%) = tr(A) so

(A, B) = tr(B'A) = tr((B'A)!) = tr(A'B) = (B, A).

Using the fact that tr(A+ B) = tr(A) + tr(B), the third property follows in a similar manner. Also, if ¢ € R,
then
(cA, B) = tr(B'cA) = ctr(B'A) = ¢ (A, B) .

7. The vector space V is an inner product space with the given definition for (A, B) . For the first requirement
(A, A) =37, 370, a;, which is nonnegative and 0 if and only if A is the zero matrix. Since real numbers
commute, (A, B) = (B, A). Also,

m

(A+B,C) = (ageiy +bijey),

i=1 j=1

then (A+ B,C) = (A,C) + (B, C) . The fourth property follows in a similar manner.

8. Since

(p.p) =3P} =20 and (p,p) =0 p=0
o (p,q) =1 opiqi = Yi_o @i = (4:P)
o (p+a.f)=2opi+a)fi =2 orifi +Xioafi=(p.f)+{af)
e (cp, CI> = Z?:o Cpiq; = CZ?ZO piqi = ¢ (p, Q> )
then V is an inner product space.

9. Using the properties of the integral and the  10. Since (f, f) = fil f?(x)xdz, which can be
fact that the exponential function is always non-  negative, then V' is not an inner product space.
negative, V is an inner product space.

11. The set is orthogonal provided the functions are pairwise orthogonal. That is, provided (1,sinz) =
0,(1,cosz) =0, and (cosz,sinz) = 0. We have

™
(1,sinz) :/ sinzdr = —cosz |”_=0.
—T

Similarly, (1, cosz) = 0. To show (cosz,sinx) = 0 requires the technique of substitution, or notice that cosine
is an odd function and sine is an even function, so the product is an odd function and since the integral is
over a symmetric interval, the integral is 0.

12. Since fil zdz =0, 3 i1(5x3 — 3x)dr = 0, and %fil(5x4 — 32?)dz = 0, the set {1,z,3(52% —3z)}, is
orthogonal.

13. The inner products are

1 1
1 1
(1,2:0—1):/ (2x—1)d:v:O,<1,—:v2+:v——>:/ (—:c2+:c——>dx:0,
0 6 0 6
296—1—902—i—:1c—l —/1 —2:103—1—?”02—%:10—}—l dxr =0
’ 6/ Jo 37 6 -

14. Since sinax and cosaz sinbx are odd functions the integrals over the symmetric interval [—m, 7] are 0.
Also, since ffﬂ cos zdr = 0, then the set is orthogonal.

and
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15. a. The distance between the two functions is

370
f =gl =l =3+ 3z — 2 ||= \// —3 43z —22)2dz = =

b. The cosine of the angle between the functions is given by cosf = H}ﬂ’ﬁ;'l = —1—28 105.
16. a. The distance between the two functions is

1f = gll =]l cosz —sinz ||= \// (1 — sin2¢)de = V2.

(f.9)

b. The cosine of the angle between the functions is given by cosf = AT = 0, so f and g are orthogonal.
17. a. ||z —e” ||= /4 — L2 b. cosf = \/56‘[—?’_2 18. a. ||f — g|| =Ve2—2—¢2
b. cosf = —
e —e
19. a. || 22 — 4 ||=2V5 b. cosf = —2 20. a. |[p—q||=|13 —z|| = V10 b. cosf =1

21. a. To find the distance between the matrices, we have that
1 2 2 1 -1 1 -1 1 -1 1
iasmi=|[5 T[0T A= ST AT
-1 1 -1 1 2 -5
(3 ST Ay ) e

. . . . _ (AB) _ 3
b. The cosine of the angle between the matrices is given by cosf = TATTEN = 576
22.a. |A=B|=/tr| ¥ "2 12V b cosh= L
ca | |=4/tr T - cost = —
8 0 8
23.a. |[A-BJ= [tr{ 0 3 4 V25=5 b cos@-éij/@
| 8 4 14
(8 6 0
24. a. |A-B|= |tr g g 565 =+/23 b. cost = \/%?/%

25. Since [ z } is orthogonal to [ g ] if and only if [ } [ g ] = 0, which is true if and only if 22+ 3y = 0,
1
Y

x
Y
so the set of vectors that are orthogonal to [ } { { ‘ T+ 3y = O} . Notice that the set describes a

line.

26. Since [ 9yc } . [ —1b ] =04 2 — by = 0, the set of all vectors that are orthogonal to [ —1b } is the line

x—by =0. ObservethatS:span{{ 117 }}
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x 2 2
27. Since | y | - | —3 | =0if and only if 22 — 3y + 2z = 0, the set of all vectors orthogonal ton = | —3
x 1 1
x
is Y 2x — 3y + z =0 p . This set describes the plane with normal vector n.
z
1 x
28. The set of all vectors orthogonal to | 1 |, is Y r+y=0
0 z

29. a. (2%,2%) = fo aPdr = ¢ b.(e”, " >=f01d:v=1 c. H1||:\/f01d:v:1,

L@ l|= 1/ fy 2%de = d. cost = 322 e | 1—a =4

|10 _ U1
30. a. LetA_{O 1],so<u,v>_[u1uQ][v2
on R2..

2

b. Let A = 1 _; ] , 80 (1, V) = 2ujv; — u1ve — uzvy + 2usve, which defines an inner product.

3 2
20

ifuy =0o0ru = —%'LLQ and hence, the function does not define an inner product.

31. If f is an even function and ¢ is an odd function, then fg is an odd function. Since the inner product is
defined as the integral over a symmetric interval [—a, a], then

] = u1v1 + ugvs, which is the standard inner product

c. Let A = [ ] , 80 (u,v) = 3ugv; + 2uyvs + 2uguy . In this case (u,u) = uq(3u; + 4uz) = 0 if and only

gy = [ f@)ga)dz =0,

—a

so f and g are orthogonal.
32. Since cosnz is an even function and sinnz is an odd function, by Exercise 31, the set is orthogonal.

33. Using the scalar property of inner products, we have that

(c1u1, couz) = ¢ (ug, cauz) = c1c2 (U, uz) .

Since uy and ug are orthogonal, (ui,uz2) = 0 and hence, (ciu1,couz) = 0. Therefore, cyu; and coug are
orthogonal.

34. Since (-,-) and ((-,-)) are inner products, then

u,u))) = (u,u) + {({(u,u)) >0 and (((u,u))) =0 if and only if u =0

u,v))) = (u,v) + ((u,v)) = (v,u) + {{v,u)) = ({{v,u)))

cu,v))) = {cu, v) + ((cu,v)) = ¢ (u,v) + c{(u,v)) = c({{u,v)))

u+v,w))) = (u+v,w)+((u+v,w)) = (0, w)+(v,w)+((u,w))+{(v,w)) = ({{u,w)))+(({v,w)))

and hence the function defines another inner product.

Exercise Set 6.3

Every finite dimensional inner product space has an orthogonal basis. Given any basis B the Gram-
Schmidt process is a method for constructing an orthogonal basis from B. The construction process involves
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projecting one vector onto another. The orthogonal projection of u onto v is

) u-v (u,v)
roj,u = ——v = V.
prolv vV (v, V)
Notice that the vectors proj,u and u — proj, u are orthogonal.
Let B = {v1,Vva2,vs} be the basis for R? given by

1 1 1
V1 = 2 , Vo = 0 , Vg = -1
-1 1 1

Notice that B is not an orthogonal basis, since vi and vz are not orthogonal, even though v; and vo are
orthogonal. Also, v and vg are not orthogonal.

Gram-Schmidt Process to Covert B to the Orthogonal Basis {wy, wa, ws}.

1
® Wj =V = 2
-1
1 1
1 (1) ' _21 1 1
® W3 = V2 — PIOj,, V2 = V2 — é:vjxvié wi= |0 | —= T3 1 2 =10
1 5 || 9 -1 1
-1] | -1
o Wa — _ ; _ : _ _ {vs,w1) _ (vs,wa)
3 = V3 Pro)w, Vs Projw, Vs = Vs (w17w1>w Twaz,wa) 2
1 1 1 1
-1 || 2 —1 |-
1 1 . 1 1 (1) 1 1/3
-1 |- 2 -2 10 |=] -1/3
1 1 1 1 1 1 ~1/3
2 2 01(]O0
-1 -1 1 1

An orthonormal basis is found by dividing each of the vectors in an orthogonal basis by their norms.

| Solutions to Exercises

1. a. proj,u = [ _3?}/22 ] b. Since u —proj,u= 2. a. proj,u = [ _71415/5 } b. Since u—proj,u =
1/2 8/5
[ 1/2 ] , we have that [ 4/5 } , we have that

v--poiw = [ ][ V3] =0 vo—proiu = | L [ 32 ] =0

so the dot product is 0 and hence, the two vectors  so the dot product is 0 and hence, the two vectors
are orthogonal. are orthogonal.
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-3/5 ]

3. a. proj,u = [ —6/5

b. Since
. 8/5
u — proj,u = —4/5 |
we have that

= [1] [ 5]

so the dot product is 0 and hence, the two vectors
are orthogonal.

—4/3
5. a. proj,u= | 4/3 | b. Since
4/3
1/3
u-—proj,u=| 5/3 |,
—4/3
we have that
1 1/3
v-(u—projyu)y=1| -1 -1 5/3 | =0
-1 —4/3

so the dot product is 0 and hence, the two vectors
are orthogonal.

0
7. a. proj,u = 0 b. Since
-1
1
u—proju= | —1 |,
0
we have that
0 1
v-(u—projju)=1,0 |- -1 | =0,
1 0

so the dot product is 0 and hence, the two vectors
are orthogonal.

9. a. proj,p = %x — % b. Since

_ 9
p — projgp = % — —r + —,

we have that

4. a. proj,u = { 8 }
b. Since

u — proj,u = !
p .]v - _1 9

we have that
V'(u_projvu): |: :; :| : |: 8 :| :Ov

so the dot product is 0 and hence, the two vectors
are orthogonal.

3
6. a. proj,u = % 2
-1
b. Since
Y
u — proj,u = - -2 1,
8
we have that
3 1 4
v-(u—proj,u)=1{ 2 & -2 | =0,
-1 8

so the dot product is 0 and hence, the two vectors
are orthogonal.

1
8. a. proj,u = % 0 b. Since
-1
. 1 3
u — proj,u = 3 4 |,
| 3
we have that
1] 1 3
v-(u—projju)=1| 0 '3 4 |1 =0,
-1 | 3

so the dot product is 0 and hence, the two vectors
are orthogonal.

17
4 12

. ! , 9 17
(q,p — projup) = 0(3:v—1) 2? = a5 ) dr=0

so the dot product is 0 and hence, the two vectors are orthogonal.
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10. a. proj,p = 0 b. Since
p —projgp =" —x +1,

we have that

1
<q,p—pr0jqp>=/ 2z —1) (2> —z+1)dz =0
0

so the dot product is 0 and hence, the two vectors are orthogonal.

11. a. proj,p = —72? + 1 b. Since 12. a. proj,p = —3z b. Since
p—projqulz512_%7 p—projqp:—gx—l—l,
we have that we have that
(q,p — projup) (q,p — projup)

1 1
—/0(x2—1)<§x2—g)da:—0 —/Ox<—gx+1>dar—0

so the dot product is 0, and hence, the two vectors  so the dot product is 0, and hence, the two vectors
are orthogonal. are orthogonal.

13. Let B = {v1, va} and denote the orthogonal basis by {w1,wa}. Then

1 . -1
W1 =V = |: _1 :|,W2—V2—prOleV2— |: _1:|

To obtain an orthonormal basis, divide each vector in the orthogonal basis by their norm. Since each has

. 1 1 1 | -1
length /2, an orthonormal basis is {ﬁ { 1 0vE | o .
-3/5

_6/5 } } and an orthonormal basis

14. Using the Gram-Schmidt process an orthogonal basis is { [ _21 ] , [

2v5 _ A5

is 5 5
V5 || _2VB :

5 5

15. Let B = {v1,v2,vs} and denote the orthogonal basis by {w1, wa, ws}. Then

1 1 1
w1 =vi=| 0 | ,wWga=vVy—Dprojy, va = 2 , W3 = V3 — PIOjy, V3 — PIOjy, Vs = | —1
1 -1 -1
To obtain an orthonormal basis, divide each vector in the orthogonal basis by their norm. This gives the
1 1 1
: 1 1 1
orthonormal basis 73 01, 75 21 '3 —1
1 1/2 1/3
16. Using the Gram-Schmidt process an orthogonal basis is 0 , 1 .| —1/3 and an or-
-1 1/2 1/3
V2 V6 V3
2 6 3
thonormal basis is 0 I IRV N IRV
3 3
—@ V6 V3
6 3

17. {V3(z —1), 32— 1, 6vV5(z* —z + 1)} 18. {V30(z* — z), V8 (822 — 22),1022 — 122 + 3}
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19. An orthonormal basis for
span(W) is

— | 1
V31

21. An orthonormal basis for

span(W) is
-1 -2 1
I I N U RN I T
V(N I IRV st IRRV(N
1 0 1

23. An orthonormal basis for
span(W) is

{x/§x, —3:17—!—2}.

25. An orthonormal basis for span(WV) is
1 0

1

0
V31| V3| —1
1 1

27. Let v be a vector in V and B = {uy,ua,...,

20. An orthonormal basis for
span(W) is

22. An orthonormal basis for

span(WV) is
1 2 -2
Vil =2 | VIS 1 | V30| -1
5 0 |7 15 1 {7 30 0
0 -1 5

24. An orthogonal basis for
span(W) is

5, 9 1

and an orthonormal basis is

1 WNT (5 9 1
{1,\/?(12:5—6),7 (—§x3 +T - 5)}

26. An orthonormal basis for span(WW) is
2 1

LO,L5
\/51\/%_2

up } an orthonormal basis for V. Then there exist scalars

c1, C2,...,Cy such that v.=cjuy + coug + -+ - + ¢,u,. Then
2 2 2 2
[[VI[F=v-v=ci{(ur-u1) +c5(uz-u2)+ -+ ¢ (un - upn).
Since B is orthonormal each vector in B has norm one, 1 = ||u;||?> = u; - u; and they are pairwise orthogonal,

so uy - uy =0, for ¢ # j. Hence,

V[P =cl+d+ - +c =

v-up]? 4+ |v - unl?

28. To show the three statements are equivalent we will show that (a)=(b), (b)=-(c) and (c)=-(a).

(b): Suppose that A~!

° (a):>

= A'. Since AA* = I, then the row vectors are orthonormal. Since they

are orthogonal they are linearly independent and hence a basis for R™.

e (b)=(c): Suppose the row vectors of A are orthonormal. Then A*A = I and hence the column vectors

of A are orthonormal.

(c
Al —

) (a ) Suppose the column vectors are orthonormal. Then AA* = I and hence, A is invertible with



6.3 Orthonormal Bases 149

29. Let
aill a12 e Aln aill as1 e an1
a1 ag9 . A2n, ' ai2 ag9 e An2
A= and A
an1 Ap2 ... QApnp a1p A2, ... QApn

0if i # j
lifi=j

Suppose that the columns of A form an orthonormal set. So that 22:1 AkiGk; = { . Observe that

0ifi £
the quantity on the left hand side of this equation is the 4, j entry of A*A, so that (AtA)ij = {1 %f Z 7&]
ifi=j

and hence, A'A = I. Conversely, if A’A = I, then A has orthonormal columns.
30. We have x - (Ay) = xt Ay = (x'A)y = (Alx)ly = (A'x) -y

31. Recall that ||Ax|| = vV Ax - Ax. Since the column vectors of A are orthonormal, by Exercise 29, we have
that A’A = I. By Exercise 30, we have that

Ax - Ax = (A'Ax) -x =x' - (A'Ax) = x - x.

Since the left hand side is ||Ax||?, we have that ||Ax||? = x - x = |[x||? and hence, ||Ax]|| = ||x||.

32. Using the result given in Exercise 30, we have that
(Ax) - (Ay) = A'(Ax) -y = (A'A)x -y = (Ix) -y =x -y.

33. By Exercise 32, Ax- Ay = x-y. Then Ax- Ay =0 if and only if x-y = 0.

T 1 2
_ -0
34. Since a vector | 7 | is orthogonal to both 0 and 3 if and only if Fhw
z -1 -1 2x—|—3y—z—|—2w =0
w 1 2
a 1 0 -1 1 educes to L then all vectors that are orthogonal to both vectors have
n23_12rus 011/30,nvrs re orthogon vectors hav
s—t 1 —1
1 _
the form 5’8 ,s,t € R. So a basis for all these vectors is 11/ 3 , 8
t 0 1
35. Let
W={v]| v-u; =0, forall i =1,2,...m}.
Let ¢ be a real number and x and y vectors in W, so that x-u; =0 and y-u; = 0, for each i = 1,...,m.
Then

(x+cy) wi=x-u+c(y u)=0+c(0)=0,
foralli=1,2,...,n. Sox+ ¢y is in W and hence, W is a subspace.

36. Suppose A is symmetric, so A® = A, and u’Au > 0 for all nonzero vectors in R™.

By definition of (-,-), we have (u,u) > 0 for all nonzero vectors and if u = 0, then (u,u) = 0.

Since A is symmetric, then (u,v) = u’Av = u'A'v = (Au)'v = v Au = (v, u).
e (u+v,w)=(u+v)lAw = (v’ + vi)Aw = u'Aw + viAw = (u, w) + (v, w)

e (cu,v) = (cu)lAv = cu’Av = ¢ (u, v)
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37. Since for every nonzero vector { ;C } , we have that

viAv = [z,y] [?{ é] [j]=3w2+2wy+3y22<w+y>220,

so A is positive semi-definite.

38. Let u = e;. Then ej*Ae; = e’ A1 = a;; > 0 since A is positive definite. Since this holds for each
i=1,...,n, then the diagonal entries are all positive.

39. Since, when defined, (BC)! = C*B, we have that
x'A'Ax = (Ax)' Ax = (Ax) - (Ax) = ||Ax||* > 0,

so At A is positive semi-definite.

40. We will show that the contrapositive statement holds. Suppose A is not invertible. Then there is a
nonzero vector x such that Ax = 0 and hence x!Ax = 0. Therefore, A is not positive definite.

41. Let x be an eigenvector of A corresponding to the eigenvalue A, so that Ax = Ax. Now multiply both
sides by x' to obtain
x'Ax = x'(\x) = Mx'x) = A(x - x) = A||x||%

Since A is positive definite and x is not the zero vector, then x!Ax > 0, so A > 0.

42. a. Since [ -2 ] . [ 2 } = 0, the vectors are orthogonal. b. det ([ :? _i ] [ -2 -l ]) =100

-1 -4

c. The area of the rectangle spanned by the two
vectors, as shown in the figure is

[vall|[val| = VB5V20 = 10 = \/det(AtA).

-2 -1
det({ 5 _4})‘_|8+2|_10

Suppose v = [ Z } and vo = [ (Cl ] are orthogonal so

d. e.
ac + bd = 0, that is, ac = —bd. Let A = { Z 2 so |det(A)| = |ad — be|. The area of the rectangle spanned

by the two vectors is

det(A) = |ad — be| = \/(ad — be)? = \/a2d? — 2abed + b2c?
= Va2d? + 2a2¢2 + b2 (since ac = —bd)
= Va2d? + a2¢2 + a2c2 + b2 = \/a2d2 + a2c2 + b2d? + b2¢2

_ \/a2(02+d2)+b2(02+d2): Va2 + 02/ + 42

= [Ivallllvall-

f. The area of a parallelogram is the height times the base and is equal to the are of the rectangle shown
in the figure of the exercise. So the area is ||v1||||[ve — p||, where p is the projection of vz onto vi.

Since p = kvy for some scalar k, if vi =

)

is obtained from A by the row operation —kR;+ Ry — Ra. Therefore, the area of the parallelogram is | det(A)|.
g. The volume of a box in R? spanned by the vectors vi,va, and v3 (mutually orthogonal) is ||v1||||va]|||vs]]-

(Z , and vg = (Cl , then the area of the parallelogram is

. But this last determinant is the same as the determinant of A since the matrix
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Let A be the matrix with row vectors vi,vs and vs, respectively. Then

vl 0 0
AAt =] 0 vl 0 and hence, det(AA") = ||vy|]?||va|]?||vs][? = det(A) det(A) = (det(A))>.
0 0 lvs|P

Therefore, the volume of the box is \/(det(A))? = | det(A)|.

Exercise Set 6.4

The orthogonality of two vectors is extended to a vector being orthogonal to a subspace of an inner product
space. A vector v is orthogonal to a subspace W if v is orthogonal to every vector in W. For example, the
normal vector of a plane through the origin in R? is orthogonal to every vector in the plane. The orthogonal
complement of a subspace is the subspace of all vectors that are orthogonal to W and is given by

Wt ={veV| (v,w) =0 for every w € W}.

If
x 1 -1 1 -1
W = y r—2y+z2z=0r=<y| 2 | +=% 0 Y,z € R 3 =span 21, 0 ,
z 0 1 0 1
1 -1
then since the two vectors | 2 | and 0 are linearly independent W is a plane through the origin in
0 1
a

R3. A vector | b | is in W if and only if it is orthogonal to the basis vectors, that is,

a 1 a —1 ] 1
b 2 | =0and | b 0 =0 a=c¢b=—=c,ceR,
2
c 0 1]
S0 -
1
wt=<t| -1/2 || teR
1 -
1
So the orthogonal complement is the line in the direction of the vector (normal vector) | —1/2 | . In the
1

previous example, we used the criteria that v is in the orthogonal complement of a subspace W if and only if
v is orthogonal to each vector in a basis for W=. Other results to remember when solving the exercises are:

e W+ is a subspace

e WNWt = {0}

e WHt=w

e dim(V) = dim(W) & dim(W+)
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] Solutions to Exercises

—_

|
—
e Ry 8 @ 8
8
|«
[N}
<
Il
(an)
Il
—N
| —
<y
| I

vt} —span{| |}

T 1 So the orthogonal complement is the y-axis.
= span 1/2

So the orthogonal complement is described by a

line.
3 4.
[z ] T 2 [z ] T 1
wt = Y Y 1 | =0 wt = y Y 0]=0
Ea z -1 Ea z 2
F F
= Y 20 +y—2=0 = Y r+22=0
_Z_. _Z_
1 0 -2 0
= span -2 |, 1 = span 0 s 1
0 1 1 0

So the orthogonal complement is described by a  So the orthogonal complement is a plane.
plane.

2 1
5. The orthogonal complement is the set of all vectors that are orthogonal to both 1 and | 2 |.That
-1 0
x
is, the set of all vectors | y | satisfying
z
x| 2 x 1
2 —z =0

y -l 1 =0 and |y| |2]=0aTV " .

z —1 z 0 T +2y =0
Since the solution to the linear system is z = %z, Y= —%z, z € R, then

2/3
W+ = span -1/3 . Thus, the orthogonal complement is a line in three space.
1
v —3rx+y—z =0
6. A vector | y | is in W' if and only if { y+ , that is, x = —%z,y = —2. So Wt =
Yyrz =
z
2/3
span —1 , which is a line in R3.
1

7. The orthogonal complement is the set of all vectors that are orthogonal to the two given vectors. This
leads to the system of equations
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Setytz—w O,Withsolutiona::——z—l——w,y:——z—w,z,weR.
204+ z4+2w =0 6 3 2
—%z—l— %w
_1
Hence a vector is in W if it only if it has the form ZQZ , for all real numbers z and w, that is,
w
-1/6 2/3
—1/2 -1
1
W+ = span 1 ) 0
0 1
x r+y +w =0
8. A vector Z isin Wt ifandonlyif {2z +z4w :O,thatis,x:y:z:—%wSOWJ-:
w y+z+w =0,
-1/2
span :1;3 , which is a line.
1
-1/3 [ 1
9. -1/3 10. -1
1 | 1
1/2 -1/2 [ 1/2 -1/2
-3/2 -1/2 -3/2 -1/2
11. R I 12. O P
0 1 | 0 1

13. A polynomial p(z) = az? + bz + c is in W if and only if (p(z),z — 1) = 0 and (p(z), 2?) = 0. Now

0= <p(517),117—1>—/Ol(aI3+(b—a)x2+(c—b):z:—c)da:<:>a+2b+60—0

and
2 ! 4 3 2 a b ¢
0= (p(z),z >=/ (az”® +bx” +cx®)dr & -+ -+ - =0.
0 5 4 3
2b+6¢ =0
Since the system Z—:_ : _—: CC has the solution a = 59—0c, b= —59—2, ¢ € R, then a basis for the orthogonal
5 72173 =
complement is {32? — 2z 4+ 1} .
14. A basis for Wt is {527 — Lo +1}.
w1
15. The set W consists of all vectors w = ZQ such that wy = —w; — we — wg, that is
3
wy
1 0 0
W = t s,tbue R Y=< s 0 +1 1 +u 0 s,t,u e R
u 0 0 1
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x
The vector v = Z is in W+ if and only if it is orthogonal to each of the three vectors that generate W, so
w
1
that t—w =0,y—w =0,z—w =0, z € R. Hence, a basis for the orthogonal complement of W is 1
1
16. The two vectors that span W are linearly independent but are not orthogonal. Using the Gram-Schmidt
1 3/2
process an orthogonal basis is 0 , 1 . Then
-1 3/2
[ I 1 3/2
-2 |- 0 -2 |- 1
_ 2 1 : N 3/2 3{ S I I
projy v = —= = = = —
1 1 1 3/2 3/2 3/2 11 13
0 . 0 1 : 1
| -1 ] | -1 ] 3/2 3/2
17. The two vectors that span W are linearly independent and orthogonal, so that an orthogonal basis for
2 0
Wis B = 01, —1 . Then
0 0
1 2 17 [ 0]
2 0 2 -1
) -3 0 (2) = 0 01
projy v = = 4= = -
2 2 0 0 0 0
0 0 -1 -1
0 0 L 0] [ 0 |
2 0 1
2 -2
=1 0+ T -1 (=12
0 0 0
18. The two vectors that span W are linearly independent but not orthogonal. Using the Gram-Schmidt
3 2
process an orthogonal basis for W is B = -1 1, 14 . Then
1 8
5 7 [ 3 ] 5 2
-3 -1 3 -3 14
. 1 2 19 3 1 1 5
projy v = —¢ - = -1 |+ 5 5 14 =1 -1 —1I 14 | =1 -3
3 3 1 8 1 8 1
-1 -1 14 14
1] L1 8 8
5

Observe that | —3 | is contained in the subspace W.
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19. The spanning vectors for W are linearly independent but are not orthogonal. Using the Gram-Schmidt

1 —13
precess an orthogonal basis for W consists of the two vectors | 2 | and % 4 . But we can also use
1 5
1 —13
the orthogonal basis consisting of the two vectors | 2 | and 4 Then
1 5
1 1 —13 1
2 -3 4 -3
, 1 5 ; L 5 —i?’ 8
Projw Vv = =
1 1 1 -13 —13 5 0
2 2 4 4
1 1 5 5
20. The three vectors that span W are linearly independent but not orthogonal. Using the Gram-Schmidt
1 2 -3
. . 2 0 1
process an orthogonal basis for W is B = 19| 3 . Then
1 0 4
5
rojy,v = 1o
—10

21. The spanning vectors for W are linearly independent but are not orthogonal. Using the Gram-Schmidt

3 -5
. . 0 21
precess an orthogonal basis for W is B = 1] Z3 . Then
2 6
-5
. 4 21
Projyv =3 | 5
6
n -2 . 3| 1 . 1] 2
22. a. W+ = span 1 b. projy,v = 5| 9 C. U=V —PprojyVv =z _1

SHIGE e-

23. a. WL—span{[ zl)) ]} b. proij:% [ _13} C. u:v—proij:ll—0 [ g]
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1 0 1
24. a. Wt = span -1 1{,10 b. projy,v=| 1 | c. u=v—-projypv=| 0
0 1 0 1
d. The vector u is one of the spanning vectors of W+. e
WJ_
v
w
projy v
1 -1
25. Notice that the vectors 1 and 2 are not orthogonal. Using the Gram-Schmidt process an
-1 4
1 0 2
orthogonal basis for W is 1 .1 3 .a. Wt = span -1
-1 3 1
2 4
b. projy,v = % 5 | c.u=v-—projyv= % -2
1 2
2
d. Since u is a scalar multiple of | —1 | | e.
1
then u is in W+, w projy v
WJ_

26. If v is in V1, then (v,u) = 0 for every vector in V. In particular, (v,v) = 0 and hence v = 0. On the
other hand, since V {0} @ {0}+, then {0} = V. Alternatively, since every vector in V is orthogonal to the
zero vector, then {0} = V.

27. Let w € W3-, so (w,u) = 0 for all u € Wy. Since W; C Ws, then (w,u) = 0 for all u € W;. Hence
w € Wi, so Wi+ C Wit
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28. a. Let f,g € W and c¢ a scalar. Then

(f +cg)(=z) = f(=2) + cg(—2) = f(z) + cg(x) = (f + cg) (=),

so f 4 cg is in W and hence, W is a subspace. b. Suppose g(—z) = —g(z). If f is in W, then notice that
f(=z)g(—=z) = f(z)(—g(x)) = —f(z)g(x). Let h(zx) = f(x)g(z). Then

(f,q) = /1 h(z)da = /0 h(a:)da:—l—/ol h(z)dz = —/10h(—x)d:c+/01 h(z)da

-1 -1

= /01 h(—z)dz + /01 h(zx)ds = — /01 h(z)dx + /01 h(z)dz = 0.

c. Suppose f € W N W=, Since f € W, then f(—z) = f(x) and since f € W+, then f(x) = —f(x). Since
this holds for all z, then f(z) = 0 for all . Hence, WN W+ = 0. d. If g(z) = 1(f(z) + f(—x)), then
g9(=2) = 3(f(=2) + f(2)) = g(x). Similarly, if h(z) = 5(f(z) — f(~2)), then h(~z) = —h(z).

29. a. Let A= [ jcl ; } and B = [ Z IC)} be a matrix in W. Then

_ toay a b d e - ad+bf ae+bg
(A,B>_tr(BA)—tr({b c][f g]>_tr[bd+cf be+cg |-
So A € W+ if and only if ad + bf + be + cg = 0 for all real numbers a, b, and c. This impliesA_[ 0 e}

That is A is skew-symmetric.
b.

(4 2] 120 10] ,[4 2
502 1| 25110 5| 512 1]
31. Let wg be in W. Since W+ = {v e W | (v,w) =0 for all w € W}, then (wq,Vv) = 0, for every vector v

in W+. Hence, wo is orthogonal to every vector in W+, so wo € (W)L, That is, W C (W+)+.

Now let wg € (W)L, Since V=W @ W+, then wo = w+v, where w € W and v € W+. So (v,wg) =0,
since wog € (W)t and v € Wt and (v,w) = 0, since w € W and v € W+. Then

0= (v,wg)=(v,w+v)=(v,w) + (v,v) = (v, V).

Therefore, since V is an inner product space v = 0, so wo = w € W. Hence, (W+)+ C W. Since both
containments hold, we have W = (W)L

Exercise Set 6.5

1. a. To find the least squares solution it is equivalent to solving the normal equation
4

AtA[;]:At 1 | . That is,
5
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[112] . [I]_[llz] | @[612][3@]_[15]
3 3 3 9 3 Y 3 3 3 5 12 27 Y 30
Hence, the least squares solution is X = 5(/)2 ] . b. Since the orthogonal projection of b onto W is AX, we
5/2 3/2
have that wqy = AX= | 5/2 | ,and wa=b —w; = | —3/2
5 0
2. a. To find the least squares solution it is equivalent to solving the normal equation
-2
AtA[ ’ ] —A'| 0 |.Thatis,
Y 1
[211 - [I]_[211] . @[6 7}{95}_[—3}
2 21 11 y 2 21 1 79 Y -3
DA —6/5 . — Do
Hence, the least squares solution is X = 3/5 | b. Since the orthogonal projection of b onto W is AX,
—6/5 —4/5
we have that wq = AX = 0 ,and wog = b —w; = 0
-3/5 8/5
3. Let _ _ _ -
1965 1 927
1970 1 1187
1975 1 1449
1980 1 1710
A= 1985 1 and b= | 2004
1990 1 2185
1995 1 2513
2000 1 2713
| 2004 1 | | 2803 |

a. The figure shows the scatter plot of the data, which b. The least squares solution is given by the solution
approximates a linear increasing trend. Also shown in to the normal equation

the figure is the best fit line found in part (b). AtA [ m ] — Atb, which is equivalent to
b - )

* 35459516 17864 m | | 34790257
17864 9 b | 17491

The solution to the system gives the line that best fits

__ 653089 317689173
the data, y = J3775° 0 — S 5557
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4. Let _ _ _ _
1955 1 157
1960 1 141
1965 1 119
1970 1 104
1975 1 93
A= 1980 1 and b= | 87
1985 1 78
1990 1 70
1995 1 66
2000 1 62
| 2005 1 | | 57 |

a. The figure shows the scatter plot of the data, which b. The least squares solution is given by the solution
approximates a linear decreasing trend. Also shown in to the normal equation

the figure is the best fit line found in part (b). At A [ 77b”L ] — A'b, which is equivalent to

{ 43127150 21780 ] [ m ] B [ 2042030 }

21780 11 || b 034
The solution to the system gives the line that best fits
the data, y = —5235 — 19514,

5. a. The figure shows the scatter plot of the data, which b. The line that best fits the data is
approximates a linear increasing trend. Also shown in
the figure is the best fit line found in part (b). y = 0.07162857143x — 137.2780952.

6. To use a least squares approach to finding the best fit parabola y = a + bz + cz? requires using a 3 x 3
matrix, where the columns correspond to 1, z, and x2. We will also shift the data so that 1980 corresponds
to 0. So let

1 0 0 ] [ 0.1 ]
1 2 4 0.7
1 5 25 2.4
17 49 4.5
1 10 100 10
A=|1 12 144 | and b= 161
1 15 225 29.8
1 17 289 40.9
120 400 57.9
1 22 484 67.9
|1 25 625 | | 82.7 |
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a. The figure shows the scatter plot of the data. Also b. The least squares solution is given by the solution
shown in the figure is the best fit parabola found in to the normal equation

part (b).

7. a. The Fourier polynomials are
p2(x) = 2sin(z) — sin(2z)
2
ps(x) = 2sin(z) — sin(2z) + 3 sin(3x)
2
pa(x) = 2sin(z) — sin(2z) + 3 sin(3x)
1
~5 sin(4x)
2
ps(x) = 2sin(z) — sin(2z) + 3 sin(3x)
1 2
) sin(4zx) + £ sin(5x).
8. a. The Fourier polynomials are
1 :
pa(x) = 37~ sin(2x)
1
p3(x) = 37~ sin(2x)
1 . 1.
pa(x) = 37~ sin(2z) — 3 sin(4x)

1 1
ps(x) = 37~ sin(2z) — 3 sin(4x)

9. a. The Fourier polynomials are

L o

pa(x) = 3T 4 cos(x) + cos(2x)
p3(x) = %FQ — 4 cos(x) + cos(2x) — g cos(3x)
pa(x) = %FQ — 4 cos(x) + cos(2x) — g cos(3x)

1
+ 1 cos(4x)
1, 4
ps(x) = 3T 4 cos(x) + cos(2z) — 9 cos(3x)

1 4
+ 1 cos(4x) — % cos(5z).

a
A'A | b | = A'b, which is equivalent to
c
11 135 2345 a 313
135 2345 45765 b | = 6200

2345 45765 952805 c 129838

The solution to the system gives the parabola that best

fits the data, Y= éigigngQ _ 1384589,. 8584

8494750 C ~ 15445°
b. The graph of the function f(z) = z, on the interval

—m < x < 7 and the Fourier approximations are shown
in the figure.

b. The graph of the function f(z) = z, on the interval
—m < x < 7 and the Fourier approximations are shown
in the figure.

b. The graph of the function f(z) = 22, on the interval
—7 < x < 7 and the Fourier approximations are shown
in the figure.

10. Suppose A = QR is a QR-factorization of A. To solve the normal equation A*Ax = A'b, we have that

(QR)'(QR)x = (QR)"D,

so RY(Q'Q)Rx = R'Q'b.
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Since the column vectors of @) are orthonormal, then Q*Q = I, so
R'Rx = R'Q'b.

Since R! is invertible Rx = Q'b and since R is upper triangular, then the system can be solved using back
substitution.

Exercise Set 6.6

Diagonalization of matrices was considered earlier and several criteria were given for determining when
a matrix can be factored in this specific form. An n x n matrix is diagonalizable if and only if it has n
linearly independent eigenvectors. Also if A has n distinct eigenvalues, then A is diagonalizable. If A is an
n x n real symmetric matrix, then the eigenvalues are all real numbers and the eigenvectors corresponding
to distinct eigenvalues are orthogonal. We also have that every real symmetric matrix has an orthogonal
diagonalization. That is, there is an orthogonal matrix P, so that P~ = P! and a diagonal matrix D such
that A = PDP~! = PDP!. The column vectors of an orthogonal matrix form an orthonormal basis for R™.
If the symmetric matrix A has an eigenvalue of geometric multiplicity greater than 1, then the corresponding
linearly independent eigenvectors that generate the eigenspace may not be orthogonal. So a process for finding
an orthogonal diagonalization of a real n x n symmetric matrix A is:

e Find the eigenvalues and corresponding eigenvectors of A.

e Since A is diagonalizable there are n linearly independent eigenvectors. If necessary use the Gram-
Schmidt process to find an orthonormal set of eigenvectors.

e Form the orthogonal matrix P with column vectors determined in the previous step.

e Form the diagonal matrix with diagonal entries the eigenvalues of A. The eigenvalues are placed on
the diagonal in the same order as the eigenvectors are used to define P. If an eigenvalue has algebraic
multiplicity m, then the corresponding eigenvalue and eigenvector are repeated in D and P m-times,
respectively.

e The matrix A has the factorization A = PDP~! = PDP?.
B Solutions to Exercises

1. The eigenvalues are the solutions to the char- 2. A\ =2,y = —4
acteristic equation det(A — AI) = 0, that is,
A1 =3and Ay = —1

3. M =1, =-3,)23=3 4. \1 =1, = V10, A3 = —v/10.
5. Since the eigenvalues are \; = —3 with eigenvector vq = { _21 ] and Ay = 2 with eigenvector vo = { ? } ,
then vy - vo = 0, so the eigenvectors are orthogonal.
6. Since the eigenvalues are \;y = —1 with eigenvector vi = 1 ] and Ay = —5 with eigenvector vo =
~1 . '
[ 1 } , then vy - vo = 0, so the eigenvectors are orthogonal.
1] -1
7. Since the eigenvalues are \; = 1 with eigenvector vi = | 0 |, Ao = —3 with eigenvector vg = 2 ,
1 1
—1
and A3 = 3 with eigenvector v = | —1 |, then vy - v = vy - v3 = va - vg = 0, so the eigenvectors are
1

pairwise orthogonal.
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1 0
8. Since the eigenvalues are \y = —1 with eigenvectors vi = | 0 | and vo = | 1 |, and Ay = 3 with
1 0
-1
eigenvector vg = 0 , then vy -vg = va-vg = 0, so the eigenvectors corresponding to distinct eigenvalues
1
are orthogonal.
9. The eigenvalues of A are A\; = 3 and Ay = —1 with multiplicity 2. Moreover, there are three linearly
1 —1 0
independent eigenvectors and the eigenspaces are V3 = span 0 and V_; = span 0 , 11
1 1 0
Consequently, dim (V3) +dim (V_1) =1+ 2 = 3.
0 -1 1
10. The eigenspaces are V_; = span 1 , Vo = span 0 , and Vo = span 0
0 1 1
3 0
11. The eigenspaces are V3 = span 1 , V_3 = span _1 , and
1 1
-1 0
V_1 = span ; , _01 , 80 dim (V3) +dim (V_3) +dim (Vo) =14+14+2 =4,
0 1
1 0 0 0
. 0 0 0 1
12. The eigenspaces are V; = span 0 ,V_1 = span 1110 , and V_o = span 0
0 0 1 0
13. Since A'A = { fg \/%g ] \/?g \_/%g } = [ (1) (1) } , the inverse of A is A?, so the matrix A is
orthogonal.
. . —1 /5/5 . . .
14. Since A'A = VE/5 BE then A' is not the inverse of A and hence, A is not orthogonal.
V2/2 V2/2 0 V2/2 —V2/2 0 100
15. Since A'A = | —/2/2 V2/2 0 Vv2/2  v/2/2 0| =10 1 0 |, theinverse of A is A", so
0 0 1 0 0 1 0 0 1
the matrix A is orthogonal.
1 0 1/3
16. Since A'A = 0 8/9 4/9 |, the inverse of A is not A?, so the matrix A is not orthogonal.

1/3 4/9 11/9

17. The eigenvalues of the matrix A are —1 and 7 with corresponding orthogonal eigenvectors 1
1

and [ 1 } , respectively. An orthonormal pair of eigenvectors is —= [ _11 ] and % [ 1

3
-1/vV2 1/V2
[ 1/V2 1/v2

]LetP:

-1 0
-1 _n_
],sothatP AP—D—[ 0 7}.
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18. The eigenvalues of the matrix A are 3 and 7 with corresponding orthogonal eigenvectors { 1

1 . . . T | 1|1 -
and { 1 } , respectively. An orthonormal pair of eigenvectors is 75 { 1 ] and 73 [ 1 } . Let P =

-1/v2 1/V2 b~ |30
[ YN RN ,s0 that PT"AP =D = 0o 7|
_[-uve vz iap _af2 1 AP p-—
19.IfP—[ V3 1/V3 , then P= AP = 2O.IfP—\/5 1 _9 , then PT"AP =D =
-4 0 2 0
D‘[ 02}' {0—3}
-1 1 -1
21. The eigenvalues of A are —2,2, and 1 with corresponding eigenvectors | —2 |, 1 0 |, and 1 ,
1 1 1
respectively. Since the eigenvectors are pairwise orthogonal, let P be the matrix with column vectors unit
-1/V3 1/v/2 —1/V6 1 0 0
eigenvectors. That is, let P = 1/V/3 0 —2/V6 |,then P7'AP=D={0 2 0
1/vV3 1/v2  1/V6 0 0 —2
1 -1 0 00 0
M.HP:% 0 0 V2 |,thenP'AP=D=|0 2 1
1 1 0 0 0 -1

23. Since A and B are orthogonal matrices, then AA' = BB! = I, so that

(AB)(AB)! = AB(B'A") = A(BB")A' = ATA' = AA' = I.
Since the inverse of AB is (AB)!, then AB is an orthogonal matrix. Similarly, (BA)(BA)! = I.
24. Suppose A is orthogonal, so A~! = A*. Then

1
det(A)’

det(A) = det(A") = det(A™!) =

so (det(A))? =1 and hence, det(A4) = +1.

25. We need to show that the inverse of A? is (A%)! = A. Since A is orthogonal, then AA! = I, that is, A is
the inverse of A® and hence, A? is also orthogonal.

26. Suppose A is orthogonal, so A~! = A*. Then

and hence A~! is orthogonal.

27. a. Since cos? § + sin? @ = 1, then

AtA[cosH —sin@}{ cosd sinﬁ}{l

sin 6 cos —sinf cosf 0 1

s}
[

so the matrix A is orthogonal.

b. Let A = [ CCL 2 } . Since A is orthogonal, then

a2+ =1
a b aciaz—l—anc—i-bdi10<:> b —
c d||b d|"|a+bd &+ |~ |0 1 ac+bd =0
cA+d? =1
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LetV1—|:a

b } and let 6 be the angle that v; makes with the horizontal axis. Since a? + b? = 1, then vy is

a unit vector. Therefore a = cosf and b = sinf. Now let vo = { Zl } . Since ac + bd = 0 then v; and vg are

orthogonal. There are two cases.

Case 1. c=cosf+ /2= —sinf and d =sinf + 7/2 = cos b, so that A = C9SH sin 0 .
—sinf cosf

Case 2. c=cosf — /2 =sinf and d =sinf — /2 = — cosf, so that A = C(.)SQ sin 0 .
sinf —cosf

cosf sin@
—sinf cosf

T(v) = cosf sinf x| | cos(—0) —sin(—0) x
V)T —sind cos6 y | | sin(—=6)  cos(—6) y |’
which is a rotation of a vector by —6 radians. If det(A) = —1, then by part (b), T(v) = A’v with A’ =

C9S 0 sin 0 . Observe that
sinf —cos6

c. If det(A) = 1, then by part (b), T'(v) = Av with A = [ } Therefore

A,[cos@ —sin@][l O}

| sinf  cos@ 0 -1 |-

Hence, in this case, T' is a reflection through the x-axis followed by a rotation through the angle 6.

28. Suppose A and B are orthogonally similar, so B = P*AP, where P is an orthogonal matrix. Since P is
orthogonal P! = Pt,

a. First suppose A is symmetric, so A = A. Then B! = (P'AP)! = P'A'P = P'AP = B and hence, B is
symmetric. Conversely, suppose B is symmetric, so B = B*. Since B = P’ AP = P~' AP, then A = PBP~".
Then A' = (PBP~1)! = (PBP!)! = PB'P! = PBP! = A and hence, A is symmetric.

b. First suppose A is orthogonal, so A~! = A’. Then B~ = (P!'AP)"! = P~'A~'P = P'A'P = (P'AP)! =
B! and hence, B is orthogonal. Conversely, suppose B is orthogonal, so B~' = B’. Since B = P'AP =
P~'AP, then A= PBP~!. Then A~! = (PBP~!)~! = PB~'1P~! = PB!P* = (P'BP)" = A! and hence, A
is orthogonal.

29. Suppose D = P*AP, where P is an orthogonal matrix, that is P~' = P*. Then

D' = (P'AP)! = P'A'P.
Since D is a diagonal matrix then D! = D, so we also have D = P'A'P and hence, P!AP = P'A'P. Then
P(P'AP)P! = P(P'A'P)P'. Since PP' = I, we have that A = A’ and hence, the matrix A is symmetric.

30. Suppose A1 exists and D = P! AP, where D is a diagonal matrix and P is orthogonal. Since D = P'AP =
P~1AP, then A = PDP~!'. Then A~! = (PDP71)71 = PD'P ! so D7l = P 1A71P = P!A71P and
hence A~! is orthogonally diagonalizable.

U1

vy
31. a. If v= .|, then viv =0? + ... + 02

n:
Un

b. Consider the equation Av = A\v. Now take the transpose of both sides to obtain v’ A? = Av’. Since A4 is
skew symmetric this is equivalent to
vi(=A) = v

Now, right multiplication of both sides by v gives vi(—Av) = Avlv or equivalently, v!(—\v) = Avv. Hence,
2\viv = 0, so that by part (a),

2A(vi 4+ ...+ v2) =0, thatisA\=0orv=0.
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Since v is an eigenvector v # 0, and hence A\ = 0. Therefore, the only eigenvalue of A is A = 0.

Exercise Set 6.7

1. Let x = [ ;j } JA = { _2; _g } ,and b = [ zl)) ] . Then the quadratic equation is equivalent to x‘Ax +

b’x = 0. The next step is to diagonalize the matrix A. The eigenvalues of A are 30 and 0 with corresponding

eigenvectors [ _13 } and { il)) } , respectively. Notice that the eigenvectors are not orthogonal. Using the

_ 310 V10

Gram-Schmidt process unit orthogonal vectors are v; = \/%) and vg = 3\1/01—0 . The matrix with
10 10

column vectors vy and va is orthogonal, but the determinant is —1. By interchanging the column vectors the

resulting matrix is orthogonal and is a rotation. Let

s 0 0
and D:[O 30],

3v10 V10
10 10

so that the equation is transformed to

(x')'Dx’ +btPx' =0, thatis 30(y)?+ 10z’ = 0.

2. Let x = [ ;j } JA = { _i _;l } ,and b = [ % ] . Then the quadratic equation is equivalent to x‘Ax +

b'x = 0. The eigenvalues of A are 10 and 0 with corresponding eigenvectors { _12 ] and [ % ] , respectively.

Notice that the eigenvectors are orthogonal. Let v; = ? _12 and vo = ‘/?5 [ ? } . The matrix with
column vectors vy and vg is orthogonal with determinant equal to 1. Let

V5[ 1 2 10 0
P‘?[—2 1] and D‘{ 0 o}’

so that the equation is transformed to

(x')'Dx’ +b'Px' =0, thatis 10(z')+ V5y = 0.

3. Let x = [ ;j ] A= 1?1 13 ] ,and b = [ 8 ] . The matrix form of the quadratic equation is x’Ax —

8 = 0. The eigenvalues of A are 16 and 8 with orthogonal eigenvectors [ i ] and [ _11 ] . Orthonormal
1] -1 V22

eigenvectors are @ [ 1 and @ [ 1 } , so that P = \% \% is an orthogonal matrix whose action
4 2 2

on a vector is a rotation. If D = [ 1(6) g ] , then the quadratic equation is transformed to (x')!Dx’ —8 = 0,

that is, 2(2")% + (v')? = 1.

4. Let x = { i ] A= { _1;) _13 } , b= { i } ,and f = —12. Then the quadratic equation is equivalent to
x'Ax +bix + f = 0. The eigenvalues of A are 20 and 10 with corresponding eigenvectors [ _13 ] and [ i1’> } ,
respectively. Notice that the eigenvectors are orthogonal but not orthonormal. Orthonormal eigenvectors
are vi = \/% [ _13 } and vg = \/% [ 515 } . The matrix with column vectors vy and vg is orthogonal with
determinant equal to 1. Let
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1 1 3 20 0
P——[ ] and D_[Ol()}’

so that the equation is transformed to
(x)'Dx' +b'Px' 4+ f =0, thatis 20(z")?+10(y')* — V102’ + 10y — 12 = 0.

5. The transformed quadratic equation is 6. The transformed quadratic equation is
(ﬂc;)2 _ (y;)2 -1 W) _ =) _q

2 2

4 0
6

7. a. [z y] [ 0 1 ] [ ] —16 =0 b. The action of the matrix

T
Yy
us : us
cosZT —sinZ
P_[sin% cos%}_
4 4

on a vector is a counter clockwise rotation of 45°. Then P 10 } Pt = { _12 _1(6) } , so the quadratic

el
|
el

equation that describes the original conic rotated 45° is

[xy][_lg _18]{5]—16_0, that is 1022 — 122y + 10y — 16 = 0.

8. a. [z ¥ [ (1) 1 } { Z } —1=0 b. The action of the matrix

s s \/§ 1
pP— |: C.OS (_Eg — S (_E) :| _ 5 \/Z
sin (—g cos (_E) _% 73
1 0 1
on a vector is a clockwise rotation of 30°. Then P [ 0 —1 ] Pt = \/g 2| , so the quadratic equation
T2 T2
that describes the original conic rotated 30° is
1 V3 T 1 1
_ : 2 2 _
[:vy][_%% _2%][y}—1_0,thatls§x —\/§:vy—§y —-1=0.

9. a. T2 +6v3zy +13y° =16 =0 b. 7(z —3)2+6V3(z —3)(y —2) + 13(y —2)> =16 = 0
10. a. %xQ—l-‘/Tgxy—l—%yQ—l—%x—@y =0 b. %(x—Z)Q—I—‘/7§(I—2)(y—1)y+%(y—1)24—%(17—2)—1-‘/75(?;—1) =0

Exercise Set 6.8

1. The singular values of the matrix are o1 = /A1, 02 = /A2, where A\; and Ay are the eigenvalues of A'A.

-2 1 -2 =2 5 5
ThenAtAz[_2 1}{ 1 1}:{5 5],50012\/Eand02:0.

2. The singular values of the matrix are o1 = /A1, 02 = v/ A2, where A\; and Ay are the eigenvalues of A'A.

-1 1 -1 -2 2 0
tA_ _ _ _
ThenAA—{_2 _2}{ 1 _2}—[0 8},s001_2\/§and02_\/§.
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3. Since _ _
1 2 =2 1 0 2 -9 —4 -2
A'A=1]0 -1 1 2 -1 -1 |=|-4 2 2
2 -1 1 -2 1 I | -2 2 6
has eigenvalues 0,5 and 12, then the singular values of A are o = 2v/3, 02 = /5, and o3 = 0.
4. Since _ ~
1 -1 0 1 0 -1 2 =20
AlA = 0 0 1 -1 0 1 =1 -2 2 0
-1 1 0 0 1 0 0 0 1

has eigenvalues 0,4 and 1, then the singular values of A are o1 = 0,09 = 2, and o3 = 1.

5. Step 1: The eigenvalues of A*A are 4 and 64 with corresponding eigenvectors [ 1 } and [ 1 } , which

1
are orthogonal but are not orthonormal. An orthonormal pair of eigenvectors is vy = l \{i ] and vg =
V2
1
l \/51 ].Let
V2

V =

S-S

] |

Step 2: The singular values of A are o1 = v/64 = 8 and 09 = v/4 = 2. Since the size of the matrix ¥ is the
same size as A, we have that

S-S

8 0
5 = { 50 }
Step 3: The matrix U is defined by
1 1 1
U:|:—AV1 —AV2:|: \{i ‘{5
o1 " o2 Vi TV
Step 4: The SVD of A is
1 1 8 0 1
i oo LY 2w s
6. Step 1: The eigenvalues of A'A are 20 and 5 with corresponding eigenvectors [ (1) ] and [ (1) ] , which are

orthonormal. Let
1 0
-[19]
Step 2: The singular values of A are o1 = 2v/5 and o2 = /5. Since the size of the matrix ¥ is the same size

as A, we have that
. 2v5 0
B 0 V6|’

Step 3: The matrix U is defined by

Step 4: The SVD of A is
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7. The SVD of A is 8. The SVD of A is
0o L L _V6 V6 V6
V2 V2 6 6 6
e R R o V1% A o] o2
1 1
MR ¢ F -

9. a. If x= [ il } , then the solution to the linear system Ax =
2
2
2.000000001
o1

is 7t~ 6324555, which is relatively large. Notice that a small change in the vector b in the linear system
Ax = b results in a significant difference in the solutions.

; } is x1 = 2,22 = 0 b. The solution

to the linear system Ax = [ } is 1 = 1,29 = 1. ¢. The condition number of the matrix A

X 1
10. a. If x = | x2 |, then the solution to the linear system Ax = 3 isx = —%,xg = %, x3 =—1.b.
I3 —4
1
The solution to the linear system Bx = 3 is 1 = —1.28, 29 = 1.6, 23 ~ —0.9. c. The singular values
—4

of the matrix A are approximately o1 ~ 3.5, 09 &~ 2.3, and o3 =~ 0.96. The condition number of the matrix A
is g—; ~ 3.7, which is relatively small. Notice that a small change in the entries of the matrix A results in only
a small change in the solution.

Review Exercises Chapter 6

1. a. Since the set B contains three vectors in R? it is sufficient to show that B is linearly independent. Since
[1 1 2 1 00 11 2 c1
001 |—]0 1 0|,theonlysolution to the homogeneous linear system | 0 0 1 co | =
|1 0 0 0 0 1 100 cs
[0
0 | is the trivial solution, so B is linearly independent and hence, is a basis for R?. b. Notice that
0

the vectors in B are not pairwise orthogonal. Using the Gram-Schmidt process an orthonormal basis is
0 V2/2 V2/2
1], 0 , 0
0 —V/2/2 V2/2

. ¢. Again the spanning vectors for W are not orthogonal, which is

1 1/2
required to find projy,v. The Gram-Schmidt process yields the orthogonal vectors | 0 | and 0 ,
1 -1/2
which also span W. Then
-2 1 -2 1/2
1 -1 0 1 . 0
, 1 1 (1) L L —1/2 1(/) 2 —02
ProjwVv = —rF——="F 7 =
1 1 1/2 1/2 ~1/2 1
0 0 0 : 0
1 1 -1/2 —1/2

2. a. The spanning vectors for W are not linearly independent so can be trimmed to a basis for the span.
Since
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-1 -3 =3 0 100 -1
2 0 -2 duce t 01 0 —2/3
2 0 -1 -1 |=EEX210 01 -1
-2 0 1 1 0 0 0 0
[ -1 -3 3
. . . . . 2 0 -2
with pivots in columns one, two and three, then a basis for W is 9 , 0 .
-2 0 1
0 0 -1 0 —6
0 0 2 -2 -1
1_ _ V13 V6 V39
b. W+ = ¢ teR ) =span 1 C. 5 9 5 1 % | g
t 1 -2 | -1 1
0 -2
d @ (1) e. 4 =dim(R?*) =3+ 1 =dim(W) + dim(W+) f. proj,v= 9
1 -2
x x a a
.a.If | y | €eW,then | y |-| b | =az+by+cz=0,s0 | b | isin W+.b. The orthogonal complement
z z ¢
a
of W is the set of all vectors that are orthogonal to everything in W, that is, W' = span b .So Wtis
c
a

the line in the direction of | b | and which is perpendicular (the normal vector) to the plane az+by+cz = 0.

a X1
b |- X9
. c x3 a ary + broy + cxs b | d | . H |azq + bxo + cxs|
C. ro S e B = . Tro =
Projw.v a a a? 4 b2 + 2 projw.v Va2 + b2 + 2
c c
b |1 b
c c

Note that this norm is the distance from the point (z1, z2,z3) to the plane.
4. a. Let p(z) = 2 and ¢(z) = 22 — 2 + 1. then

.0y = [ @ =a? )i =2,

—1

b. lp—¢qll=vVp—-¢p—q) = \/fil(x4 — 423 + 622 —4a + 1)dx = @ c. Since (p,q) # 0, then the

polynomials are not orthogonal.  d. cosf = p.a) _ - \/EGVGUO €. proj,p = 257 Zi q= —35—3£102 +2r— 2

lIpllllall
f. Wt ={az®>+b| a,cR}

5. a. Since (1,cosz) = [ coswzdx =0, (1,sinz) = [7_sinazds =0, and (cosz,sinz) = [*_coszsinzdr =0,
the set W is orthogonal. b. Since the polynomials in W are orthogonal an orthonormal basis is obtained by
normalizing the polynomials. For example,

11| = /)" dz = 2. Similarly, |[cosz|| = /7, and |[sinz|| = /7, so an orhtonormal basis for W is

11 1
{ﬁ,ﬁcosx,ﬁ&nx}.
c. projy 2% = \/%,x2> \/%_F + <ﬁ cos:v,;v2> %cosx + <% sinx,x2> ﬁ sinz = 372 —4dcosw
d. || projyya? ||= $v27% 4 1447
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c1 (v,v1)
_ . C2 (v,vz2)
6. a. Since v =c¢1vy + -+ + ¢,V and B is orthonormal so (v, v;) = ¢;, then =
Cn <V, Vn>
. vy B . . o _ _ _
b. proj,. v = < >vi =(v,vi)vi = ¢vi c. The coordinates are given by ¢; = (v, vy1) = 1,¢0 = (v, va) =
! Vi7 Vl
%, and c3 = (v, v3) = % (% + \%)
U1
V2
7. Let B = {vy,Va,...,Vn} be an orthonormal basis and [v]p = .| . Then there are scalars cy,...,c,
U3

such that v = ¢yvy +cova + - - -+ ¢, vy. Using the properties of an inner product and the fact that the vectors
are orthonormal,

[vII=V{v,v) =V v=1/{c1vi +cava+ -+ CpVn,c1V1 + caVa + - + V)

= Vlaviev) b (envm enva) = /& (va,v1) + -+ & (Vi Vi)

_ 2 .. 2
=/c]+ +ci.

If the basis is orthogonal, then || v ||= \/c} (v1,v1) + + 2 (Vn, Vn).

8. Let v=—civy + -+ ¢, vm. Consider

= <V— Z <V,Vi> Vi,V — Z <V7Vi> Vi>

i=1 i=1

=({v,v) —2<V,Z<v,vi>vi> + <Z<v,vi>vi, (v,vi>vi>

i=1 i=1

m

v — Z (v, Vi) vi

i=1

0<

SO

=1
10 -1 1 00 1 0
. 1 -1 2 0 10 1 —
9. a. Since A = 10 1 — 100 1l the vectors vi = 1]v2= 0 , and vg =
1 -1 2 0 0 0 1 -1
-1
% are linearly independent, so B = {v1, vz, vs} is a basis for col(A).
2
1 1/2 -1
- _ 1 -1/2 0
b. An orthogonal basis is By = E 1/2 , 1
1 -1/2 0
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1/2 1/2 —/2/2
- -~ 1/2 —-1/2 0
c. An orthonormal basis is By = 2 | 12 0] vape
1/2 —1/2 0
/2 1/2 —/2/2 5 1 o
/2 —1/2 0
d. Q= , R=]0 1 =2
@ /2 1/2  V2/2 0 0 V3

12 -1/2 0
e. The matrix has the Q) R-factorization A = QR.
10. Suppose
a1(c1vy) + as(cave) + -+ + ap(cnvn) = (a1c1)ve + (2c2)ve + - - + (@ ¢,) v = 0.

Since B is a basis, then ajc; = agsco = -+ = ape, = 0. Since ¢; # 0 for ¢ = 1,...,n, then a; = 0 for
i=1,...,n, so By is a basis. Since

(€ivi,cjvy) = cicj (vi,vy) =0fori#j and (¢, cvi) = cf (vi,vi) # 0,
then B; is an orthogonal basis. The basis B is orthonormal if and only if

1 .
1= ||eivil| = |eill|vil| € |eil = w— for all i.

[Ivill

Chapter Test Chapter 6

1.7 2. T 3. F. wnwt = {0}
4. F. Every set of pairwise or- 5. F. 6. T
thogonal vectors are also linearly
independent. [vill = \/22 +12 4+ (—4)% + 32
=30
7. T 8. F. 9. F.
(Vi,va) = —4+1—8+3=-8#0 cosf = V1 v2)
V2410
_ 3
15
10. F. 11. T 12. T
. o <V17 V2>
prOJle2 = V1
(vi,v1)
2
_ At
15 | —4

3
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1
13. T 14. T 15. F. If vi = | 0 | and vp =
1
—1
1 , then
1
—1
W+ = span -2
1
16. T 17. T 18. T
19. F. 20. T 21. F.
1
1
<1,x2—1>:/ (2% — 1)dz /2] = / Ly V2
1 1 4 2
4
-3
22. T 23. F. A basis for W is {z}. 24. F. The only eigenvalue of the
n X n identity matrix is A = 1.
25. F. Since (u,u) = 2ujus, 26. F. 27. T

the inner product can be 0 for
nonzero vectors with w1 = 0 or
U = 0.

28. T

31. T

34. F. Since the spanning vec-
tors of W are linearly indepen-
dent and

3 = dim(R?) = dim(W)+dim(W),

then dim(W=) = 1.
37. T

40. T

(2u,2v 4 2w) = 2 (u, v)+4 (u, w) .
29. T

32. T

35. T

38. T

30. F. It is the line perpendicular
given by y = —%:1:.

33. F. The null space of

1 0
A = 2 1 is a subset of
1 -1

R2.
36. F. If dim(W) = dim(WJ-),
then the sum can not be 5.

39. F. If u = v, then proj,u =
proj,v but the vectors are lin-
early dependent.
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A Preliminaries

Exercise Set A.1

1. ANB={-2,2,9} 2.

AUB = {_47 _35 _25 _15 07 17 273747 57 67 77 87 97 10}

3. Ax B={(a,b)| a€ A,be B} 4. (AuB)={...,—6,-5,11,12,13,.. .}

There are 9 x 9 = 81 ordered pairs in A x B.

5. A\B ={-4,0,1,3,5,7} 6. B\A={-3,-1,4,6,8,10}

7. AN B =0,3] 8. (AUB)¢ = (—o0,—11] U (8,00)

9. A\B = (—11,0) 10. C\A = (3,00)

11. A\C = (-11,-9) 12. (AUB)*NC =(8,)

13. (AUB)\C = (—11,-9) 14. B\(ANC) = (3,8]

15. 16.
e HEEL

17. 18.

19. 20.
o — o —
21. (ANB)NC ={5}=AU(BUC) 22. (AUB)UC =AU (BUCQ)
={1,2,3,5,7,9,10,11, 14,20, 30, 37}
23. AN(BUC)=(ANB)U(ANCQC) 24. AU(BNC)=(AUB)N(AUC)
={1,2,5,7} ={1,2,3,5,7,9,11,14}
25. A\(BUC) = (A\B) N (A\C) 26. A\(BNC)=(A\B)U(A\C)

={3,9,11} ={1,2,3,7,9,11}
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27. Let x € (A°)¢. Then z is in the complement of A¢, that is, x € A, so (4A°)¢ C A. If z € A, then z is not
in A° that is, z € (A°)¢, so A C (A°)°. Therefore, A = (A°)°.

28. Since an element of the universal set is either in the set A or in the complement A°, then the universal
set is AU A°.

29. Letz € ANB. Thenzx € Aand z € B,sox € B and z € A. Hence z € BN A. Similarly, we can show
that if z € BN A, then x € AN B.

30. An element x € AU B if and only if
reEAorxeBsreBorreAsre BUA

and hence, AUB = BU A.

31. Let x € (ANB)NC. Then (r € Aand x € B) and x € C. So x € A and (x € B and z € (), and hence,
(ANB)NC C AN (BNC). Similarly, we can show that AN (BNC) C (AN B)NC.

32. An element x € (AU B) U C if and only if
(xeAdorzeB)orzeCeaxecAor(zreBorzelC)ere AU(BUC)

and hence, (AUB)UC = (AU (BUC).

33. Let r€ AU(BNC). Thenx € Aorxz e (BNC),soxe€ Aor (r € Bandx € (). Hence, (x € Aor x €
B) and (z € A or z € C). Therefore, x € (AUB)N(AUC), so we have that AU(BNC) C (AUB)N(AUC).
Similarly, we can show that (AUB)N(AUC) C AU (BNC).

34. Suppose x € A\(BNC). Then (z € A)andz ¢ BN C, s0 (x € A)and (z ¢ Borxz ¢ C) and
hence, x € (A\B) or z € (A\C). Therefore, A\(BN C) C (A\B) U (A\C). Similarly, we can show that
(A\B) U(A\C) C A\(B N C).

35. Let + € A\B. Then (z € A) and = ¢ B, so (x € A) and € B°. Hence, A\B C AN B°. Similarly, if
x € AN B¢, then (x € A) and (x ¢ B), so x € A\B. Hence AN B C A\B.

36. We have that (AUB)N A= (ANAS)U (BN A°) =¢U (BN A°) = B\A.

37. Let x € (AUB)\(ANB). Then (x € Aor z € B) and (z ¢ (AN B)), that is,

(xeAorz e B)and (z ¢ Aoraz¢ B)). Since an element can not be both in a set and not in a set, we have
that (r € Aand x ¢ B) or (x € Band z ¢ A), so (AUB)\(ANB) C (A\B) U (B\A). Similarly, we can show
that (A\B) U (B\A) C (AUB)\(AN B).

38. We have that A\(A\B) = A\(ANB°) = (A\A)U (A\B°)=¢U(ANB)=ANB.

39. Let (z,y) € Ax (BNC). Thenz € Aand (y € Band y € C). So (z,y) € Ax B and (z,y) € Ax C, and
hence, (x,y) € (Ax B) x (Ax C). Therefore, Ax (BNC) C (Ax B) x (Ax C). Similarly, (Ax B)x (AxC) C
Ax (BNQC).

40. We have that

(A\B)U (B\A) = (ANB)U(BNA°) =[(ANB)UB|N[(AN B°) U A
(AUB)N(B°UB)|N[(AUA°)N(BU A%)]
(
[

(
[
=(AUB)N(B°UA°) =[(AUB)N B U [(AU B) N A9
[
= (

(AN B°) U (BN B U[(AN A°) U (BN A°)]
A\B) U (B\A).

Exercise Set A.2

1. Since for each first coordinate there is a unique 2. Since f(1) = —2 = f(4), then f is not one-to-
second coordinate, then f is a function. one.
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3. Since there is no x such that f(z) = 14, then
the function is not onto. The range of f is the set
{-2,-1,3,9,11}.

5. The inverse image is the set of all numbers
that are mapped to —2 by the function f, that is

f{=2h) ={1.4}.
7. Since f(1) = =2 = f(4), then f is not one-to-
one and hence, does not have an inverse.

9. To define a function that is one-to-one we
need to use all the elements of X and assure
that if @ # b, then f(a) # f(b). For example,
{(1,-2),(2,-1),(3,3),(4,5),(5,9), (6,11)}.

11. Since
f(AUB) = f((=3,7)) = [0,49)
and
F(A) U £(B) = [0,25] U[0,49) = [0,49),

the two sets are equal.
13. Since

f(AnB) = f({0}) = {0}
and
fA)N f(B) =10,4]N[0,4] = [0, 4],

then f(AN B) C f(A) N f(B), but the two sets
are not equal.

4. f(A)={-2,3}

6. f(F{1h) =r"({-2) = {14}

8. Since Y contains more elements than X, then
it is not possible.

10. If g : Y — X is defined by
{(-2,1),(-1,2),(3,3),(5,4),(9,5),(11,6), (14,6)},
then g is onto.

12. f~YCUD)=f"1([1,00))
= (=00, ~1JU[1,00) = f~H(C) U f~1(D)

14. We have that
9(ANB) =[4,25) = g(A) N g(B).

The function g is one-to-one but f is not one-to-
one.

15. To find the inverse let y = ax + b and solve for x in terms of y. That is, x = %. The inverse function is

commonly written using the same independent variable that is used for f, so f~1(x) =

z—b
-

16. Suppose that ¥1 < x9. Then 23 < 23 and 221 < 23, so 27 + 221 < 23 + 222 and hence, f is one-to-one.

Therefore, the function f has an inverse.

17. Several iterations give

fO=f@)=—2+e,fP@) = f(f2) = f(-o+e) = —(-a+ ) +e=1
fO@) = f(fP) = fl@) = -z +c, fD(z) = f(fP(2) = f(—2+¢) =1,

and so on. If n is odd, then f")(z) = —z + ¢ and if n is even, then f(")(z) = .

18. y = f(x)

y=(fof)x)
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19. a. To show that f is one-to-one, we have that
el — el 9p 1 =239 — 1 & 21 = 9.

b. Since the exponential function is always positive, f is not onto R. c¢. Define g : R — (0, 00) by g(z) = e?*~1L.

d. Let y = e**71. Then Iny = Ine?*~ ! so that Iny = 2x — 1. Solving for = gives v = Hé“y. Then
g Yz)=1(1+nz).
20. Since f(—1) = e~ = f(1), then f is not one-to-one.

21. a. To show that f is one-to-one, we have that 2n; = 2ns if and only if n, = no.

b. Since every image is an even number, the range of f is a proper subset of N, and hence, the function f is
not onto. c¢. Since every natural number is mapped to an even natural number, we have that f~1(F) = N
and f~1(0) = ¢.

22. f(E)=0,f(0)=FE

23. a. Let p and g be odd numbers, so there are integers m and n such that p = 2m + 1 and ¢ = 2n + 1.
Then f((p,q)) = f(2m+1,2n+1)) =2(2m+ 1)+ 2n+ 1 = 2(2m +n) + 3, which is an odd number. Hence,
fA) ={2k+1| keZ}. b. f(B)={2k+1| k€ Z}c. Since f((m,n)) =2m+n=0<n= —2m,
thenf~1({0}) = {(m,n) | n=—2m}. d. f~1(E) = {(m,n) | niseven}e. f~1(O)={(m,n)| nisodd} f.
Since f((1,—2)) = 0= f((0,0)), then f is not one-to-one.

g. If z € Z,let m =0 and n = z, so that f(m,n) = z.

24. a. To show f is one-to-one, we have

f((@1,91)) = f((z2,92)) & (221, 221 + 3y1) = (232, 222 + 3y2)
& 21 = 229 and 2z + 3y; = 222 + 3y2
& x1 =29 and Y1 = Yo
& (z1,91) = (T2, 92)-

b. Suppose (a,b) € R?. Let 2 = a/2. Next solve

2(g)+3y=b©y:bTa.
Then f ((%,%%)) = (a,b) and hence, the function f is onto. c. f(A) = {(2z,52+3) | 2 € R}.
25. Let y € f(AU B). Then there is some x € AU B such that f(x) = y. Since € AU B with y = f(z),
then (x € A withy = f(x)) or (z € B with y = f(x)), so that y € f(A) ory € f(B). Hence, f(AUB) C
F(AUS(B). Nowlet y € f(A)Uf(B), thatis,y € f(A) or y € f(B). So there exists 1 € A or z2 € B such that
f(z1) = yand f(z2) = y. Thus, there is some € AUB such that f(z) = y. Therefore, f(A)Uf(B) C f(AUB).

26. Let z € f~1(CUD). Then f(x) € CUD so f(z) € C or f(z) € D. Hence, z € f~1(C) or z € f~1(D) and
we have shown f~1(CUD) C f~Y(C)U f~(D). Similarly, we can show that f~1(C)U f~1(D) C f~1(CuD).
27. Let y € f(f~1(C)). So there is some = € f~1(C) such that f(x) = y, and hence, y € C. Therefore
fiFHey) cc.

28. First notice that f o g is a mapping from A to C. Let ¢ € C. Since f is a surjection there is some b € B

such that f(b) = c. Since g is a surjection there is some a € A such that g(a) = b. Then (fog)(a) = f(g(a)) =
f(b) = ¢ and hence, f o g is a surjection.

29. Let ¢ € C. Since f is a surjection, there is some b € B such that f(b) = ¢. Since g is a surjection, there is
some a € A such that g(a) = b. Then (f o g)(a) = f(g(a)) = f(b) = ¢, so that f o g is a surjection. Next we
need to show that f o g is one-to-one. Suppose (f o g)(a1) = (f o g)(az), that is f(g(a1)) = f(g(az)). Since f
is one-to-one, then g(a;) = g(az). Now since g is one-to-one, then a; = as and hence, f o g is one-to-one.
30. Suppose g(a1) = g(az). Since f is a function, then f(g(a1)) = f(g(az)) or equivalently (f o g)(ai) =
(f og)(az). Since f o g is an injection, then a; = as and hence, g is an injection.

31. Let y € f(A)\f(B). Then y € f(A) and y ¢ f(B). So there is some x € A but which is not in B, with
y = f(x). Therefore z € A\B with y = f(z), so f(A)\f(B) C f(A\B).
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32. Let z € f~1(C\D). Then f(z) € C and f(x) ¢ D, and hence z € f~1(C) and z ¢ f~!(D). Therefore,

f7HC\D) € fFHONFHD). Similarly, f~H(C)\f~H(D) € f~H(C\D).

Exercise Set A.3

1. If the side is z, then by the Pythagorean The-
orem the hypotenuse is given by h? = 2? + 22 =
222, s0 h = V2ux.

3. If the side is x, then the height is h = ﬁx, SO

2
the area is A = %x@x = ?w?

5. If a divides b, there is some k such that ak = b
and if b divides ¢, there is some £ such that bf = c.
Then ¢ = bl = (ak)l = (kl)a, so a divides c.

7. If nis odd, there is some k such that n = 2k+1.
Then n? = (2k + 1) = 2(2k? + k) + 1, so n? is
odd.

9. If b = a+1, then (a +b)? = (2a +1)? =
2(2a% +2a) + 1, so (a +b)? is odd.

11. Let m = 2 and n = 3. Then m? + n? = 13,
which is not divisible by 4.

13. In a direct argument we assume that n? is
odd. This implies n? = 2k + 1 for some integer
k but taking square roots does not lead to the
conclusion. So we use a contrapositive argument.
Suppose n is even, so there is some k such that
n = 2k. Then n? = 4k?, so n? is even.

15. To use a contrapositive argument suppose
p = q. Since p and ¢ are positive, then ,/pg =

Vp? =p="1

17. Using the contrapositive argument we sup-
pose z > 0. If e = 5 > 0, then z > e.

19. Contradiction: Suppose /2 = % such that p
and ¢ have no common factors. Then 2¢% = p3,
so p* is even and hence p is even. This gives that
q is also even, which contradicts the assumption
that p and ¢ have no common factors.

2. Since a = 5, then the area A = $bh = Ja* =

=%

s
4. Tet s=2 and t = %, then - = L2 = ¥ apd
q v u/v qu

i
6. Let m = 2k and n = 2/, then m+n = 2k+2( =
2(k 4+ ¢) and hence, m + n is even.

hence, 2 is a rational number.

8. Since n? +n+3 = n(n + 1) + 3 and the
product of two consecutive natural numbers is an
even number, then n? 4+ n + 3 is odd.

10. If m = 2k +1 and n = 2¢ + 1, then mn =
(2k +1)(20+ 1) = 2(2kl + k + ¢) + 1 and hence
mn is odd.

12. f(z) < glz) & 22 -2r+1 < z+1 &
z(r—3) <0 0<z<3.

14. Suppose that n is odd with n = 2k + 1. Then

(2k+1)? = 8k3+12k*+6k+1 = 2(4k3+6k%+3k)+1

and hence n? is odd. Since we have proven the

contrapositive statement holds, we have that the
original statement also holds.

16. Suppose ¢ = 2k + 1. By the Quadratic For-
mula, the solutions to n2 +n — ¢ =0 are

h —1+4c+1 —1++8k+5
o 2 o 2 ’

which is not be an integer.

18. To prove the contrapositive statement sup-
pose that y is rational with y = %' Since x is also

1 = — P _
ratlonalletx—%sox—i—y_%-f-a_

hence x + y is rational.

pvtqu

and
qu

20. First notice that

n
n+1

> nj_2 Snn+2)>nn+1)
sn’+2n>n+nen> 1.

If n = 1, then since % > % the result holds n > 1.

21. If 7oy < 322 + 292, then 32% — 7oy +2y% = (3z — y)(z — 2y) > 0. There are two cases, either both factors
are greater than or equal to 0 or both are less than or equal to 0. The first case is not possible since the
assumption is that x < 2y. Therefore, 3z < y.
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22. Define f : R — R by f(z) = 22 Let A = 23. Define f : R — R by f(x) = 2%. Let C =
[-1,1] and B = [0,1]. Then f(A) =[0,1] = f(B) [-4,4] and D = [0,4]. Then f~1(C) = [-2,2]
but A ¢ B. f7(D) but C ¢ D.

24. Let y € f(A), so there is some x € A such  25. If z € f~1(C), then f(z) € C. Since C C D,
that y = f(z). Since A C B, then z € B and  then f(z) € D. Hence, z € f~(D).
hence, y € f(B). Therefore, f(A) C f(B).

26. In Theorem 3, of Section A.2, we showed that f(AN B) C f(A) N f(B). Now let y € f(A) N f(B),
soy € f(A) and y € f(B). Then there are 1 € A and 9 € B such that f(z1) = y = f(x2). Since f is
one-to-one, then x; = x9 so 1 € AN B and hence y = f(z1) € f(AN B).

27. To show that f(A\B) C f(A)\f(B), let y € f(A\B). This part of the proof does not require that f be
one-to-one. So there is some z such that y = f(x) with x € A and = ¢ B. Soy € f(A)\f(B) and hence,
F(A\B) C f(A)\f(B). Now suppose y € f(A)\f(B). So there is some x € A such that y = f(z). Since f is
one-to-one this is the only preimage for y, so © € A\B. Therefore, f(A)\f(B) C f(A\B).

28. In Theorem 3, of Section A.2, we showed that A C f=(f(A)). Nowlet z € f~1(f(A))soy = f(x) € f(A).
But there is some x1 € A such that y = f(x1). Then f(z) = f(z1) and since f is one-to-one, we have =z = ;.
Therefore, x € A so that f~1(f(A)) C A.

29. By Theorem 3, of Section A.2, f(f~1(C)) C C. Let y € C. Since f is onto, there is some x such that
y= f(z). Soz € f~1(C), and hence y = f(z) € f(f~*(C)). Therefore, C C f(f~1(C)).

Exercise Set A.4

1. For the base case n = 1, we have that the left hand side of the summation is 12 = 1 and the right hand

side is % =1, so the base case holds. For the inductive hypothesis assume the summation formula holds

for the natural number n. Next consider

1)(2 1 1
12492182 4?4 (nt1)? = HOE )6( Pt 2= P 002 4 71 6)
1 1 2)(2
=1 g g 3y 4 9) = (2@ ES)
6 6
Hence, the summation formula holds for all natural numbers n.
2.
e Basecase: n=1:1%= 12(42)2
e Inductive hypothesis: Assume 13 +23 4+ ... +n3 = M.
Consider
2 1)2 1)2
P24 403+ (n+1)?2= %—I—(n—l—l):”: ("Z ) (n? + 4n + 4)

(n+ 1)%(n +2)2
S E—
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3. For the base case n = 1, we have that the left hand side of the summation is 1 and the right hand side is
@ = 1, so the base case holds. For the inductive hypothesis assume the summation formula holds for the

natural number n. Next consider

1 2 2
1+4+7+...+(3n_2)+(3(n+1)_2):%jt(?mjtl):%
(n+1)(3n+2)
- 5 :

Hence, the summation formula holds for all natural numbers n.
4.

e Basecase: n=1:3=4(1)? -1

e Inductive hypothesis: Assume 3+ 11+ 19+ ---+ (8n —5) = 4n? — n.

Consider

3+114+194--+B8n—5)+B8(n+1)—5) =4n* —n+8n+3=4n>+Tn+3
=@n*+8n+4)—4-n+3=4n+1>—(n+1).

5. For the base case n = 1, we have that the left hand side of the summation is 2 and the right hand side is

% = 2, so the base case holds. For the inductive hypothesis assume the summation formula holds for the

natural number n. Next consider

2+5+8—|—~-~—|—(3n—1)+(3(n+1)—1):%(3n2+7n+4):—(n+1>;3n+4)
_ (n+1)BMn+1)+1)

o 2

Hence, the summation formula holds for all natural numbers n.
6.

e Base case: n=1:3=1(3)

e Inductive hypothesis: Assume 3+ 7+ 11+ ---+ (dn—1) =n(2n+1).

Consider

34 T7+11+--+M@An—1)+@An+1)—1)=n2n+1)+4n+3=2n>+5n+3
=2n+3)n+1)=(n+1)2n+1)+1).

7. For the base case n = 1, we have that the left hand side of the summation is 3 and the right hand side is

@ = 3, so the base case holds. For the inductive hypothesis assume the summation formula holds for the

natural number n. Next consider

1 3 3(n+1 2
B3+64+9+ +3n+3(n+1)=(B3n"+9n+6)=(n”+3n+2) = (n + ;(n+ ).

Hence, the summation formula holds for all natural numbers n.
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OBasecase:n=1:2=%

e Inductive hypothesis: Assume 1-2+2-34---4+n(n+1) = w

Consider

wﬂnﬂ)(n”)

~ (n+1)(n+2)(n+3)
3

1-242-34---+nn+1)+(n+1)(n+2)=

9. For the base case n = 1, we have that the left hand side of the summation is 2! = 2 and the right hand
side is 22 — 2 = 2, so the base case holds. For the inductive hypothesis assume the summation formula holds
for the natural number n. Next consider

n+1 n
22]6 — 22]6 +2n+1 — 2n+1 _2+2n+1 — 2n+2 _2
k=1 k=1

Hence, the summation formula holds for all natural numbers n.
10.

e Basecase: n=1:1(1l)=1and 2! —1=1
e Inductive hypothesis: Assume > ,_, k-kl=(n+1)! -1
Consider

n+1 n
D kkl=)k-k+n+D)n+D)=n+1)—1+®n+1)(n+1)
k=1 k=1

=n+D((n+1)+1)—1=(n+2)-1.

11. The entries in the table show values of the sum for selected values of n.

n|2+4+4+---+2n
1 2=1(2)
2 6 =2(3)
3 12=3(4)
4 40 = 4(5)
) 30 = 5(6)

The pattern displayed by the data suggests the sum is 2+4+6+---+ (2n) = n(n+ 1).

For the base case n = 1, we have that the left hand side of the summation is 2 and the right hand side is
1(2) = 2, so the base case holds. For the inductive hypothesis assume the summation formula holds for the
natural number n. Next consider

24446+ +2n+2n+1)=nn+1)+2(n+1)=(n+1)(n+2).

Hence, the summation formula holds for all natural numbers n.
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12. Notice that consecutive terms in the sum always differ by 4. Then

145494 4+@An—3)=1+1+4)+1+2-4)+---+(1+(n—1)-4)
=n+4(1+2+43+---+(n—1))

_n+4<@> =n+2(n—1)n=2n*—n.

13. The base case n = 5 holds since 32 = 2° > 25 = 52, The inductive hypothesis is 2" > n? holds for the
natural number n. Consider 2"+! = 2(2"), so that by the inductive hypothesis 21 = 2(2") > 2n2. But since
2n? —(n+1)?=n*-2n—1=(n—1)> -2 >0, for all n > 5, we have 2" ™! > (n + 1)%.

14.
e Base case: n =3:32>2(3) +1

e Inductive hypothesis: Assume n? > 2n + 1.
Using the inductive hypothesis (n+1)? = n?+2n+1 > (2n+1)+(2n+1) = 4n+2 > 2n+3 = 2(n+1)+1

15. The base case n = 1 holds since 12 4+ 1 = 2, which is divisible by 2. The inductive hypothesis is n? + n is
divisible by 2. Consider (n+ 1)?+ (n + 1) = n? + n + 2n + 2. By the inductive hypothesis, n? +n is divisible
by 2, so since both terms on the right are divisible by 2, then (n+1)?+ (n+ 1) is divisible by 2. Alternatively,
observe that n? +n = n(n + 1), which is the product of consecutive integers and is therefore even.

16.
e Base case: n=1: Since (x —y) =1 (z —y), then x — y is divisible by =z — y.

e Inductive hypothesis: Assume z” — y" is divisible by = — y.
Consider

n+1 n+1 n

" =y =2 —y eyt ="~y ty-at —yy
=2"(x—y)+y(z" —y").

Since x — y divides both terms on the right, then x — y divides z"™1 — y?*1,

17. For the base case n = 1, we have that the left hand side of the summation is 1 and the right hand side
is % =1, so the base case holds. For the inductive hypothesis assume the summation formula holds for the
natural number n. Next consider

-1 rt—=14r"(r—1) o1
—‘,—’[" = =
r—1 r—1 r—1

Ldr+ri+ " =

Hence, the summation formula holds for all natural numbers n.

18. a., b.
nl|flfitht -t/
111 1
211 2
3| 2 4
41 3 7
515 12
6|8 20
7113 33

The pattern suggests that f1 + fo+ -+ + frn = foye — 1.
c.

e Basecase: n=1: f1 = f3—1
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e Inductive hypothesis: Assume f1 + fo+ -+ fn = faya — 1.
Consider
f1+f2++fn+.fn+1 :fn+2+.fn+1 _1:fn+3_1-
The last inequality is true since f,12 + fn+1 = fnts by the definition of the Fibonacci numbers.

19. Since by Theorem 1, of Section A.1, AN (By U By) = (AN By1) U (AN Bz), so the base case n = 2 holds.
Assume the formula holds for the natural number n. Consider

AN(BiUByU---UB,UBp11)=AN((ByUB2U---UB,)UBp41)
=[AN(B1UBsU---UB,)]U(AN Bpy1)
=(ANB)UANB)U---U(ANB,)U(AN Bpi1).

20.

e Base case: n =1 : Since the grid is 2 x 2 if one square is removed the remaining three squares can be
covered with the shape.

e Inductive hypothesis: Assume a 2" x 2™ grid can be covered in the prescribed fashion.

Consider a 2"t x 27*! grid. The grid consists of four grids of size 2" x 2™. If one square is removed
from the entire grid, then it must be removed from one of the four grids. By the inductive hypothesis
that grid with one square removed can be covered. The remaining three grids have a total of 3(2" x 2™)
squares and hence, can also be covered.

21. 22,

(Z) - r'(+lr)' <rfl) + (Z) - 1)!(:!—7“—1— ot (r)!(Z!— o)
n! n! 1 1
:(n—r)!(n—(n—r))! :(r—l)!(n—r)! <n—r+1+;)

-(:") “msrrm - (1)

23. By the Binomial Theorem, 24. By the Binomial Theorem,

z: (Z) 0=(1—1)"(1+(=1)" :kzi:(_m(;:),

k 0

2" = (14 1)"



